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PREFACE 


The book contains more than three thousand mathematics prob- 
lems and covers each topic taught at school. The problems were 
contributed by 120 of the higher schools of the USSR and all the 
universities. 

The book is divided into four parts: algebra and trigonometry, 
fundamentals of analysis, geometry and vector algebra, and the 
ptoblems and questions set during oral examinations. 

The authors considered it necessary to include some material re- 
lating to complex numbers, combinatorics, the. binomial theorem, 
elementary trigonometric inequalities, and set theory and the meth- 
od of coordinates. The authors believe that this material will help 
the readers systematize their knowledge in the principal divisions 
of mathematics. 

In writing the book, the authors have used their experience of 
examining students in mathematics at higher schools and the prep- 
aration of television courses designed to help students revise their 
knowledge for the entrance examinations to higher educational 
establishments. 

To make it easier for readers to grasp the material, some of the 
sections have been supplemented with explanatory text. The prob- 
lems are all answered and some have additional hints or complete 
solutions. 

The more difficult problems are marked with asterisks. 

Part 4 is entitled “Oral Examination Problems and Questions” 


and includes samples suggested by the higher schools. 
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The authors hope that this book will help those who want to enter 
the various types of higher school, aid the teachers, and be of use 
to all those who want, to deepen and systematize their knowledge of 
mathematics. 

The authors 
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Part 1 


ALGEBRA, TRIGONOMETRY, 
AND ELEMENTARY FUNCTIONS 


1.1. Problems on Integers. Criteria for Divisibility 


Natural numbers (V = {1, 2, 3, ..., a, ...}). Every natural 
number nv can be uniquely factored into a product of prime factors 
n= pip? be 3a pim, 
where p,, ..., Dm are elementary divisors of the number n, and 
1» - +--+» Km are the multiplicities of those divisors (k,, ..., km € 

To calculate the greatest common divisor of two natural numbers, 
each of their elementary common divisor must be raised to a power 
which is equal to the smallest of the multiplicities with which the 
divisor appears in the prime factorization of the given numbers and 
all the resulting numbers must then be multiplied together. 

To calculate the least common multiple of two natural numbers, 
every prime divisor appearing in the factorization of at least one of 
these numbers must be raised to a power which is equal to the larg- 
est of the multiplicities with-which the divisor appears in the prime 
factorization of the given numbers and all the resulting numbers 
must then be multiplied together. 

Example. Assume n, = 2°.5?-7 == 1400, n, = 2?.3?-5-11 = 1980. 
The greatest common divisor of n, and n, is 2?-5 = 20. The least 
common multiplicity of n, and n, is 2°-3?-5?-7-14 = 138600. 

If.a, is a digit in the unit’s place, a, isa digit in the ten’s place, 
etc., of the natural number nr, then this number can be written as 


N= Ay, Gp _1 ... AyQp=a,-10* + ...-Eay- 10+ ap. 


Criteria for divisibility. The number n can be divided 

(1) by 2\(by 5) if and only if a, can be divided by 2 (by 5); 

(2) by 4 if and only if the number, a, -10 + a, can be divided by 4; 

(3) by 3 (by 9) if and only if the sum of all the digits in that num- 
ber can be divided by 3 (by 9). 


*® 
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4. The sum of the digits in a two-digit number is 6. If we add 18 
to that number, we get a number consisting of the same digits written 
in the reverse order. Find the number. 

2. If we multiply a certain two-digit number by the sum of its 
digits, we get 405. If we multiply the number consisting of the same 
digits written in the reverse order by the sum of the digits, we get 
486. Find the number. 

3. Find three numbers, the second of which is as much greater 
than the first as the third is greater than the second, if the product of 
the two smaller numbers is 85 and the product of the two larger num- 
bers is 115. 

4. The sum of two numbers is equal to 15 and their arithmetic 
mean is 25 per cent greater than their geometric mean. Find the 
numbers. 

5. The difference between two numbers is 48, the difference be- 
tween the arithmetic mean and the geometric mean of the numbers is 
18. Find the numbers. 

6. The geometric mean of two numbers exceeds by 12 the smaller 
.of the numbers, and the arithmetic mean of the same numbers is 
smaller by 24 than the larger of the numbers. Find the numbers. 

7. Find the two-digit number if the number of its units exceeds by 
2 the number of its tens and the product of the required number by 
the sum of its digits is equal to 144. 

8. The product of the digits of a two-digit number is twice as 
large as the sum of its digits. If we subtract 27 from the required 
number, we get a number consisting of the same digits written in 
the reverse order. Find the number. 

9. The product of the digits of a two-digit number is one-third that 
number. If we add 18 to the required number, we get a number con- 
sisting of the same digits written in the reverse order. Find the number. 

10. The sum of the squares of the digits of a two-digit number is 
13. If we subtract 9 from that number, we get a number consisting 
of the same digits written in the reverse order. Find the number. 

41. A two-digit number is thrice as large as the sum of its digits, 
and the square of that sum is equal to the trebled required number. 
Find the number. 

12. Find a two-digit number which exceeds by 12 the sum of the 
squares of its digits and by 16 the doubled product of its digits. 

13. The sum of the squares of the digits constituting a two-digit 
number is 10, and the product of the required number by the number 
consisting of the same digits written in the reverse order is 403. Find 
the number. 

14. If we divide a two-digit number by the sum of its digits, we 
get 4 as a quotient and 3 as a remainder. Now if we divide that 
two-digit number by the product of its digits, we get 3 as a quotient 
and 5 as a remainder. Find the two-digit number. 
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15. If we divide a two-digit number by a number consisting of 
the same digits written in the reverse order, we get 4 as a quotient 
and 15 as a remainder; now if we subtract 9 from the given number, 
we get the sum of the squares of the digits constituting that number. 
Find the number. 

16. Find the two-digit number the quotient of whose division by 
the product of its digits is equal to 8/3, and the difference between 
the required number and the number consisting of the same digits 
written in the reverse order is 18. 

17. Find the two-digit number, given: the quotient of the required 
number and the sum of its digits is 8; the quotient of the product of 
its digits and that sum is 14/9. 

18. If we divide the unknown two-digit number by the number 
consisting of the same digits written in the reverse order, we get 4 as 
a quotient and 3 as a remainder. Now if we divide the required num- 
ber by the sum of its digits, we get]8 as a quotient and 7 as a 
remainder. Find the number. 

19. If we divide a two-digit number by the sum of its digits, 
we get 6 as a quotient and 2 as a remainder. Now if we divide it by 
the product of its digits, we get 5 as a quotient and 2 as a remainder. 
Find the number. 

20. What two-digit number is less than the sum of the squares of 
its digits by 11 and exceed their doubled product by 5? 

21. Find two successive natural numbers if the square of the sum 
of those numbers exceeds the sum of their squares by 112. 

22. First we increase the denominator of a positive fraction by 3 
and next time we decrease it by 5. The sum of the resulting fractions 
proves to be equal to 2/3. Find the denominator of the fraction if 
its numerator is 2. 

23. The denominator of an irreducible fraction is greater than 
the numerator by 2. If we diminish the numerator of the inverse 
fraction by 3 and subtract the given fraction from the resulting “one, 
we get 1/15. Find the fraction. 

24. Let us consider a fraction whose denominator is smaller than 
the square of the numerator by unity. If we add 2 to the numerator 
and the denominator, the fraction will exceed 1/3; now if we subtract 
3 from the numerator and the denominator, the fraction remains 
positive but smaller than 1/10. Find the fraction. 

25. There are only three positive two-digit numbers such that 
each number is equal to the incomplete square of the sum of its 
digits. Find two of them, being given that the second number exceeds 
the first one by 50 units. 

26. Find the sum of all two-digit numbers which, being divided 
by 4, leave a remainder of 1. 

27. Find the sum of all three-digit numbers which give-a remain- 
der of 4 when they are divided by 5. 


x 


42 1. Algebra, Trigonometry, and Elementary Functions 


28. Find the sum of all two-digit numbers which give a remainder 


of 3 when they are divided by 7. 

29. Find the sum of all odd three-digit numbers which are di- 
visible by 5. 

30. Fhe product of a two-digit number by a number consisting of 
the same digits written in the reverse order is equal to 2430. Find 


the number. 
31. Find. the pairs of natural numbers the difference of whose 


squares is 45. 

32. There is a natural number which becomes equal to the square 
of a natural number when 100 is added to it, and to the square of 
another natural number when 168 is added to it. Find the num- 
ber. 

33. Find two natural numbers, whose sum is 85 and whose least 
common multiple is 102. 

34. Find all pairs of natural numbers whose greatest common divi- 
sor is 5 and the least common multiple is 105. 

35. Find two three-digit numbers whose sum is a multiple of 
504 and the quotient is a multiple of 6. 

36. Represent the number 19 as the difference between the cubes 
of natural numbers. 

37. Find three numbers if the cube of the first number exceeds 
their product by 2, the cube of the second number is smaller than 
their product by 3, and the cube of the third number exceeds their 
product by 3. 

38. Find all two-digit numbers such that the sum of the digits 
constituting the number is not less than 7; the sum of the squares 
of the digits is not greater than 30; the number consisting of the 
same digits written in the reverse order is not larger than half the 
given number. 

39. In a four-digit number the sum of the digits in the thousands, 
hundreds and tens is equal to 14, and the sum of the digits in the 
units, tens and hundreds is equal to 15, the digit of the ters being 
greater by 4 than the digit of the tens. Among all the numbers satis- 
fying these conditions, find the number the sum of the squares of 
whose digits is the greatest. 

40. In a four-digit number the sum of the digits of the thousands 
and tens is equal to 4, the sum of the digits of the hundreds and the 
units is 15, and the digit of the units exceeds by 7 the digit of the 
thousands. Among all the numbers satisfying these conditions find 
the number the sum of the product of whose digit of the thousands 
by the digit of the units and the product of the digit of the hundreds 
by that of the tens assumes the least value. 

41. Prove that if the number a is equal to the sum of the squares 
of two unequal natural numbers, then 2a is also equal to the sum 
of the squares of two unequal natural numbers. 
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42. Find the sum of all irreducible fractions between 10 and 20 
with a denominator of 3. 

43. There are natural numbers m and n. Find all the fractions 
m/n whose denominator is smaller than the numerator by. 16, the 
fraction itself is smaller than the sum of the trebled inverse and 2. 
and the numerator is not greater than 30. 

44. Given a sequence 
(1+ (—1)")+1 

5n+-6 : 
Find the number of the terms of the sequence (u,) which satisfy the 
condition uw, € (1/100, 39/100). 


uy, = 


1.2. Real Numbers. Transformation 
of Algebraic Expressions 

Rational numbers (Q). Every rational number p/¢ (p € Z is an 
integer, g € N is a natural number) can be represented as an infinite 
periodic decimal fraction (possibly with a zero period) 

piq = +4, a ... Gn (BiB, --- Bn). 

A reverse representation also holds 
ta, &... On (BiB. iis Bn) =tatd, Ay es On (BB a Bm) 


= @, ..- SnPiPe .-- Bm—G --- En 
a a —99...90...0.  ~ 


—t ee 
n n 


Real numbers (R). The numbers which can be represented as 
various decimal fractions are called real numbers. 
Formulas for abbreviated multiplication. The following equations 
hold for any numbers a, b € R: 
(a + b)? = a? + 2ab + 0’; 
(a — b)? = a® — 2ab + DB’; 
(a + b)® = a® + 3a*b + 3ab? + 5B; 
(a — b)® = a® — 3n7b + 3ab? — BF; 
a? — b? = (a — Bb) (a + J); 
a? — b® = (a — b) (a? + ab + Db’); 
aS +. b® = (a + b) (a? — ab + 0b’); 
a* — bt = (a — b) (a + 8) (a + 5’); 
at + bt = (a? — Y 2ab + DB?) (a? + V 2ab + 0°); 
a? — 6" = (a — db) (a" 1 + a" b+... + anor 
+...+ 50"), n€N; 
qimtl + pant = (a + b) (a®” Pay a2"™-1h + ooh te nts ab2"-1 + b2"), | 
ne N, 


4 
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Represent the following mixed infinite decimal periodic fractions 
as common fractions (1-4): 


1.75 (3). 
2,-2.1 (32). 


0.23 (N+ 


Oe 113° 
0.5 (61) — 7 


: -e 0.1 (6)+0.(3) om 
4, Find z if DOLL16 77 10 


Calculate (5-31). 
(+ )*. 27-3 +.0,2-4..95-2 + (647 1/%)-3, 
.(V¥24+V34V2-Yy3). 


2 5 7 
3 (gst Vom V0) 


ID 


g, 6 V3+V 50) (5—V 24) 
| V 75—5 V2 
9. 1-+sec 20°—V3 cot 40°. 
2-2.53. 40-4 

10. Sar 
11. (6—4(5/16)°)-2 + (2/3)-! — 3/4. 
een de 

* “(1/2)-7—5-(— 2) (2/3) 
13 (0 .6)®— (0.4)! 


© (3/29)-1 (3/2)8 + (— 1/3971 
3 VOB —F V+ 18+ V H—10 VOD 


14. a af 


+ VB—Y/ 4+ 42VTB+6 V 2/99—140 VY 0.02 
1 —. {1,4 1 vs 

2.4 V s+-9 V1/3+ V 2+4+4Vvin-+ V 27 

1—- V4(1/2)— VV 0.541.5 V 2+ 20 ¥ 1/50 — V 32 


ye V (1 —V2)'\" 2-3/2 cos St 
"—V(2-V5)) V3 sini. 
(V3—V3)") (W343) 


4+Vy3— V2) °— cos = : 


V 2/5. 


V 2/3. 
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19. (V2+V3+(2— 2 cos ayy") 


XK WBF Boos (x6) ~V 2—V'3)*. 

20. V 95! /log. > 4gt/loge 7 
1 
21. cos (+5 (logs = + logy 3) ) 
22. logs/2 (logs cos (n/6) — log, sin (/6)). 
3 \-0.5 5 logs 6 1/2 mL 

23. ((+) 3% +4) sin. 
1/3 9~- 10897 7 | a4 1/2 We os 
: (7 3 tan 3 nay r: 
25. ((128°7. 27/9. 107 4) 185 cot 2) 42.6172 


4/2 glog.3 .. 2m 4 \-4\1/2  _¢ 5x 
26 3 -8 ‘sin +() ) co os~! — Fr: 
27. (28/3 4 y'/3) (x23 — z1/3 1/3 4 2/3) for r=42, y=5—. 


z—1 z1/3 x1/4 
28. Bryan apt” xi/4i4 for x= 16. 


a® — a — 2b — — 


oe . (ete + b 
(1 / 24+) + Vers) Cae pat 
for ._ i b = 22. 
30. 2+ 3x—14 for 
3 fn 
pay 715/20 


Vi45V2 a 2 

31. The difference y | 40V 2 — 57| — yi + 57 is an inte- 
ger. Find that integer. 

Remove the irrationality in the denominator (32-33). 

| 

32. ——— eo 
14+V2+V : 
V2V38-V2V Vit¥3 | 

] 


34. — the following two numbers: a= 7g TE? 


33. 


6 =—— 
3 7 3Y3" 
35. Given: 1 <ca<bte<ati, b<e. Prove that a < b. 
36. What is larger, log, 108 or log, 375? 


A 
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Arrange the following numbers in an increasing order (37-39). 
37. 0; V0.8; 1.2; 11/30; 0.91846. 

38. 1; 0.37; 65/63; 61/59; tan 33°; tan (—314°). 
39. 0.02: 1; 0.85; Y3/2; Y0.762; —cos 571°. 


40. Prove that 53°3-33%% is divisible by 10. 


Factor (41-43). 
41. n* + 4. 

42. 1+ nt + n°. 
43.1+ 2°. 


Simplify the following expressions (44-166). 
hh a*—b* a>—bd3 
* “a—b ~~ a?—8?* 
1 | 1 
8. Gone a + b—j 0a tea G8 


46. (a + = aoa) (se = 6) ae 


“a—b a+b 3_ 53° 
c.g) (eaaiat) 5 
= 21.953 
49. el es ae eee ee) 
50. (5 (at =) + oop (= +7) mene. 
ol. ( nan = 2¥?) = : 
a eee ee | 
92. aR ey (a+b+c)?. 
“a ob+e 
ea 
3 3_. 72 —.f) — 
53, ———+* rane es + otene ):+ a 
a b+e 
54. sey Pt ay aap 
85. (((324)'4+-3):((Sr) +3)) -SE-y. 


(Ce 
oe ae | ee 
(aha apn) Gao tS 


of. 


a) 
pede 


77. 


2-01208 


; (TE: 
72, 2/24 2-1/2 +E 
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BY foe a) 


a+2 


+4 
(qn + St) : (qq): 
| 4 


(—-++-=) (a-+b+2): (S+a+a— 


4a? —b2 


as al a a®b — 2a7b?-+ ab$ 


- $35 dab? — 308° SO BP 


_ ( as wt t4 ); (+ -+4403)"' 


a—V2 a 3s 8 
V abhi? /q-i a7 

(a? ¥/ abs)? 
(yams? (Vaya) 

(Yay (Va + 
Gerry acow a 2— yan - 5) (4 +) 

aVa b a 
(2yettye V ab) (verve 
ma ae 

4 m>—n* 


a—a-? 2 4—a7? 
“eA—ett asi? a /*# +a"? 


+V1—a a) : (=7+ 1} : 
—z) i—2)_. 
1+Vz 


44+Yz+z2 " gt Ya” 


(svaseys _ Vab) : ye oe Ag 


VatVb 


a—b a-1/3— 5-1/3 


—D oo — EEE 


a+oavtt+i a—i 
(c+ V2?— 4)2+ (2+ V z?—1)-2+ 2 (4 — 22%). 


( al/t+2 ae) al/t+4 


. (6a? +5a—1-4 a) (30 ae . 
+i 


4c? 


a*b2 


) 


17 
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aVatbVb 2Vd _ Va 
(Ya4- Vd) en) Va+Vb a—b° 


79 xy7+4 
°  2+7)/244 ° aR: 


80. (28/2.4 27y3/8) : ((+) 


78. 


- 1/2 Ey ays) 


z—y z—y 


Ve-Va__VetVi_2V8 


a Ve-Vu4Vet+Vy Yt 
z—Yy z—Y 
2. 2h o-1aby (14-4 (V EV BY. 
b—z 63/3 — 3/2 
83. 7 b—z rs 
Va-VB y+) 
sa (aap ae (=e) Co ia 
m+V m—n? m—YV m*—n!? n3 
85. ( m—-Vri—n Va | 4m VY m?—73- 
Va+Vb Va+Vb)\-1 
86.0 (ye) +8 (ays) 
4 ae 
ae Vout’ Vert Yori 
; {i if " (a- 1)Vat+i-— (at1)Va—1i- 
Va+i YVa-—t 
4 V5+4 | V5—4 
88. sa arg Soar OT ae (Va—T. + 2) V'0.002 002. 


Ih yl/P gt/Byl/9y - 
89. (aoe — Gaia) UV Eee et es) 


90. (4 4 \? Va-—i Va+t ), 


2 2a! \Va+t YVa-t 

91. (a 4- a!/2b1/2) (a +b)" (Wa a V5) (Yer tet )*) 
2V>b a3/21 }3/2 - 

ia Vat+V5 +( VYatVd (ab) aa) (a—by"* 
p*/* + 99/8 = Vrs 

93. (2ST — an) (Veg S222)" 


94. ((Ya— b) 724 (Va. */b)-) : ( Verve) 


Ya V a4+Va a a a 
(i HN), (YE vga) 
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eA SESS > 


96. 


97. 


98. 


99. 


100. 
101. 


102. 


103. 


104. 
105. 
106. 
107. 


108. 
109. 


110. 


(cvertve oVer eV? (a—14—2V8 


51/2 (rao =) b 3 \-1/3 
aaqi '\—7=—. —— Vb} +> (-3 FZ) 


V a—1 sae Va—i 


te Geyer 

Vat+i YVa—i 

2V/}\-1/2 (Ya, __ __ab Yab—VYb 

(# Vb)? (Yab —-—*—): PS 

( a®§—8 _ is) oh Ba _  Yab 
a?—5a+6 a—3 Va ): Ya-t ° 
af/f*¥—8alfsb 3b 

orem: (1-27 2) 

a+b i 2a Y a®—b? { 


a—b ~ BF (@bt+1)§° ~ {—ba- ° 


i+ 


1-+ ba~} 
(aly abil + 4a(M+n)jmn 


(14 —a?): ( a =“ (tee —at/2) } 4: 
(854 sit wot) , a§+a'+ 22 


FRNA FSI A SIO 
z1/3—y)/2 xl/9t yl/3 23/3y1/3 2y 
( zy '/*-+ 2)/?y ay siT ) zt+y zy" 
4+2(¢+4)~!/2 —1/2 
papi t (t+ 42+ 4 (t+ 4) ; ° 
VatVB Vai 
y a? (a—b)3 (a—b)1/8 : 
2 iz x (22—a)'/244 ( z— (z?—a?)1/8 \-' 


oes a(z—a)!/24(2—a)'/2 © \ at(z+a)'/? 


(x24 az)"'), 


a> 0, 
112. 


2¢e 


(VE-V2) (VE+V 3-2)): (449), 


Aaah al le Rent i 
fae (aren VatVo!’ 


i! 
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113. (Vz—1) (Vz+1) 5 Ve+Vzs —Vr+1. 
114. 298—32-1 88 — 73/8 8 — 4x43 


= i523 3+b9 2(a—b)"? 
115. + (Va) Ba) : (t* 41) eo. 


: 4 4 — q@?)1/2 2(4— 3)~-1/3 
116. a2(4—a?)-17: Gesccrerccro : (rep ; 
117.- (Yz—V y)? +222 : Virty Vy + 3 V zy—3y 
zVetuVy a 
{—z- 2 z-i_z 2 \7! 
118. (sa ene — x3: Vz + aap (1 +4) 


(21/3 — y3) (2-1/3 1/3y-1_4 4 
119. ip ay ae: (2%y). 
1taVYata+ya? i 
120. ———__———_ + —= 
1—Va Et V/a-3 : 
(4—z)ie 4-+-2)'/4 (1—2)-3/6 
124. (jae + Hee) (1 — 22)0/6, 


2 (4+ 2)8/4 
122. (xi/4 + yt/) ; ((~4 te yr? + ( 7a ) 
123, PAtPe-2y A (Vz+Vy) 2Vy 


GwWertyay  — + Vsnyvy 
104, (@x oP (VatVb)°+4+2aVat+oVb — 3(Vab— 3(V ab—d) | 
aVat+boVb ab 
Ya—Ya 1+Va ~1/2 
125, (1=—* ary es vz} (1+Fe + 


126. anyon (Ya— Vb? | (Va+Vab+y0) (5 (a-Vabt+yo) 


—Y ab Vv a% — b 

i. (129/73) (tate E, 
128. (2 as a ey ae 9/8 (22 — 1)4/8, 
129. (apm — mepare) (Se) 

8—sz x ne 
ve rae (2+ seve) + (2+ 7s): wae 
131. (sa 3 abt) ° (PVR), b>0 
GSD, ee 
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133. 

-£_4 iN 8h 2__46)-1/2(q —4)-1/2 a +4 
(2 =) ((a 4) ¥ (a—4)3— Ona) 
134. 22. (94. _ VF yz, 2Ye) Vat—4 

2+7z ( q etl ON ag 5) aa 
4 4/3, 
(OF Via)" 402 + 4 
(5s, 
z(V b+ V 42-1)? 
136, ——@ti0at+254+2V5(Vas+5 Va) 
(a? — 25) ((V a8— Y 125) (a+ V 5a+5)*)* © 
137. 
eas a—2b if y 2ab+/4abt a fa +b 2b+byatay 2 
Yat—V/ 4b 9 at i/ 408§+-7/ 160d © a+b : 
3—Va a?-+ 162 a (a+9) 
138. (“3 Se eaeY ro tema) age 


Va+Vb)-! 2 ab “tL 1/plosse 
me = 7) — aaa pannar) a a a 


140. 


8 8 Yam ty egy ied, 
(wacyegr srt /ai— >) ( Ay ) —a 
ta, VBVE-VO) _ Bas V4v) 

© (YWb--Ya)? Vb 745/58 


142. 
7 _ 2Va—2 =f log, a-2 
(ats ai8 +1) 14 (a/4 + qt/8 + 1) ) Fear) —2 e 


143. 
/ryits fz ,\71 eee 

( (EEE 1)" (1 VE4V G) 41) Vee 
at10Va+V20(Vae+5Va)+25 

(a—25) (Yas — ifn Ne as heated 

445. en ¥16ab 


144. 


a—b “1 
+i lava) ) 
146. (eet) (2.39 4 3), 
147. 


2(224 Vat) (V (+1) Vf 1444V w—oy 1-4)" 


a | 
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148 2a y abi—a Vab’—ab _ 9ite2 log, a+log, b 


VY ab—YV ad 
a—VYaI—bi at Vai—bi 4V at—aid? 
0. (Vaan yaea) 


1 a2b4 2/3 (b2/3 — a2/3)8 — 2a? — 621-3 
150. FV (+t gta) | Orn 


(att—V 8(Va+V 2 oe 
151. Gaerne arene \ + V (a? +4-2)2— 8a?, 
152. 


3 Pe ee eR ee eC a Ne Ee 
(ey +V [i —3e%r 7 SaPt— 2:0 for z>a 
i-- a z 


V a*—2ab +8 2a 
1+VYi-z 4—-Yi+z2 \227—1 
aa Ge +Vi—z yt) 3 ae Os ets 
22 VY i+z! _4 eo b 
155. (SS rat(j/t-f), a>0QO, b> 0. 
156 (m-+ z)1/3-+ (m —x)1/ 2mn 


(m+ 2z)1/3 —(m —z)1/3 ’ t= n+’ m>0, 0<r<t. 


303 + 2¢2)3 — 2492b3)1/3 ry 
157, A a + Va Ba + 2b Va— Br, 


alb>V 372, b>0, apd. 
158. ((a—-b) / ° aoe b) (a—b) (eee 
(1) a+b>0, a—b>0; (2)a+b<0, a—bd<0. 


159 V atV2—a'V1—a VY 2—al 
° ia z 


160. 


(a? b-}) (ad)? 
161. fw —————— 
*/ a8 ya? 
162. ee and calculate it for a=5, 


1/3 3/525 
163. ae , a and calculate it for a= 1,2; b=3/5. 
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a? aS ; a a? : 
164. (> -spr) : (5 -aa) and calculate it for 
a= —2.5; 6=0.5. 
165. v zy — zy 1+ ee) y 1/2 
f(x, y= (PSE EV)? (127/242) 
and calculate it for z=9, y==0.04. 
166. Prove the identity 
—3b—(b—1) V b?—442 ore 4—o 
ora saw VY b?—4+2 ~ 446° 


167. Indicate the domain of definition of the function and simpli- 
fy the given expression 


1-+2(z+4)~%° 
yeas tet a +4 (et 4) 0.6 


168. Prove that if 


Vet OR tV P+ / By =a, 
then 22/3 +- y2/3 = 2/8, 
169. Find the value of the expression (z+ a3)1/3 + (z3 —a%)1/8 i 


, a>0, m>0, n>0, m>n. 


2 a 
for x=a (7 all y" 


2mn 
170. Find the domain of definition and simplify the expression 


ea a eA eS A 
VYat-yb a—b = o—Yab' VYabta 2 i 
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Binomial Theorem 


Mathematical Induction 


The method of proving propositions, called mathematical induc- 
tion (or simply induction), is based on thé principle which is one 
of the axioms of natural number arithmetic. 

Mathematical induction. The proposition A (n) is considered to be 
true for all natural values of the variable if the following two condi- 
tions are fulfilled: 

(1) The proposition A (n) is true for n = 1. 

(2) From the proposition that A (n) is true for n = k (where k is 
any natural one it follows that it is also true for the next value 
n=k+t 


? 
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The proof by induction consists of the following two parts: in the 
first part we verify the truth of the proposition A (1); in the second 
part we assume the truth of A (n) for n = k and prove the validity 
of .A (mn) for n = k+1, i.e. A (kK) >A (k + 1). 

If we have proved that A (4) is true, and it follows from. the truth 
of A (n) forn = k that A (n) is true form = k + 1 (for any natural 
k), then A (n) is true for all natural n. 

Example 1. Prove that for z > —1 the inequality 


(1+ 2)">1+n2 (1) 


(Bernoulli’s inequality) holds for any natural n. . 

(1) For n = 1 we have (4 + x)! = 1 + z. One of the relations > 
or = holds and, therefore, A (1) is true. 

(2) Let us prove that the truth of A (k) yields the truth of 
A (k + 1) for any natural k. Suppose the inequality 


(1+ 2)* >141 + kez (2) 


is true. We multiply its both sides bv 1 + z. Since 1 + x > 0, we 
have 

(1 + z)** > (1 + kz) (4 + 2), 
or 

(Qt aS t+ et tye + pat 
taking into account that kz? > 0, we infer that 
(1 + x)"*) > 1+ (K+ 4)z. 

le. A (k) >A (k + 1). 

Since inequality (1) is valid for n = 4 and it follows from its 
truth at n = k for any natural & that it is also true for n = k + 1, 
then by induction inequality (4) is true for all natural n. 

We can use induction to prove propositions defined for negative 
integer n (by means of the substitution n = —m), and also proposi- 
tions defined on the set of integers beginning with n = m. In the 
latter case, the proof is based on the following generalization of 
mathematical induction. 

If the proposition A (n), in which n is an integer, is true torn = 
m and if it follows from its truth for n = k, where k is any integer 
larger than, or equal to, m, that it is true for n = k + 1, then the 
proposition A (n) is true for any integral n =m. 

Example 2. Prove that the inequality 


2" > 2n + 1 (3) 
is true for all natural n > 3. 
(1) If n = 3, then 2°>>2-34 14, i.e. A (3) is: true. 
(2) Let us prove that it follows from the truth of the inequality 
at n = k for any natural k > 3 that it is true for n — k +1. We 


1.3. Mathematical Induction. Elements of Combinatorics 25 


assume that 


2* > 2k + 14; (4) 
then 2* + 2* =~ 4k 4+ 2, ie. 
2*+t > 2 (e+ 1) +41 + (2k — 1). (9) 


Since 2k — 1 > 0 for all natural k > 1, it follows from the validity 
of (5) that the inequality 


4+ 2k +41) +1 


holds true, i.e. A (k) > A (k + 1). 
We have thus carried out both parts of the proof, and, consequent- 
ly, inequality (3) is valid for any n > 3. 


Prove the assertions of the following problems ({-10). 
1. Prove that n° + 3n? + 5n + 3 is divisible by 3 for any natu- 


ral n. 

2. Prove that the number 4" + 15n — 1 is a multiple of 9 for 
any natural n. 

3. Prove that 2" > n? for any natural n > 5. 

4. Prove that the expression n* — n is divisible by 24 for any 


odd n. 
5. Prove that oe eee +...+ = Vn for an arbitrary 
Vi V2 V3 - Vn 


natural n>2. 
6*. Prove that the equality 
(1 —+) (1 —+) (4 —3) aba (4 -- a7) = iS 


holds true for any natural 7. 
‘ : 1 1 1 . 13 
7. Prove that the inequality = aes +... Tn OA 


holds true for any natural n > 1. 
8. Prove that | sinma!<m|sina| for any natural m and 


any a@€ R. 
9. Prove that 11"+? + 122"+! is divisible by 133 for any integral 


nonnegative n. 
10. Prove that n> = for any natural n> 1. 


Combinatorics 
Permutations: Number of permutations, An order established in 
a finite set is known as a permutation, of its elements. The number of 


* Here and henceforth the asterisk signifies a problem of advanced dif- 
ficulty. 
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permutations in a finite set of elements depends only on the number 
of elements. The number of permutations for the set of n elements 
is designated as P,. A set consisting of one element can be ordered 
in a unique way: the first element of the set is considered to be 
unique, and, therefore, P; = 1. Wecan prove by induction that P, 
is equal to the product of the first m natural numbers: 


P,=1-2-3...n, (1, 


The product 1-2-3 ... nis designated as n! Therefore, P, = n!. By 
definition it is considered that P, = 0! = 1. 

Arrangements. Number of arrangements. A set considered together 
with the assigned order of its elements is said to be an ordered set. 
In an ordered set, the elements are written in parentheses in a spe- 
cified order. For example, (A, B, C) is an ordered set whose first ele- 
ment is A, the second element is B, and the third element is C. 

Finite ordered sets are called arrangements. The number of arrange- 
ments of » elements taken m at a time is designated as A®,. It 
can be proved by induction that 

n ni 


This formula can also be written as 
A; =n(n—1)... (n—m-+1). (3) 


Combinations. Number of combinations. Properties of the number 
of combinations. In combinatorics finite sets are called combi- 
nations, The number of combinations of n elements taken m at a time 
{i.e. the number of subsets, consisting of m elements each, constituting 
a set of n elements) is designated as C%.. 

Calculating the number of arrangements of n elements taken m 
at a time, we can find that 


Am =C,- Py. (4) 
whence it follows that 
n ni 
Cm = Ta ©) 


This formula can also be written as 


n_ n(n—4)(n—2) ... (n—m+1) 
Cm = 1-2 ...m : (6) 
The equality 


Cw= Cron (7) 
holds true for any n and m (0<m<7n). Indeed, 
Ce ae ni n] n 


mi (n—m)! (n—m)1 (n—(n—m)) 1 ~"-™ 
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We can prove by induction that 
otC1t+Cot 1... + Ch = 2". (8) 


We can also prove this equality if we set a = b = 1 in Newton's 
formula. The validity of the formula also follows from the fact that 
the sun 


CotCi+Co+ ... +C7 


is a complete number of subsets of a set ease of n elements, and 
it is equal to 2”. 
The equality 
mt Cmei = Cmiet (9) 
holds true for any n ae m such that 0 < m <n. We can carry out 


the proof representing Cj, and Cj,4, by formula (5) and adding the 
resulting fractions together. 


Solve the following equations (11-26). 


Ci 2 
11. C2xti —"s 9 rEN. 
x-—1 


12. Az-'—C{=79, xEN. 
13. 30371 =2A3=2, EN. 


C2 = 4 
14. Cx ae zEN. 


15. 120%+C3t* =162, xEN. 

16, Att! +024} =14(z-+1), reEN. 
17. A3+Cy-2=142, zEN. 

18. cHins# Azt!, x€N. 


19. Czt'!:Ci=6:5, zeEN. 

20. Cz+!.Az—423 =(A},)2, EN. 
21. 3C3+1+ P,.t=4A2, EN. 
99.. Ch eC 130 = 5-923 


__Pxss_ 790 N. 
= Ag Px-5 ” an 


94, Az*?—C3t7420, rEN. 
20. 4 OF 2 411-C57', xEN. 


a 
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26. 11C3 =: 24C31'. 
27. Simplify the expression 


CR 4OCR43CR 4.0. +(n4 1)C%, n€N, 

eliminating CR (k = 0, 1, ..., 7). 

Solve the following inequalities (28-37). 

28. C, < Ca MEN. 

29. Ch..>ci®, meEN. 

30. Ch< Ct, n€N. 

$1 5C3<Cit*?, ne€N. 

32. Ci'!—cp'—~2 ay<0, 2€N, 

33. Czti> 3/2, zEN. 

34. Citi<—21, xEN. 

35. 2C$>11C377, nE€N. 


36. enti —crti<100. n€N. 
n+1 


A, 
37. Set > 14Ps, NEN. 


38. i many negative terms are there in the sequence (z,), 


—n¢+s 143 Pris 
where z,=C; 96° Poe néN. 
39. How many positive terms are there in the sequence (z,) if 
195 A3r° 
LL, = ST -  - N. 
APS Pag YS 
Att® 443 
40. Find the negative terms of the sequence z, = ——-—-—,— , 
Pres 4P», 


néEN., 

41. We take n points on one side of the triangle, m points on the 
second side, and k points on the third side, none of the points being a 
vertex of the triangle. How many triangles are there with vertices 
at those points? 

42. We must place 5 boys and 5 girls round the table so that no 
two boys and no two girls sit side by side. In how many ways can 
we do it? 

43. Two variants of a test are suggested to twelve students. In 
how many ways can the students be placed in two rows so that there 
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should be no identical variants side-by-side and that the students 
sitting cne behind the other should have the same variant? 

44. In a 12-storey house 9 people enter a lift cabin. It is known 
that they will leave the lift in groups of 2, 3, and 4 people at differ- 
ent storeys. In how many ways can they do so if the lift does not 
stop at the second storey? 

49. There are 40 doctors in a surgical department. In how many 
ways can they be arranged to form the following teams: (a) a surgeon 
and an assistant; (b) a surgeon and four assistants? 

46. In how many ways can 10 identical presents be distributed 
among 6 children so that each child gets at least one present? 

47. How many ways are there of distributing n identical balls 
among k boxes? 

48. Six white and six black balls of the same size are distributed 
among ten urns so that there is at least one bal} in each urn. What 
is the number of different distributions of the balls? 

49. Five boys and three girls are sitting in a row of eight seats. 
In how many ways can they be seated so that not all the girls sit 
side-by-side? 

90*. Seven different objects must be divided among three people. 
In how many ways can it be done if one or two of them can get no 
objects? 

.O4*. How many natural numbers are there which are smaller than 
10% and are divisible by 4, whose decimal notation consists only of the 
digits O, 1, 2,-3, and 5 which do not repeat in any of these numbers? 

52. How many six-digit numbers can. be formed from the digits 1, 
2, 3, 4, 5, 6, and 7 so that the digits should not repeat and the ter- 
minal digits should be even? 

53. How many four-digit numbers which are divisible by 4 can be 
formed from the digits 1, 2, 3, 4, and 5? 

54. How many natural numbers smaller than 10* are there, in the 
decimal notation of which all the digits are different? 

55. How many five-digit numbers, which do not contain identical 
digits, can be written by means of the digits 1, 2, 3, 4,5, 6, 7, 8, 
and 9? 

56*. How many four-digit numbers are there whose decimal nota- 
tion contains not more than two distinct digits? 

57*. How many different seven-digit numbers are there tle sum 
of whose digits is even? 

58*. How many different four-digit numbers can be written using 
the digits 1, 2, 3, 4, 5, 6, 7, and 8 so that each of them contains 
only one unity, if any other digit can occur several times in the nota- 
tion of these numbers? 

59*. How many different seven-digit numbers can be written 
using only three digits, 1, 2, and 3, under the condition that the 
digit 2 occurs twice in each number? 


‘a | 
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60*. How many six-digit numbers contain exactly four different 
digits? 

61*. How many different numbers, which are smaller than 2 -10® 
and are divisible by 3, can be written by means of the digits 0, 1, 


and 2 (the numbers cannot begin with 0)? 

62*. How many four-digit numbers are there whose decimal nota- 
tion contains not more than two different digits? 

63*. We must form a bouquet from 18 different flowers so that it 
should contain not less than three flowers. How many different ways 


are there of forming such a bouquet? 
64*. How many different numbers, which are smaller than 2-108, 


can be written by means of the digits 1 and 2? 

65*. How many different six-digit numbers are there whose three 
digits are even and three digits are odd? 

66*. How many different four-digit numbers can be written using 
each of the digits 1, 2, 3, 4, 5, 6, 7, and 8 only once so that each 


number should contain a unity? 
67*. How many different six-digit numbers are there the sum of 


whose digits is odd? 

68. There were two women participating in a chess tournament. 
Every participant played two games with the other participants. 
The number of games that the men played between themselves proved 
to exceed by 66 the number of games that the men played with 
the women. How many participants were there in the tournament and 
how many games were played? 


Binomial Theorem 
The binomial theorem states 
(a+ 6)” = Coa" + Cta™"'b+ .. + Cra" + ..4- CRO" = (4) 


for any natural n. The coefficients CR appearing in (1) are called 
binomial coefficients: the (k + 1)th term in (41) is regarded as the 
kth term of the expansion and is designated as 7: 


T,+Cra"—"b* (k=0, 4, ..., a). (2) 
Properties of the binomial coefficients C%. 
ni =1-2-... en, O! = 1 (by definition), 
Ol=1, 1! = 1, 2] = 2, 3! =6, 
4! = 24, 5! = 120, 6! = 720, and so on, 
ni (n + 1) = (rn + 1)! 


Ch= mT =Ch-rn, Cr+Crt*=CRTi (O<k<n). 
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In particular, 
C6 = CL = 1, CH = C3 = 4, Co = 6; 
Lad, Cl = C= S.C Ch = 10: 
(a + b)* = af + 4a*db + 6a7b? + 4ad® + Df; 
(a + b)® == a® + 5atd + 10a°*b? + 10a?b§ + Sab* + DF. 


—_— 
ie 


69. Find the greatest coefficient of the expansion of (a + b)” if 
the sum of all the coefficients is equal to 4096. 


70. Find the middle term of the expansion of (Vz——)’. 
YA 


71. In the expansion of (a Va +2)", the coefficient in the 
second term exceeds by 44 the coefficient in the first term. Find n. 
72. Find the term of expansion of (z+—)" which does not 


contain z. 
1 
ai 


73. Find the term of the expansion of 4+Va)" which 
does not contain a. 


74. Find the term of the expansion of (7 xr2+ z)' containing zr 
in the second power. 
75. Find the second term of ‘he binomial expansion of 


(‘Ya+—ta)” it ch:cP= 4:4. 
76. Find the third term of the expansion of (22 + — vz)" if 
the sum of all the binomial coefficients is equal to 2048. 
77. Find z in the binomial (2 tia) if the ratio of the 


seventh term from the beginning of the binomial expansion to the 
seventh term from its end is 1/6, 
78. Determine the ordinal number of the term of the expansion 


of (ZV a@++Va)” which contains a’. 
79. In the expansion of (z Vz +=)", the binomial coefficient 


in the second term exceeds by 44 the binomial coefficient in the 
first term. Find the ordinal number of the term which does not 


contain 4, 
80. Find the term of the expansion of (Vz—F2) which 
Zz 


does not-sontain z. 
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S{. The coefficient in rin the sevend term of the expansion 


e { \n . : Ss 
of (x? —---} is equal to Of. Find the power 7, 
a 


82, The sum of the coefficients in the tirst three terms of the 


a) ™ e 
expansion of Cae me ye equal to U7. Find the term of the 
expansion containing 2. 
. x: l -¢ - < 3° { 4 
83. Find ts if the Afth term of the expansion of (+ a 


does not depend on gz. 
S4. Find the values of xs for wiaeh the sem of the thire and 


. ; ‘ aS |  .. 
the Afth term in the expansion of ( os ae is eoual te 
155, and the sum of the binemial efficients in the fast three 
terms is equal to 22. 
8o. For what orois the feurth rmoef othe expansien df 
9 ~ ar 6° F 
(py xi/os x40 TET)" equal to 200? 
2 7 « t { n ~ . ° 
86. In the expansion of ea ae . the sum of the binomial 
= 


coefficients in the tirst and the second term is equal te 3d, and the sec- 
ond term of the erapansion is 7 times as large as the first. Find z. 
87. Find the values of x for which the difference between the 


. 22, '} 32 \m 
fourth and the sixth term of the expansion of (4=+4+23) 
> 8 } 2= 


is equal to O68 if it is known that tre binomial power m is smaller 
by 20 than the binomial coefficient in the third term of the expan- 
sion. 

SS. Find x if it is known that the second term of the expansion of 
(x + xrloex)® is equal to 1 000 000. 

89. For what value of x is the sixth term of the expansion 


fax-le i 1 ? 

of the power of the binomial (aaa baer aaa _ 
equal to 84> 

0%. Prove the inequality n%-!™~ (a = t)") 4 3, WEN, 

91. Find the power nm of the binomial ( : ++)" if the ninth 
term of the expansion has the greatest coefficient. 

92. Find the term of the expansion of (a --- 5)°* which is the graat- 
est in absolute value if |a| = V3] b|. 

93. In the expansion of ({ — 3)? by the increasing powers of z, 
the third term is four times as gTeat as the fifth term, and the Tatio 
of the fourth term to the sixth is 403. Find n and r. 
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94. Simplify the binomial 
z+4 z—i \10 
( z3/8 — 71/8 +-4 eee) 
and find the term of its expansion which does not contain z. 
95. The sum of the coefficients in the first, second, and third 


terms of the expansion of (22++)" is equal to 46. Find the 


term of the expansion which does not contain z. 


1.4. Equations and Inequalities of the First 
and the Second Degree 


The absolute value of a real number. The absolute value of the 
real number a is defined by the formula 
a if a> 0, 
Ja|= { —a ifa <0. 
The inequality | z | <a, where a > 0, is equivalent to the two- 
sided inequality —a<zr< a. 
The inequality | x | > a, wherea > 0, is equivalent to the collec- 
tion of two inequalities z << —a and zt >a, i.e. for a > 0 we have 
lc|<ae—a<r<a, |zr|Sa <> —a<25<54; 


—— < —a, 
[z|>ac peere [|r| pas Eee 


The inequality 
latob|/<ja/+tol, lle]—loll<la—9| 


is valid for any numbers a, DER. 


Solve the following equations (f-3). 
Ae j2+2]|=2 (3-2). 

2.)3r1—2|+2= it. 
3. {z2/—l|z2—-—2| = 2. 


4. Find the least integral value of.z which satishes the equation 
[z—3/ +21 2+11=4. ee os 

-5. Find all a€R for which the equation a° + a°|a+z|+ 
| a’z + 1| = 1 has not less than four different solutions which are 
integers. 


Solve the following inequalities (6-11). 
6.|,5—2z| <1. 
7. | 32 —2.5 | >2. 


3-01208 
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8. j2—2|/<[r+4]. 
9. {27 —4|<2r—1. 
10.2/2+1})/>2+4+4. 


it. p24+2)/—|2—1|<2-—F. 


42. Solve the inequality |z+1|+]z2—4]|>7, indicating 
the least positive integer z satisfying the inequality. 

13. Find the greatest integer zx satisfying the inequality 
2z+1 3-1 


Quadratic Equations and a Quadratic Trinomial 


An arithmetic root. The nonnegative number 5 such that 6” = a 
(m > 2 is natural) is called an nth arithmetic root of the number a 
and is designated as Va. In particular, Vc? = | ¢ |. 

An nth root. The number b is called an nth root of the number 
a if b* =a. 

For example, the numbers 2 and —2 are fourth roots of 16; the 
number —3 is a cube root of —27. There is only one fourth arithmet- 
ic root of 16, namely, the number 2. The arithmetic cube root of 
the number —27 does not exist. 

quadratic equation. An equation of the form 


azx* ++ br +cec=0 (a #0) (s) 
is a quadratic equation. The quantity D = b? — 4ac is a discriminant 


of the quadratic equation. Then, 
(1) if D > 0, the equation has two real roots 


—b+YVD —b—VD 
ne ne a re 7 
(for D = 0 the roots coincide). 

(2) if D <0, the equation has no real roots. The following asser- 
tions hold true: 

(a) if z, and z, are roots of the quadratic equation (*), then z, + 
i, = —, 2,°X, = < (Vieta’s theorem); 

(b) ax? + br +c =a (x — z,) (x — z,) is the formula for the 
factorization of a quadratic trinomial. 

Solution of quadratic inequalities 

ax®+brt+e>0 (a0). (ee) 


ae If D > 0, then equation (#*) has two different real roots oo ae 
en 


ty, = 


a>0=>27 € (—~, 2,) U (z,, +00), 
a<O0>727€ (z,, z,). 
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(2) If D = 0, then equation (*) has two equal real roots z, = es 
In that case 


a>0O=>2z € (—oo, 2z,) U (t,, +0), 
axQ@Q>2zE€®. 


(3) If D <0, then equation (*) has no roots. In that case 


a>0=>2 € (—oo, 4-00), 
ax<O>7€ @. 


The inequalities az*>+ br +ec>0, az? + br +cec¢<0, and 
ax* + br +c<0 can be solved by analogy. 

14. Find b if the roots of the equation 2427? + br + 25 = O are 
positive and z, = 1.5z,. 

15. Find all solutions of the equation (|z|-+ 1)? =4]2]+9 
belonging to the domain of definition of the function y = 5 -— 2z. 

16. Find all solutions of the equation (8|2z|— 3) =|2z]+7 
belonging to the domain of definition of y = Vz (x — 3). 

17. Find all solutions of the equation (2]2z]|— 1)? = |z] be- 
longing to the domain of definition of the function y = log (4x — 1). 

18. Find all solutions of the equation 9z? — 18|z|+ 5 = 0 be- 
longing to the domain of definition of the function y = In ((x + 1) x 
(x — 2)). 


Find, analytical and graphicat solutions of the following equations 
La 
. | 22+ 474+ 2] = (or + 16)/3. 
. | a? — 22 —1 | = (2 + 1),3. 
(2? — 47 +2| = (ox — 4)/3. 
52, |}2?— 62 +7 | = (br — 9 /3. 


Solve the ee equations (23-29). 

23. 27+ )z2— == 4, 

24. Ee ayn oe +32-+5)+. 

' + (x? + 202 + 39) = 4500. 

25. z2\|r41—4|/+a=0. 

26. For what values of a does the equation 9x* — 2x +a = 6 — 
ax possess equal roots? 

27. Find the value of & for which the equation (A — 1) z? + 
(k + 4)2-+k+7=0 has equal roots. 

28. Find the values of a for which the roots of the equation 
(2a — 5) x? — 2 (a — 1) 2+ 3 = O are equal. 

29. For what values of m does the equation x? — x +m = 0 po 
ssess no real roots? 

30. For what values of m does the equation x? —z+m?=0 
possess no real roots? 


3% 
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31. For what values of m does the equation mz* — (m + 1) z+ 
2m — 1 = 0 possess no real roots? 

32. For what values of c does the equation (c — 2) z* + 
2 (c — 2)x +2 = 0 possess no real roots? 

33. Find integral values of & for which the equation (k — 12) xz? + 
2 (k — 12) x + 2 =O possesses no real roots. 

34. For what values of a does the equation x? + 2a) a? — 3x + 
4 = 0 possess equal roots? 

35. Find the values of the coefficient a for which the curve y = 
xz? + ar + 25 touches the Oz axis. 

36. Find the value of k for which the curvey = z? + Ax+ 4 
touches the Oz axis. 

37. Form a quadratic equation whose roots are the numbers 

1 1 

io- Vi om topeya 

38. For what values of k is the inequality x? — (k — 3)z — 
k + 6>0 valid for all real zx? 

39. For what values of a is the inequality az? + 2ax + 0.5 >0 
valid throughout the entire number axis? : 

40. For what integral & is the inequality 


z* — 2 (4k — 1) x + 15k? — 2k —7>0 


valid for any real x? 

41. Find the least integral value of k for which the equation 
z’?—2(k + 2)r4 + 12 + hk? = O has two different real roots. 

42. For what values of a is the sum of the roots of the equation 
z* + (2 — a — a’) x — a® = O equal to zero? 

43. For what values of a does the equation x? — (2° — 1) zx — 
3 (47-12°-?) = 0 possess real roots? 

44. For what values of a do the graphs of the functions y = 
2ax + 1 and y = (a — 6) z? — 2 not intersect? 

45. For what values of p does the vertex of the parabola y = 
z* + 2px + 13 lie at a distance of 5 from the origin? 

46. Find the value of a for which one root of the equation xz? + 
(2a — 1) x + a*? + 2 = O is twice as large as the other. 

47. For what values of a is the ratio of the roots of the equation 
w+ar+a+2=0 equ il to 2? 

48. For what values of a is the ratio of the roots of the equation 
azr* — (a + 3) zr +3 = 0 equal to 1.5? 

49. For what values of a do the roots z, and z, of the equation 
xz? — (3a + 2)z + a? = 0 satisfy the relation x, = 92,? Find the 
roots. 


90. Find a such that one of the roots of the equation 22 — *: + 
a = 0 is the square of the other. 
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of. The roots z, and zx, of the equation x? + px + 12 = O are 
such that x, — z, = 1. Find p. 

92. Find k in the equation 5x? — kz + 1 = O such that the differ- 
ence between the roots of the equation is unity. 

53. For what value of a is the difference between the roots of the 
equation (a — 2) z* — (a — 4) x — 2 = O equal to 3? 

54. Find 6 in the equation 52” + bz — 28 = 0 if the roots z, and 
x, of the equation are related as 52, + 2z, = 1 and 0 is an integer. 

55. Find p in the equation x? — 4x + p = 0 if it is known that 
the sum of the squares of its roots is equal to 16. 

56. For what values of a is the difference between the roots of the 
equation 22? — (a2 + 1) z + (a —1) = 0 equal to their product? 

57. Find all values of a for which the sum of the roots of the 
equation z? — 2a (x — 1) — 1 = 0 is equal to the sum of the squares 
of its roots. 

58. Find the coefficients of the equation z? + px + q = 0 such 
that its roots are equal to p and gq. 

59. For what values of a do the equations z* + az + 1 = 0 and 
z? + 2+ have a root in common? 

60*. Given two quadratic equations z? — z +m =O and x? — 
z + 3m = 0, m * 0. Find the value of m for which one of the roots 
of the second equation is equal to double the root of the first equation. 

61. The trinomial az? + bz + chasnorealroots,a+b+c< 0. 
Find the sign of the number c. 

62. Express zj] + x3 in terms of the coefficients of the equation 
x? + px +q = 0, where z, and z, are the roots of the equation. 

63. Assume that x, and z, are roots of the equation 3x* — az + 
2a — 1 = 0. Calculate xz? + 23. 

64. Without solving the equation 3z? — 5zr — 2 = UO, find the 
sum of the cubes of its roots. 


65. Calculate = + 1 where x, and zx, are roots of the equation 
1 


23” 

2x7 — 3ax — 2 = 0. 

66. For what values of a does the equation (2 — zx) (x + 1) =@ 
possess real and positive roots? 

67. Find all values of p for which the roots of the equation 
(p — 3) ? — 2px + Sp = 0 are real and positive. 

68. Find all values of a for which the inequality (a + 4) xz? — 
2ar + 2a — 6 < 0 is satisfied for all z € R. 

69. Find all values of a for which the inequality (@ — 3) 2? — 
2axr + 3a — 6 > 0 is satisfied for all values of z. 

70. Find all values of a for which the inequality (@ — 1) z* — 
(a+i1)rz+a+i1>0 is satisfied for all real z. 

71. For what least integral kis the quadratic trinomial (k — 2) 27+ 
82 + k + 4 positive for all values of z? 

72. Solve the inequality z? + ax + a> 0. 
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73. Find all real values of m for which the inequality mz? — 4z + 
3m +- 1 > 0 is satisfied for all positive z. 

74. Find all values of a for which both roots of the equation 
x? — bar + 2 — 2a + 9a* = O are greater than 3 

75. Form a quadratic equation the product of whose roots z, 


: _ rg _a*®—7 
and z, is equal to 4, and p34 rea, =aALT: 


76. Form a quadratic equation the sum of whose roots z, and Zz, 
1—z 4{—z 4a?+- 415 
eo ee ee 4a?—1 ° 
77. For what values of a are the roots of the equation z* — 4az + 
1 = 0 real and satisfy the conditions z, >a and xz, >0? 
78. For what values of a€ R does the equation az?+x-+a—1= 
Q possess two distinct real roots x, and z, satisfying the inequality 
4 4 


is equal to 2, and 


79. For what values of a € R does the equation z? + 1 = z/a po- 
ssess two distinct real roots z, and z, satisfying the inequalitv 
| x3 — x3 | > tra? 

80. Find all values of a for which the inequality (x — 3a) x 
(zx — a — 3) < 0 is satished for all z such that 1 << z <3. 

81*. Find all values of & for which any real z is a solution of at 
least one of the inequalities 


x? 4 5k? + 8k > 2 (3kr + 2) 
x? + 429 > k (dz + 1). 


82*. For what real a do the roots of the equation xz? —- 2x — a? + 
1 = 0 lie between the roots of the equation z? — 2 (a + 1) z + 
a (a — 1) = 0? 

83. For what values of @ is every solution of the inequality z? — 
x -—2< 0 larger than any solution of the inequality az? — 4z — 
1>0? 


and 


Solve the following inequalities (84-109). 
84. 327 — 73 +4=< 0. 
85. 327 — 7x + 6< 0. 
86. 32* — 7x —6 < 0. 
87. 2? — 3x +5 > 0. 
88. 2* — 14zr — 15 > 0. 
89. 2—27—27?>0. 

90. 27—5|/zr71/+6<0 
91. 27 —|/zr|]—2>0. 
92. |x? —4zr |< 5. 

93. jr? +2|]--5< 0. 
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94. | 2? — 5r | < 6. 

95. | 2? — 2x |< xz. 

96. | 2? — 2z7 — 3 |< 32x — 3. 

97. ja? —3r7|/+27—2<—0. 

98. x? —7zr +12< |2r—4 I. 

99. 2? — |5r —3 |] —zx< 2. 

100. |x —6/>2?—57r4+ 9. 

101. |r —6/< 2? —57r+ 9. 

102. |x —2 |< 277? — 973 4+ 9. 

103. 327 — |x — 3 | > 92x — 2. 

104. 27+ 4> | 327 +2 |—7z. 

105. 7? — |5r + 8|>0. 

106. 3[/7—1|/+2—7>0. 

107. |r —6)]>/]2? —57r4+9 |. 

108. (jz —1]/—3)([z2+2]—5) <0. 

109. | 2? — 2a — 8 | > 2z. 

110. For what values of & does the equation kz* + 12x — 3 = 0 
possess a root equal to 1/5? 

111. For what values of the parameter a is the inequality (a* + 
({1—V2)a— (3+ V2)a+ 3V2)22°+2 @—2)¢ + a>— 
V 2 satisfied for any + > 0? 

112. Find all numbers a for each of which the least value of the 
quadratic trinomial 42? — 4ar -+ a? — 2a +2 on the interval 
0O<2z< 2 is equal to 3. 

113. For what value of a do the roots of the equation 2x7 + 6z + 


a = 0 satisfy the condition = +- J 2? 
2 1 
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Equations of Higher Degrees 
If there is a polynomial Q (x) such that the equality 
P (z) = D (2) Q () 


holds true, then we say that the polynomial P (z) is divisible by the 
polynomial .D (x). In that case P (z) is called a dividend, D (zx) a 
divisor, and Q (x) a quotient. 

If the polynomial Q (x) does not exist, then we say that the poly- 
nomial P (zx) is not divisible by the polynomial D (zx) and we consider 
a division with a remainder. 

Assume that D (zx) is a polynomial of a degree not smaller than the 
first. To divide the polynomial P (z) by the polynomial D (x) with a 
remainder means to represent the polynomial P (z) in the form 


P (z) = D (z)-Q (z) + R (2), (1) 


a 
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where Q (zr) and R (x) are polynomials, the degree of R (x) being 
smaller than that of D (x). In that case P (x) is a dividend, D (z) 
a divisor, Q (xz) a quotient, and R (z) a remainder. For any two poly- 
nomials P (x) and D (x) there are always polynomials Q (x) and R (z), 
defined uniquely, for which equation (1) holds true. 

If D (x) = x —c, where c is a number, then equation (1) as- 
Sumes the form 


P (z) = (tx§—¢c) Q(z) + R, 


where & is a number. 

Remainder theorem. The remainder obtained on dividing the poly- 
nomial P (x) by the binomial x — c is equal to the value of the poly- 
nomial P (x) for xz =e. 

The number c is called a root of the polynomial P (z) if P (x) = 0. 

Corollary of the remainder theorem. For the polynomial P (z) to be 
Givisible by the binomial x — c, it is necessary and sufficient that the 
number c should be a root of the polynomial P (z). 

Example. P (x) = 2° + 27 — 2, P (1) = 0. 

P (xz) = (2° — 2) + 22? — 2 = x? (x —1) + 2 (x — 2) (x + 1) = 
a 1) ‘a +2r+ 2), ic. P(x) = 2x + x? —2 is divisible 

yz—i. 


1. Solve the equation (x — Y 3) —'Dd (x — Y 3)? +4=0. 
2. Find all solutions of the equation 


(2 | z|—3)’—| 41-6 _4 
4z+14 = 


nica as to the domain of definition of the function y=(2z+1)/ 
z* — 36). 
3. Show that if 


z=Va+Vatro= Y V at+b—a, 
then z° + 3bz — 2a = 0. 
Solve the following equations (4-9). 
4. (x — 1) (x — 2) (x — 3) (x — 4) = 15 


5. (x + a) (x + 2a) (x + 3a) (2 + 4a) = bt. 
2x—2 _ xz—2 r—1 


6. z3— 36 z—6: 294 62 
2z-+4 4c, 

7. z tii a 

8 z§—3.52+1.5 0 


z43—_ r—6 
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z—1 ae z—\ 
10*. Find all real values of a for each of which the equation 
Vz —a (zx? + (1 + 2a?) e + 2a?) = 0 has only two distinct roots. 
Write the roots. 


141. Find all values of n€N for which the equation =—* =: 


n . 
= has no solutions. 


12*. Find the values of a for which the equation z* + (1 — 2a) z?+ 
a? — 1 = 0 (a) has no solutions; (b) has one solution; (c) has two 
solutions; (d) has three solutions. 

13. For what real values of a is the sum of the roots of the equa- 

; 1 4 4 
tion fg ge smaller than a3/10? 


14. Solve the equation 


For what values of b is the solution of the equation unique? 
15. Find all values of a for which the inequality 22 —> <0 
is satisfied for all xz belonging to the interval 1 << xz < 2. 
16. Find the smallest integral zx satisfying the inequality 
z-—5 > 0 
z?-+ 5z7 — 14 ; 
17. Find integral z’s which satisfy the inequality z* — 32° — 
z+3< 0. 


Find the largest integral z which satisfies the following inequali- 
ties (18-22). 


18. =~ <0. 


9 
1 2 1—2z 
19. z+4  z?—z+14 < z3+-1 
z+4 2 4x 
wag ta > aot 


4z-+19 4z—17 
z+5 < z—3 °- | 
. (x + 1) (x — 3)? (x — 5) (x — 4)? (x — 2) <0. 


21 
22 

be pice ; 2 
23. Find integral values of z satisfying the inequality | 19 | 
= 
9 
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‘ 2 3 

24. We call a a good number if the inequality Sa <a 
is satisfied for any real z. 

(a) Prove that 4 is a good number. 

(b) Find all good numbers. 

3_$mr— 

25. For what values of m is the inequality > >—1 
satisfied for all z€ P? 
x2 +. 2 


26*. Find all values of k for which the inequality FRE) > 1 
is satisfied for all x such that —1< -< 1. 
Rational Inequalities 
The inequality 
g (z) 4 
@ (2) > 0 (1) 
is equivalent to the inequality 
g (x) p (z) > 0; (2) 
the inequality 
g (2) 
pay <9 (°) 


is equivalent to the inequality 
g (z) g (zt) < 0. (4) 


Indeed, inequalities (1) and (2) are satisfied only at the points z 
at which the functions g (x) and ¢ (x) are of the same sign, i.e. are 
either both positive or both negative, and inequalities (3) and (4) 
are satisfied only at the points z at which the functions g (x) and 
g (z) are of unlike signs. Therefore, we shall present arguments only 
for inequalities of the forms (2) and (4). When solving rational in- 
equalities, it is useful to use the so-called method of intervals. Here is 
a brief description of the method. 

Assume that 


f(z) = (@ — a) («& —2,)... (« —2,), 


where 7, < 7,<...< x,. We mark the points z,, so a ee 
on the Or axis. With the variation of z throughout the axis the func- 
tion zr — z,, k = 1, 2, ..., n, changes sign only when it passes 


through the point x = x,. Therefore, throughout the Oz axis the 
function f (z) changes sign only when x passes through the points 
Z1,Zq- ..., Zz, and on every interval 


(—0o, x), (z, 3), es ey (Tey Zn), (Zn, +00) (5) 
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the function f (xz) retains sign. Taking into account that f (r) > 0 on 
the interval (z,, +-co) and changes sign when passing to each succes- 
sive interval of system (5), it is easy to find all the intervals on which 
f (cz) > 0 and all the intervals on which f (rz) < 0. 


Example 1. Solve the inequality te 1. 


Solution. t<1 o> t+ —1<0< 1? <0 ss z= > 0. 
The function f (z) = =— changes sign when z passes through 


the points z, = 0, zr, = 1. We have f (r) > 0 on the interval (1, 
+00), f (x) < 0 on the next interval (0, 1), and f (x) > 0 on the next 
interval (—oo, Q). 

Answer: (—oo, 0) U (1, +09). 

If we solve the inequality (f (x) <0 orf (z) > 0) nonstrictly, then 
the solution of the inequality at the points z,, z,, .... Z, must be 
verified separately. 


Example 2. Solve the inequality sis <=. 


: z | zr | x*—2z--2 
Solution. 4) < a <—_ 42 -><0=— “ee 2). <O=— 
(z—2) (r+ 1) 
z(z+2) <0. 
The function f()=Fo changes sign when the vari- 
able x passes through the points z; = —2,z, = —1,73 = 0,2, = 2. 


We have f (r) > 0 on the interval (2, +00), f (x) << 0 on the next 
interval (0, 2), f (r) > 0 on the next interval (—1, 0), f (z7) <0 on 
the next interval (—2, —1), and f (xz) < 0 on the next, last, interval 
(—oo, —2). Taking into account that the inequality is also satisfied 


at the points z, = —1 and xz, = 2, we get the answer: (—2, —1] U 
(0, 2]. 
. : 1 
Example 3. Solve the inequality —z <5. 
. 1 z 1 z?—2z+3 
Solution. = <-o a ysl = ea <0. The 
function f (2) = = changes sign when the variable z passes 


through the points z; = 0 and z, = 3 (we have 2 +3 > 0 for 
all x €R). Since f (xz) >0O on the interval (3, +0), it follows 
that f (x) < 0 on the interval (0, 3) and f (z) > 0 on the interval 


(—oo, QO). 
Answer. (0, 3). . 
Suppose F (z) = (x — z,)* (cg — Zq)k2 ... (x — Zn)", — where 


ky, kg,'. .-, k, are integers. If &; is an even number, then the func- 


i 
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tion (x — x,)*3 does not change sign when z passes through the 
point z; and, consequently, the function F (z) does not change sign. 


If k, is an even number, then the function (z — Ly)*P changes sign 
when z passes through the point z, and, consequently, the function 
F (z) also changes sign. 

Example 4. Solve the inequality (x — 1)? (x + 1)§ (x — 4) < 0. 

Solution. The function F (xz) = (x — 1)? (x + 1)§ (x + 4) changes 
sign only when z passes through the points z;} = —1, rz, = 4. We 
have F (z) > 0 on the interval (4, + oo), F (z) < Oon the next in- 
terval (—1, 4), excluding the point x = 1 at which F (z) = 0, and 
F (xz) > 0 on the last interval (—co, —1). 

Answer: (—1, 1) U (41, 4). 

Example 5. Solve the inequality Sate <0. 

Solution. The function F = changes sign only 
when the variable z passes through the points z, = —1, z, = 2- 
When z passes through the points z; = 0 and z, = 1, the function 
F (x) does not change sign. We have F (z) > 0 on the interval (2, 
+oo), F (x) <0 on the next intervals (1, 2), (0, 1), (—1, 0), and 
F (z) > 0 on the interval (—oo, —1). At the point z, = 1 the in- 
equality is satisfied and at the point z, = 0 the function F (z) is not 
defined. 

Answer: 1—1, 0) U (0, 2). 


Solve the following inequalities (27-135). 
27. (x — 1) (8 — z) (x — 2)? > 0. 


. 62—5 
28. art < 0. 


22—3 
29. -—> > 0. 


0.5 


z73— 5z+6 


3 = 
s2, 242-3 <9 
33 (x— 14) (z+ 2) 
: —1—z 
a4, SPetA 0, 
35. 24—52774 4—<—0. 


36, 24— 22? 63<0. 


< 0. 
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97. 


° 222 — 21z-+ 40 


* g?—5z+6 


* 32—z?—5 


° —22?+ 3242 


4 2 
fea a oO 


° 73—4x—9D 


4+ 322 
aNd < 0. 


4 3 
Be 5), 


4 2 
r+ ritl 9, 


° “gt§—4x—5 


4 — 2x — 3z? 
> 0. 


z?—52+7 
a > 0. 
2x2 — 32 — 459 
zi+1 
z?—1 


zit2zt{ <i. 


> 1. 


46 


38. 
539. 
60. 
61. 


62. 


63. 
64. 


65. 
66. 


67. 


68. 
69. 


70. 
71. 
72. 
73. 
74. 
73. 
76. 


77. 


78. 
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<r 
Pou >? 
z?+7z+ 10 
z+ 2/3 
32? — 42x —6 
2zx—5 <0. 


47 — 152 — 22? 
ag < 0. 


z?—9 
3x — xz? — 24 <0. 


zr+7 a 3z+1 0, 


z—5. ) re a 


> 0. 


2024+ + > 0. 


z*—z—6 
aE 0. 
¢ z4#—57-+6 
z*— {174-30 
z*— 8r-+-7 
4z47— 474-1 
zi — 36 
z31— 9z+- 18 <0. 
z*— 6z4+-9 
o—4z—z3 = 0. 
x—1 
z+1 
1 3 
z+2 < z—3° 
14z 9z—30 
zt+4 8 2z—4 <0. 
oz? — 2 
4z3—2x-+-3 <1. 
z*— $z+12 
z?—42r4+-5 
zi— 3zr4-24 
zi—3z+3 <4. 
z*— 1 
ies < 
x3 +- 
Titi >. 


3 


< 0. 


<0. 


<2 


> 3. 


79. 


80. 


°  (z-+-1) (x*— 324 —4) 


* 40z2-+-2—2 


‘ tsar 


she te 


1.5. Equations of Higher Degrees. Rational Inequalities 


3z—5 1 
a*+-42—5 
22-43 
x?+ x— 12 
o—2z 


V 


I 


2 
es 
2 


* 323 —2z— 16 <i. 


15—4z 
—z—i12 <4. 


z 
1 | 
z?—5r+6 Fy 


— 72) (7 — 3/3 - 
(2 x*) (z 3) > 0. 


19 — 33z 
7z?—112+4 
Q.5x-+-49 


> 2: 
i 
(z-+ 2) (x? —2z-+ f) >0. 
ad 
aaa “oe © doe = = 
2 


z 


142 >. 


x 
x? — xr — a 
ci ci 
x 
2 (z— 3) 4 
z (z—6) << z-—-1° 
2 (x — 4) f 
hey 7 a2 ' 


az 


m2) 


° 9 ~ 242° 


1 1 
z—2 = z—1 
+. 
(z-+/2) (x — 3) 

20 1>0. 
(z— 3) (x —4) +2 ar cae 


4 
Page 
: yt1<0. 
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(z—2) (x — 4) (x —7) 
10. et ETOGTN 

(z—1) (z—2) (z—3) 
101. Fer aeTsy 
102. (22+ 32-4 1) (z?+ 32 —3) D5. 
103. (z2 — xz —1) (7? —z—7) << — 95. 
104. (x? — 2x) (22 — 2) —9 a <0. 
105. (x? + 3z) (22+ 3)—16 ae 0. 
106, 2222" K 9 


zi—q? 

107. |z?—1|>1-—x2. 
me SE <a 
109, =f=—" <0 
110, -E—2! + 9 

111. |= |>1 

112. | ==" |>92. 
113. |e | <3. 
114. en <0. 
115 a > 1. 
116. St ct 

117, ESS So. 


122. 
123. 
124. 
125. 
126. 
127. 
128. 
129. 
130. 


131. 


132. 


133. 
152? — 3 


134. 


1.6. Irrational Equations and Inequalities 


z?— |x| —12 
z=— 


22. 


a 
zi<—. 


2 7 
14f<, 


z 
r—17>— 
z 
z*—4z+-5 >0 
z+52+6 7 ~ 
z-+ zr+5 
read z+i-¢ 


6 
oes 


z—1__—(, 


z*#—zx—12 


Me —8 25 (2+ 2). 


49 


f’ (t) > ge’ (z), if f (c) = 1025 — 132? + 7a, g (z) = 112° — 
4 | 1 2 
ra a a 135. eo es : 


4.6. Irrational Equations and Inequalities 


When solving irrational equations, we must take into considera- 
tion the following theorem. _ | | 
When n is natural, the equation ae/ ft (x) = @ (x) is equivalent to 
the system 


| f (z) = (9 (z))*". 
g (x) 20. 


When solving irrational inequalities, we must take into consid- 
eration the following theorems. pope | | 
When n is natural, the inequality Vf (t) < @ (z) is equivalent to 
the system of inequalities 


4-0120S 


f (xz) 20, 


f(z) < (9 (z))*", 
g (z) > 0. 
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When n is natural, the inequality *j/ f(z) > @(z) is equivalent 
to the collection of two systems of inequalities 


y (x) <0, p (z) >0, 
n 


f(z) >0 f (x) > (@ (z))"". 
When nr is natural, the inequality 1) >1 is equivalent 


to the system of inequalities 

p (z) > 0, 

f (x) > (@ (z))™. 
a ALE: 


collection of two systems of inequalities 


0, p (z) > 0, 
vi ar and ! f(z) 20. 
i f (x) < (g (z))”. 


Solve the following equations (1-118). 


When» is natural, the inequality <1 is equivalent to the 


4. (x2@—1)V 22—1=0. 
2. (22—4)Vz+1=0. 
3. (9-22) V2—z=0. 
4, (146—27) VY 3—z=0. 
5. V 2z—3—V2+3-=0. 
6. 72427 x2=3 
7. “ /z—6=0. 
ieee 
8. Ve ee ee Oe ea ee | 
9, WIE ih 5 ne 
—— 4 
10. aaa var tae 
3 
11 Teer Be +2V2r41=5 
z—4 
{2 ae xr—8 


NE ale ral 


= e 


14. 
15. 


16. 


17. 


18. 


19. 
20. 
21. 
22. 
23. 
24. 
20. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 4 
33. 
34. 


3°. 


36. 


37. 


38. 


1.6. Irrational Equations and Inequalities 


V log, z+ ¥ log, z = 2. 

rV Pb —Vz/ Pp =2. 

V ae t3 VV Hes 
cae 7 —2 VS Sat =! = 

V -V ret. 

V 12—z=2z. 

V7—z=2—-1. 

r—Vr+1=5. 

MA+LYV 22—T= 2. 

{—V1+5z==2c. 

9V24+5=242. 

4V2+6=2+1. 

V 44 22 — 2x? == 2 —2. 

V 37-22 +52. 

V 6—42—x2=2+4. 

V1+4z2—z2?=2x—1. 

V5—22 =2—-1. 

V z2-3-8= 22-+1. 

LY @2—x2r =z. 

32—V 182 +1+1=0. 

V 62—2?—5 5 = 22 — 6. 


V5—2? = | 

zt+1 

{+ Y2zr+1 —4{ 
ee ; 
Y 13—2? ae | 
aersier ae a OF 
24+-V 19—2z i 

z 


ot 
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39. V 13— 18 tan.z =6 tan z— 3. 
40. 22—42+6=YV 222— 82 + 12. 


41 


. 222+ 32--5 V 2224 32 +943=0. 


42. 224-YW 22+ 2748 =12—2zr. 
43. 222 -+ VY 222 — 42 4+12 =4248. 


44 
45 


46 


47 


49 
30 
of 
32 
53 
04 
He) 
06 


. 3224-1524 2YV 224+574+1=2. 
. ¥ 16—2=:4—r2. 


4 arrears 
° Ve— Tae tV2+2=0. 


. V9—5z=V3—24 ae : 


3—z 


4 1 3 


—Ea EE EE eee OO 
e — 


z+VYxitz -2-Yri¢z 2° 

~ V22—34V 4211 =4. 
.V3r+1—-V2r4+4=1. 
. V2r46—Vr+i =2. 
.Vr+5—Vr=1. 

. V 2z—4—-Vr+5=1. 
»V 2245 =8—-Vz—l. 
~V24+34+V 3r—2=7. 
- V324+7—-Vrt+i=2. 


o7. V 4—-24+)V54+2=3. 
58*. V 322+ 62 -+ 7+ V 5227+ 10r + 14 =4—27—2?. 


09 
60 
6! 
62 
63 
64 
65 


. V 3z—5 =3—YV z—2. 
-V2+24V3—2=3. 

. V424+8—Y) 3r—2=2. 
WV 2r4+34V3r4¢3= 1. 
»V24+44V224+6=7. 
. V3z—7—V2r+i=2. 
.V1i5—24+V3—2=6. 


1.6. Irrational Equations and Inequalities 


66. Vz+5—V2r—3=2. 
67. 2Vz—1+V24+3 =2. 


68. V24+Vrt+tt 4Ve—Vr+i1=4. 


69°, 3/42 —24- 9/144 2=2. 
3(z—2)+4 VY 2zr?—3r+1 = 


70. 2 (e314) 4. 

ee 
i—-Yi-z 14+VYi-z #7 
2—-Vz __ 2 

V2 2—z 2—z 


73. Vit2V 224 24=24+1. 
14.14+V142V2—4=x. 
15. Vzt+Va—-Vi—z=1. 

76. V 2z+14+V2r—3=-2V z. 


77. Vz+i1t+YV 424+ 13=YV 32+ 12. 


18. Vr4to—V 2—3=V 4e—7. 
79. Vz+V2—3=V3(z—}). 
80. Vz—2+V4—2=V 6—2z. 
81. Vatb+V 27 =2Ve. 


82. Vzt+1+V 424+ 13=V 3r+ 12. 


83. V3r+14+V2r+4=V 9-=. 
84. V3r+44+V2r—4=2YV cz. 


85. V2z+0+V 52+6=V 1224 25. 


86. Vz414+V2—1=V) 32-1. 
87. Vzt1—1=V2—Vr+8. 
88. Vr+3—1=V2—V2—2. 
7 7/49 1 = 
89. Vets + ¥ Rte A Vz. 


1 


90. f BE + 2S =ve. 


93 
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ry Re eA Sl fa) AES YY 
V5—2z+V2—3 
92. VerFrt44Vxrrt+r+1=V 227+ 2249. 
93. Vrt— 4243+) —224+ 32-—-2=) 2? —2. 
94, V2+34V244=V2r424+Vr+7 i. 
95. Vr—V2r—24V24Vr—2=3. 
96. Vz?—I2e+14+)V 22+ 2e+1=2. 
97. V 22+ 2zt+1—V 2 —424+4=3. 
98. Vz4+2V2—1=V2—2V2r—1=2. 
99. Vz4+3—4V2—14+V24+8—6Vr—1=1. 
100*. 23+4=2 7 27—1. 


2+2 2— 
101, ——"-— +§ —. = 2 V2. 
V2+V2+2 ViVi ¥e 


102*. 2t+Vat+Vr=a. 

103*. 22—Ya—z=a. 

104. aVz—V r+ 2arV 22+ 7a? =0. 
105. 22 —47+32=16) z. 

106. (a—2)/V7z+4=1. 


107, }/ 2te-.)/ R= = 6. 
108. V+ _// TEE 
109. aT Pgs: an 


“42 
11 e — 
0 feet ee 


141. every ere? Sree ere 
112, Y3—2+ ea -~=V9-5z 52. 

113. (S2ys— 2 V2 V2") — 56, 

114. Vr+5+p7¥2+5—12=0. 


1.6. Irrational Equations and Inequalities - 
115. V52—54+ V 10r--5 = V 152 --10. 


116. r—1=7/ =. 


17. V2 +8= 2741. 


{ Vz+4 _9 Vr-4 _ ws 
a VYzr—4 YVr+4 3° 


119*. How many roots does the equation VY 2? +-1— 


7 


possess? Find them. 


55 


1 


a5 


120. Find the roots of the equation 17512 VY 15z—21— VY 13 x 
5/45—6z=0 which can be represented by the reduced fraction 


a h ° ° 
=: ‘where @ \s an integer. 


Solve the following inequalities (121-212). 
121. (r—-1) WY 2—z—2>0. 
122. (z2—1) VY z2—z—2>0.' 


123. Y= = spo i. 


424. =r >1. 


125, ¥2—3 0. 


126. eT» V 6—z. 
127. VY 22+ 22—-3< 1. 


128. / 1222 2 <<. 
129. ee V2 


Y 222+ 15z—17 
10—z 

zx? — 13z-+ 40 

Vy 19z—z7—78 

132. Vrr<24-1. 

133. 2V r—-1<z. 

134. Vzr+18<2—2z. 


130. 0. 


131. 


135. 
136. 
137. 
138. 
139. 
140. 
141. 
142. 
143. 
144, 
145. 


146. 
147. 
148. 
149. 


150. 


151. 
152. 
153. 
154. 
155. 
156. 
157. 
158. 
159. 
160. 
161. 
162. 
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z> V 24—5z. 

V 92 —20— x. 
Vi+i7<z. 

Y 2x—1<—27-2. 
Vz+78<2r+6. 

VY 5—22<6z—1. 
V2+64<245. 

V (—6) (f1— 2) <3 + 2z. 
V 22-2? <5 —z. 

V 22? —32—5<2x—1. 
V 2?-+324+3 <2Qr+1. 
V 22—3z—10 < 8—xz. 
r+4>2YV4—22. 

V 32-2? << 4—2z. 
3—zr>3Y1—-2 
Vite > ts" 

1— VY 13+ 32? > 2z. 
r< lV 2—x. 
r+3<V2x+33. 
V2—-1>2. 

V 22+ 14>2+43. 
z—3< Vr—2. 
r+2<V2r+14. 
r—1<V7—z. 

V 92 — 20> zx. 

V 11—52>2—1. 
Vz+2>x. 
V2+1>2—1. 


163. 
164. 
165. 
166. 
167. 
168. 
169. 
170. 
171. 
172. 
173. 
174. 
175. 
175. 
177. 
178. 


179. 
180. 
181. 


182. 


183. 
184. 


185. 


186. 


187. 


VY z+20 
z 


V a3 72-4 
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V (c+ 4) (z +3) >6 —2. 
V (z+) (z— 8) > 2 +2. 
{—-r<V 2? —22 
V5—-22>2—-1. 
z~—Vi—|z|<0. 
4—r< VY x?—2z. 
2<VHpa—3. 
4—z< Y 2r—72?. 
p82 eae. 
2r-}+-3< Vx? +5r+6. 
Y z?—324+2>227—5. 
V 22-4-2>1—2z. 
V 84-22 —2z? > 6-—3z. 
or43<Y D2osr— we. 
r+4<cV —2?—82r—12. 
VY —22+6z—5 > 8—2z. 
tT 3 1 1 


x x z 2 


v>z(2+V 12—2z—2°). 
V 4-—-27+ — |z| >0. 


V 2-3<—=— Te 9° 


r—3V2x—3-—1>0. 
Vat+4 
1—a 


—1<— 0. 
VY 2z—1 


x—2 


<1. 
—{< 0. 


1 
z+4 a 
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{—V 21—4z—23 

; z+1 

189. V4—-V1—z—V2—2>0. 

190. VW 1--2?-+-1< V3—22. 

191.3Vzr—-Vr+3>1. 

192. 3V z—YV 52+5>1. 

193. Vx+3+Vr+15<6. 

194. 2—-YV 1—22 VY 4— 22. 

195. Vzr+3+Vrt+2—V 2z4+4>0. 

196. Vx—6—Y 10—z>1. 

197. Vz+3—Vr—1>Y 22-1. 

198. Vx+3<Vr—14+V2r—2. 

199. Y 32? 4 524-7—Y 322+ 524+2>1. 

200. Vr+2Va—14+V2—-2V 21> 


201. W54 2—-V —2—3<14 V (+5) (—z—3). 
AV 1-42 <3. 


z 


203. fztt-+/2-t>2 
204.aVr+i<1. 
205. (a+ 1) VY 2—z<1. 


206. 243<]/ 4-18. 


207. WV 22?—4r > 223. 
208. VW —2?+242427+1>0. 


= 0, 


V r—5 
209 log 5 (t—4)—1 20 
|z+2| —|2| 
210 gear. >0 
ad x 
2it.(4) "<3" 
z 
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213. Find the midpoint of the interval in which the inequality 
22? — 7 (Vx)? < 4 is satisfied. 

214. Find the least integral positive value of x which satisfies the 
inequality Vz? + 16x + 64 > 20. 

215. Find the integral number which satisfies the inequality 
2V 22 +1> 3Y —z? —z-+6. 


1.7. Systems of Equations and Inequalities 
The solution of the system of equations (inequalities) 


fi(z, y)=q, (2, Y) (| fr(z, y) <q (2, “4 
fo(z, Y)=Go(z, y) fe(z, Y) <@2(z, y) 
is a pair of numbers (z,, y,) such that the sysvem of numerical equa- 
tions (inequalities) 
| fi (Zo, Yo) = MP1 (Zo, Yo) (| fi (Zo, Yo) <x (Zo, i“ 


fe (Zo. Yo) = P2 (Xo. Yo) fe (Zor Yo) < P2(Zo» Yo) 
holds true. 
The solution of the system of equations (inequalities) 


f(z, Y, Zz) = Q, (z, Y, z) hi (zx, y; Zz) <q, (z, y; z) 
fo (=, y; Zz) = Qo (Z, Y, z) | fo (z, y, z) < G2 (2, y ) 
fs (z, y, Zz) = 3 (Zz, y, 2) fs (Zz, u, 2) <3 (Zz, Y, 2) 
is a triple of numbers (z,, Yo, Zo) such that the system of numerical 
equations (inequalities) 
fr (Zo, Yor 20) = 1 (Lo, Yo 20) fi(Zo» Yor 20) < Ps (Loy Yor 20) 
fe (Zo. Yor 20) = P2(Zo, Yor 20) (, fo (Zo Yor 20) < P2 (Zo, Yo: = 


fs (Zo. Yo: Zo) =Q3(Zo, Yo: 20) f3 (Zo. Yo: Zo) < G3 (Xo. Yo. 20) 
holds ture. 


The number -f the unknowns can differ from that of the equations 
in the system. 


To solve a system of equations (inequalities) is to find the whole 
set of solutions or to prove that the system has no solution. 


Solve the following systems of equations (1-77). 
y4-zr—1=0, 
ly] --rz—1=0. 
z+3{yj—1=9, 
| etaeael 
y—2z2+1=0, 
os y—|z|--1=0. 


x 
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- { jz—i]+y=0, 
22 —y= 1. 
z+2y—6=0, 
jz—3|—y= 
u+v=2, 

{3u—-v| = 1. 
u-+2v=2 

. { Qu— 3p] = 4. 

iz|-+2|yl=3 

oy + 7z= 2. 

|z—y| = 12y—11, 

y+1= 2z. 

jz—1].4-]y—2] =1, 

y=3—|r—1]. 
z+y—z=2, 

11. | event 
—z+6y+2=5. 
2x + 3y—z=6, 

12 


9. 


10. 


z—y+7z=8, 
32 — y+ 22 =7. 


z+2y—z=7, 
13. | Bem yreot 
3z— Sy +22 = —7. 
‘ pare 
x?y + zy? = 30. 
pe 
r+y=3. 
xz? — y? = 16, 
16 { a 
oe 
2 
17. ? x+y? = 
a 
x*-+ y?-= 44, 
= reo 


19. 


bo 


24. 


26. 


27. 


28. 


31. 


& 
4 
= r™ 
rare 
Co 


Helu «ls 


e 
+ 
~ 


4 8 4 
+ | j 
Sw & pw 


W 
| 
~ 


aes =. 
[exe 
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-+- 
a 
qn 


I 
na 


-+- 


8 
oe 

I 

on 
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32. aw tye °, 


34. 


ex 

i= 
eee 

| 

| 

| 

| 


=. 2 — 20. 

- ory — 3 = 15, 
stad 
fe 
37.4" : 
1S 

ae a ae 
j ry= . 
z+ y? = 
39. gee 
z(z-+y)=9, 
40. 
y (z-t+ y)= 16. 
A hen 
y? + zy = 10. 
y?+ zy= 231, 
me { z*+ zy = 210. 
3 x*.— ry =: 28, 
=e y? — zy = —12. 
y*>— zy = 12, 
(anaes 
45 eee 
" | y(zty)=10. 


1.7. Systems“of Equations and Inequalities 


ie oe (x+y) + 2zy = — 19, 
* | 452y +5(2+ y)= —179. 
7 peneet seeds 
“ { d2yt+2t+y= — 35 
4x? 2—27y = 
48. | +Yy ry = 1, 
(2e—y)y=y 
zt+y+zry=9, 
AQ. a 
i vi oe 
ame 
a: {44 
nae ich 
2y?— 4zy + 3x7 = 17 
it. | 2 x2 = 16. 
g2— zy +y* = 21, 
Des 
— 2ry+15=0. 
2x? ine ery 
ss | 
2(xz+y)?— y?= 14. 
: Ty i a 
i oun 3. 
: 2y? + zy —a1*=0, 
om = x?—ary—y?+ 32+ 7yt3=0. 
ry + 3y2?—24-4y—7=0, 
56. Paice 2.27 —2y+1=0. 
: 2zy+y*— 4x —3y+2=9, 
37. ens 2—27—14y+ 16=0. 
3224+ zy—2z-+y—5=9D, 
98 2x? — zy —3x4—y—9 =0. 
z3-+ y3 = 35, 
29. 
z+y=o. 
z—y=1, 
60. 8 —-y3= 7. 
+ y= i, 
61. aes yy 
ry (z+y)= —<- 


63 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


| 


| 


\: 
E 
| 


om 


| 
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(x? + y*) zy = 78, 
z+ y4= 97. 

gry — x2 — y2= 9, 
7z2y?2 — x4 — y* = 155. 
zb-yt+z=13, 
z+ y?+22=—91, 


cae eae 0, 
— 9y? + 27y — 27=0, 
x3 — 922 4+ 27z —- 27 = 0. 
2y° -+ 227 +-372 +3=0, 
223 -+ 2y2+ 3y+3=0, 
2x3 + 2227+ 32+3=0. 
6774+ 127 -—8=0, 
6y? + 12y— 8=0, 
x3 -— 622+ 122 —8=0. 
22 +-3y = 4, 
oz + 4y = 3. 
4z—y+ 42=0, 
zr+o9y —2z=3, 
—z-+ 8y—2z=—1. 
x*y?—2z-+-y? =0, 
223 — 4743+ y5 =0. 
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6z+ y?—.2?=6, 

75. z?—y—4z= -—4, 
2122 — Qy? + 3y = 2222. 
z?= (r—a) y, 

~ { y* — zy = Yaz. 

77. papa y?>—r—y=6, 
z— 2y=3. 


78. Find all values of a for each of which the system of equations 


22+2(a—1)y=a—4, 
2 la+41)]+ay=2 
has a unique solution. Find that solution. 
79*. Find all values of a for each of which the system of equations 
az +(a—1)y=2- 4a, 
3 |z|4+2y=a—5 


has a unique solution. Find that solution. 


For what values of a does the following systems of equations have 
solutions? Find those solutions (80-83). 


{ xz+ay=1, 
az-+y-=2a. 


‘ | (a+1)2—y=a+l, 


z+(a—i1)y=2. 
axz+y= 4a, 

82. { z+ay=a?’. 
z+ay=1, 

os Pitente 


For what values of a does each of the following systems of equa- 
tions (84-85) have an infinite number of solutions? 


3x2 + ay=3, 
az+.3y= 3. 
(a—2)x-+27y= 4.9, 
Qxti(atij)y=—1. 


a. | 


85. 


5-01208 
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86. For what value of a is the sum of the squares of the numbers, 
constituting the solution of the system of equations 
3z — y= 2—a, 
z+2y=—a+1, 
the least? 


Solve the following systems of equations and investigate them 
with respect to a (87-90). 
2zr-+ 3y=5, 
87. ! zr—y=2, 
z+ 4y=a. 
2 V z—2arccos y+z=1, 
88. 5 V z+arccos y+-z=6a—14, 
V z+arccos y+ 2z=2a+41. 
3-2* + 2y —3 arcsin z=7, 
89. 2*— y —arcsin z= —6, 
o-2*—y-+ arcsin z = 6a +- 2. 
2V tan z+ 2y2+2=14, 
90. 3 V tan z—y?+ 22 = 20—4a, 
VY tanz+y?+2=10. 


For what values of a is there at least one c, for any b, such that 
each of the following systems (91-94) has at least one solution? 


aTe i. 
bz + 2y=c—1. 
z+ by = ac? +e, 
92*, 
ee pee 
9ge. 22+ by =c?, 
bz + 2y = ac —1. 
94°, | umd. 
z+ by=ac+1. 
: 95. For what values of & do all the solutions of the system of equa- 
ions 
zs+ky=3, 
kr +4y=6 


satisfy the conditions z> 141, y >0? 
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96. Find all values of b for which z and y satisfying the system 
of equations 


22 —y =db, 
4z -j- y= 3b? — 10b 


also satisfy the inequality z— y >3. 
97. For what real values of n do the solutions of the system of 
equations 
z—2y =n, 
2nz —9y = —2 


satisfy the conditions z > 1/2n, y>0? 

98. Find the values of a for which the numbers}i and alie between 
the numbers z, and y,, where (29, Yo) is a solution of the system 
of equations 


| zt+ty—1=2a, 
2ry = a*@—a. 


99. Solve the system of equations 
9a 72a a—i12 


— om 
—_ ee 


y x a—6’ 


9z + Gay -=a’y; 


and find the values of a for which all the solutions (z, y) satisfy the 
inequality z -+y > 0. 

100. Find the greatest value of x which satisfies the system of 
equations 


z+ y= 35, 
xy + ry? = 30. 
101. We call a table of the form 
a b 
(C4) 
a matrix, where a, b, c, and d are real numbers. If 


ab lm 
cd n p 


then A = B means thata = 1, b = m,c=n, and d = p. The prod- 
uct A-B of the matrices A and B is a matrix 

4 al+ bn ene 

( clt+dn cm-+dp 


ni 
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2 1 12 
(a) Find the product of the matrices ( ' 3) and * 4 


b) Find th trix X b that (05): =(9 44 
(b) Fin e matrix A such that say = en | 


Systems of Irrational Equations 
Solve the following systems of equations (102-120). 


2+y+Vr+y=20, 
{ a? -+ y? = 136. 
= y _ 5 
103. V 2+) t=3. 
eee 
ye = 
104. art VE 
Ve ye 
] 
105. VitV =F 
7s 
Jha, 
106. 
poe 9 


wor {¥ 
x sy 

108. Ge * == 16, 

109. | Va—Vy=2, 

110. 


‘4. onde ale 
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143. { VatytV 22+y+2=7, 
oz + Qy = 23. 


xy + y*z = 20. 


Vf meV ityt+Vems, 
V Se =Vity-ViHs. 
tV (z+ y)? = 3z, 
us, (VEEP 
(V (@—yP—1)" =C = 0. 


e+ V sty tetw Ft" 
x24 y2= 17. 


na ea =3, 


115. 


117. 


VY 2—Vayt+V7 y=3. 
Vizty+Vzt+y=6, 


119. 
Vi+y— Alii 
ad t_4yi=2 
120. \: y+ V taf =2, 
x5 V z2?—4y? as 


121. For what values of a do the curves y= 1 +45 andy=4V2 


possess only one point in common? 


Systems of Inequalities in One Unknown 
122. Solve the system of inequalities 
2 (3x—1) <3 (42+ 1) + 16, 
4 (2-4-2) <3z +8. 


123. Find the greatest integral z which satisfies the system of 
inequalities 


0.5 (22 — 5) 
0.2 (32 —2)+3> 05 (x— 1). 
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124. Find natural z which satisfy the system of inequalities 
z+3< 4+ 22, 
or —d< 42r—1. 


125. Indicate the integral part of the numbers z which satisfy 
the system of inequalities 


z—1 2r+3, 2 +5 
[et 


4 _£+95 dae ela 


8 2) 4° 
126. Find all values of a for which the equation 
eas a—i.5 
*=2—0.5a 


possesses solutions. 
127. Find all values of a for which the system of inequalities 
z2+2zx%+a<0, 
z?— 4z— 6a <0 
has a unique solution. 
128*. Find a< 0 for which the inequalities 2V ax < 3a—z and 
z—Y =>4% have solutions in common. 


129. Find all values of k for which there is at least one common 
solution of the inequalities 2? + 4kr + 3k? > 14 2k and 2? + 
dhe < 3k? — 8k + 4. 

130. Find all values of k for which every solution of the inequality 
x® + 3k? — 1 > 2k (2x — 1) is a solution of the inequality z? — 
(227 —1)k+hP>0. 

Solve the following two-sided inequalities (131-133). 


134. 0< 21 4. 


2r-+5 
2—z 
132. 12. 
133. 1<¥—! <2 
2z-+-1 ° 
Solve the following systems of inequalities (134-141). 
z?—z—6>0, 
ace { a3— 4x4 <= 0. 
z*—4< 0, 


135, 4 =+1>0, 
S—2>0. 


1.7. Systems of Equations and Inequalities 71 


z?74+-32+1>0. 


{ 
a 1 


lz | at, 

|z—1|<3, 

| 2?— 47] <5, 

pr+1[<3. 

| 224-52 | <6, 

Jz+4/<1. 

| 27+ oz | <6, 
cn ere 


138. 
139. 


7. 

fas a 
9z2?— 97r+1< (0, 

140. 


Systems of Inequalities in Two Unknowns 


142. Given a system of inequalities 
2z—y>a, 
32 -+ 2y > 3a. 
(a) Indicate at least one solution of the system for a = 0. 
(b) Is it true that all solutions of the system satisfy the inequality 


or + y > 4a? 
(c) Is it true that all solutions of the system satisfy the inequality 


z+ 3y > 2a? 
143. For what a € R does the point (a, a*) is inside the triangle 
bounded by the straight lines y=2+1, y= 3—z and y= 


—22z? 
144, Find all values of a for which the system of inequalities 


x - - 22y — ee ’ 
322 + ia alia —2 


possesses a solution. 
145. Depict on a plane a set of points whose coordinates satisfy the 


equation |z|+{/y|= 1. 
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On the coordinate plane zOy hatch a set of points whose coordinates 
satisfy the following inequalities in two variables z and y (show 
the boundary belonging to the set by asolid line and that not belong- 
ing to the set by a dash line) (146-185). 


146. 
147. 


148. 


149. 
150. 
151. 
152. 
153. 

y—i+|z—1 | _ 
+ Trae SP. 


176. 


177. 


178. 
179. 
180. 


~rt+y—2< 
~3r + 2y+1>0, 

eraniee anes 
-r—yxi,rty<s2,y<2. 

- 2y—2<6, ic -+ 

~zr—3y +130, y+5< Sz, 4y + 28> Tz 


z*—a<y — zy. 
|2y |< 1. 


ly lt y<e!#l, 


yo 

<0, 2y + 5z > 10, 52 — 2y — 10 < O. 
32 + 2y —3 <0 
y<xt. 


9 


4y < 56, 32 + Sy > 4 


logs (22-+y— 2) > logs y+1), Vy—2z-3 << VY 3—2z. 
3 3 


» logy (+y—1)>logyzy, Vy—2z@—-1< VY 2—z.. 
~V@+yd>i,2+y< 16. 
-Y+y<9,z+yDb0. 


yY<4—27', 3r+ 2y—3<0. 


~2?—4r—y+3<0, 2x —y—2>0. 
~yor?—2zr—3,y<c7r4+ 1. 
-y>Vi-atyt+izl<4. 
~24—-z2< 0, 2? — y’ >So. 
-yo2>u,yxq4—2'. 
~yortU—444+3, yc 2° 4+ 42+ 3. 

: 2y > 2, y < —22’ 4+ 8e. 
-y—|log,zr|>0, y—2>0. 

~-¥Y <log,z, 4z — 3y —12 < 0. 


~ V 22 — 3y2 + 44+4<c 2741, 2+ y2?< 4. 


V 322 -+ 3y?—3>2y+1, y+ 4>2V3] 2. 
Vi+y>z, y<2. 

yt+2?<0, y—2r4+3> >0, yt+i<x 
2zza+y?<0,7+2>0, y’ —4<0.- 
zyxi,z+y>0y—2z2<0. 
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(81.2 +y—4<0,y—24+3<0,2>0. 
182.7 +y¥<9, y>xr?—3, lz] <1. 


183. log, (2y—22+1)>log.y, Vy—22-+-4<)V 8—«. 
184. |x| + |y|< 4, log, (2y — x? + 4) > log, (y + 1). 
185. |z+y|+|z—yl<4, |2|<1, yoVxt—224-1. 


1.8. The Domain of Definition and the Range 
of a Function 


The number function f is a mapping of the subset D of the set R 
onto the subset E of the set R. The set D is the domain of definition 
and £E is the range of the function /. The domain of definition of the 
function f is designated as D (f) and the range as E (f). The value of f 
at the point r is designated as f (x). A number belonging to D (f) is 
usually denoted by a letter, say, z, and is called an independent va- 
riable or an argument. The dependent variable or value of a function 
is usually also denoted by a letter, say, y. Every value of the inde- 
pendent variable z from the domain D (f) of the function f is asse- 
ciated with a definite value y = f (xz) of the dependent variable y 
from the range E (f) of the function f. 

Example 1. The domain of the function y = VY 4 — 2? is the 
set D = [—2, 2], and the range is the set E = [0, 2). 

Example 2. The domain of the function y=arccos {(2—z) is the 
set D = [1, 3], i.e. a set of the values of z on which —1 < 2 — 
x <1, and the range.is the set E = (0, nJ. an 

Example 3. The domain of the function y = Y x (2 — z) log (x —1) 
is the set D = (1, 2], i.e. the greatest set on which both functions, 
V x (2 — z) and log (xz — 1), are defined. 

Example 4. The domain of the function y = 4sin z — 3cosz 
is the set R, and the range is the set E == [—5, 5]. Indeed, setting 
sina = = Cosa = a , where a@ = arctan , we reduce the given 
function to the form 


y=o (sin x—~= cos x) = 5 sin (z— @), 


i.e. y=osin (z—arctan =) , and this function assumes all the 


values belonging to the interval [—95, 5]. . 
Find the domains of definition of the following functions (1-112). 


1. y=V 22— 22. 
2. y=V2—1V a+. 
3. y= Vr—1+Y)V 6—z. 
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4. y=V 2?—52+6 
z+3 
o. y= VY =. 
6. f(z) =V2—2+Vi+e. 
7. 9=V — 42? +42 +3. 
8. y=V 6+ 7z— 32”. 
9. =—5+V24 ws 
a 
10. v= VW games: 
11. f(z) =V 42-2 
12. f(z) =V 32-2 
1 
13. Y= Ft7—2° 
i, 37 —78 
14. 7 
_V 3z—7 
15. y= Te 
V 124+ 2—z? 
16. mae Cer) a 
17.y =| 5—2—~. 
18. f(z) =)V 2?—2z—204+)V 6—z. 
19. (m=. 
—_. 73 
20, y= VEE Bee 
Vi-x® 1 
21. v=(5) * +o; 
/ V 17—152— 22? 
22, y= V- Se ‘ 
]—z 
= V7 V 4z9#— 192-412 © 
8__ 7z+-12 
24. y= VY ee ° 
zr? 5z+-6 
2. y= VW separ 
26. y=V2r—22+V) 3r— 2? — 2. 
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4 an 1 
= a, Se 
27. y:=V 2—2z— 204 pe eT 
eS 1 Vy—z— 20 
28. y= Vie V2 xz — 20. 
“g4—3et 247 | 
29. y= ree 
1 
30. f (2) = Sare-peote - 
31. f(z) =aresin 3*. 
32. f(z) =V (sin z+ cos z)?— 1. 
Y/ cos 2— +. 
a as VY 64-352 —6z? * 
logs, (z*-++ 1) 
$4. Y= sntz— sins + 0.05" 
1 
35. Y = 3—Tog, (z—3) * 
_ rts 
36. Y= Tra) 
37. f(z ) = Vent 
38. y y = log, =. 
3 
39. f(z) = log =. 
40. y=V log (xz + 1). 
4 y = log 5 
42. y= V 1—24- log (z-+ 1). 


44. 


- Y= 


» y=Vir+ it log (i—z). 


y = log ((z?— 32) (x + 5)). 


. y=V 4r— 22 — log; (x— 2). 

. y=V 22 + 4r—5- log (z+ 1). 

. f (2) = log (522 —82—4) + Viz~1. 
, pV BEERS lees £9). 


__ log (3—2z—2") 


75 
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1{—2z 
ou. y= V log t=. 
52. f(z) =Y¥x—!2z| +log(r+ 2). 
Y —5r+6 
oS. Y= Toot i0) 
= log z 
sac Y 2—2z—63 © 
35. y=Y/ log 2=* ee : 
56. y=V (22— 32x — 10) log? (zx— 3). 
57, a 


=: log (522— 82— 4) + (x +3)~°°?. 


IV 


60. y= V 4x — 2? + log (x2 -- 1). 
a 4— 
61. y= VT log (@—1) + / 3. 
62. y= V Voges 2-3. 
63. y=V logy, (x— 22). 
64. y=V logy, (z?—5a-+ 1). 
65. y =V log,., (z?— 9) +4. 
—1 | 
66. y= V 10g, 5 setae 
67. f(z) =V log,.,(—z2 +2+ tara 
—lo (z— 1) 
68. y= y/ ——Ees 
oo Vy eS VY —2z?+2z2+8 0 
69. f (x) = V 162 — 25 + logs (x? — 1). 
2 
70. y= lows ; > 
71. f(z) Vis +3 __ Dexet7, 
72. y =V logo. (3x -— 8) — logy; (x? + 4). 
73. f (x) =V 4x — 23 +- log (z?— 1). 
fa : 
74, y= ye log, 16 — logs (x2 — 4x + 3). 
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. f(z) = log, (2— V2 2V ets) ‘ 


i Vy a 


: f (2) = log, (—logy (4-4 )—2). 
2 


V z+2 


Vr 
a 
78. y=. 
we 
ee aa a 
80. y= V —2?+ 27-+-3- log, (x—1). 
P are 
81 y = log —, —V z—3. 
VY z?7—2z 
82. f(2) =1-G—n 
83. f (x) = log, ,_5 (z2— 3z — 10). 
wa x— 2) 
84. f(z) =V 4 4.83 52. — 22(F-1), 
1 
as i 2 
85 y = log,., ( ey , where 
f(z)=4 2-32-2245. 
logo.s | Togo.s |=—2 1 
86. y= f/f een leael 
87. y= xz +a2— 2x8 4 72 — 274, 
88. y= =Va—4——4- log (39 -— =). 
89. y = log (4 — log (x? — 5x + 16)). 
32 —1 
90. y= logo.s | — logs 5) . 
ae epee a een 
91. y= Y log log r— log (4— log z) — log 3. 
92. y=V log,-. (2? — 82+ 15). 
93. y—log { / 8 — 1 PP), 
2) { 
94 y = logis 
95 y= log, (logs (144-772 )—1). 
96. y=logys|-« 2. 
97. y=V sinz+V) 16—2?. 
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98. y = log (log? x— 5 log z 4-6). 
99. y= V toes 7 = 


32-+5° 
100. y= log sin (t—3)—Y 16 — z?. 
= log z 
ee V 2— -. 63 © 
102. y =arcsin — a — log (4—2). 
103. y=V3—2 4-aresin 


x?+2x-—3 


104. -y-=(x + 0.5) se) Tato dad 
105. y = logigox 2nOEs Te . 


—Tz 


2r+-1 
06. y= s ——. 
| y = arccos - 7a 
2 
107. y = arccos Ofsinz F 


108. y=V 3sinz—1. 


109. y= J/ 2sin=. 


110. 


1 
Y 4cosz+1— 
1114. y=V —2cos?xr+ 3cosx—1. 
112. y=V sin? r—sinz. 


Find the domains of definition and the ranges of the following 
functions (113-120). 


113. y= —— 


[z1’ 

114. f(z) =V z— 22. 

115. y=) 32°9— 42 +5. 

116. y= log (32*— 4r+ 5). 

117. y = log (522 — 8z +4). 

118. f(z) =VWr—14+2V3—2z. 
119. J (2) = log, SPE =e tS? 
120. f(z) =VW2—2+V1+4+z2. 
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121. Find the set of all x for which there are no functions 
f (z) =logs_22 and g(z) == V 2—9., 


x+3 
122*. For what real values of a does the range of the function 
z—i 


alae i not contain any values belonging to the interval 
[—1, —1/3]? 
123*. For what real values of a does the range of the function 
z+1 


rears contain the interval (0, 4]? 
{24*. For what real values of a does the range of the function 
y= 7-5 not contain any value from the interval {—1, 1]? 


1.9. Exponential and Logarithmic Equations and 
Inequalities 


The logarithm of a positive number x to the base u (a > 0, a ¥ 1) 
isa number equal to the power tv which a must be raised in order to ob- 
tain x. 

4°, Fundamental identities. The identities used in solutions of 
exponential and logarithmic equations and inequalities (a >0, 
a 1) are as follows: 


a= aor r= y. (1) 
a*.q¥ = a**v, (2 
a® = 1. (3) 
a*.b® = (a-b)*, b > 0. (4) 
(a*)¥ = a*’, (5) 
qi%a* = x, r >0, (6) 
log, zy = loga |z| + loga ly |, zy >0. (7) 
log, = += log, | z|—loga|y|, <y >0. (8) 
log, z* = a-log, z, z>0. (9) 
log, x?” = 2m log,.|z |, z #0, MEN. (10) 
__ logxd 
log, b= loca z>0, zi, b>0. (11) 
1 
logab=T EF b>0, hi. (12) 
log, z=log,z*, r>0, KER, k0. (13) 


log, 2" => log. z, 7>0; m, KER, KAO. (14) 


m 
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2°. Exponential equations. If we have an equation of the form 
all*) = b (a >), then 

(i) rE OD if b< 0; 

(2) f (xz) = log, b if b>0, a -~1; 

(3) the equation is satisfied for all zx € D (f) ifa = 1, b = 1 (since 
1f(x) = 4 for all x € D (f)); 

(44) x€OGifa=1,b4-1. 


Here are some examples of solving exponential equations. 
Example 1. Solve the equation 3%?— 5*+6 — 4, 
Solution. Applying identity (3), we get 2? —5z +6 = 0. 
Hence z, = 2, zr, =:3. 

Answer: x = 2, x= 3. 


Example 2. (+)* ‘ =(3)"" 


Solution. Note that s=(<)" and write the equation as 


3\3x-7 3 \-7x+3 
(7) =(7) 


Using identity (1), we get 

38x — 7 = —7zx1 +3, 2 = 1. 
Answer. 1. 
Example 3. 0.125. 42*-8 = (“> 


Solution. Passing to the base of the power 2, we get 


Ht Ua) = (+: a 


or 
1 
2-8. 22 2*-A) a= (2-2.2~ 2), 
According to equation (2), we have 
Derechos eh) earn shee 


Using identity (5), we write 
2-9 +4X-16 22 bx 


According to equality (1), the last equation is equivalent to the 


equation 
—3 + 4r — 16 = 2.52, 


whence z = 38/3. 
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Answer. 38/3. 


Let us consider some examples of solving exponential equations 
which can be reduced to quadratic equations. 

Example 4. 52*-! + 5**! = 250. 

Solution. We use identity (2) and write the initial equation in the 
form 52*-5-! + 5*-5 — 250 = 0. Substituting 5* = t > 0 into the 
last equation, we obtain 


4 24 5t—250=0. 


Hence t, = —50, t, = 25. The value t, = —50 does not fulfil the 
condition t > 0, and so 5* = 25, z = 2. 

Answer. 2. 

Example 5. 9* -+ 6* = 2-4”. 


Solution. We divide both sides of the equation by 4”: ($)'+ 
6 \=x 3 \ 2x 3\x 
(z)°-2=0, or (3) +(g)-2=0. 
We introduce the designation ($)"=: (t>0), and then the 
last equation looks like 


??+%1—2=0, i, = —2, = 1, 


The value of t, does not fulfil the condition ¢ >0. Consequently, 
3 \= _ 
(s) = 1, x = 0. 
nswer. QO. 


The following examples illustrate the solution of equations by 
putting the common factor before the brackets. 

Example 6. 5**! — 5** = 24 

Solution. In the left-hand side of the equation we put the common 
factor 5*-! before the brackets: 5*-' (5? — 1) = 24. 

We obtain 5*-! == 1, whence rz —1=0, 2 = 1. 

Answer. 1. 

Example 7. 67 + 6**) = 2* + Derk a 0. . . 

Solution. After factoring out 6* on the left-hand side and 2* on 
the right-hand side, we obtain 6z (1 -+- 6) = 2 (1+2 + A), or 
§* — 2*. We divide both sides of the equation by 2* #0: 3* = 1, 
20. 

Answer. Q. a 

3°. Exponential inequalities. When we solve exponential inequa- 
lities a/(=) > b (a > 0), we have 

(1) zED (fyifb <0, 


6-01208 
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(2) if b> 0, then we have 
{ (x) > log, b for a > 1, 
f (xz) < log, b for O<Ca<i1; 


for a = 1 the inequality is equivalent to the numerical inequality 


1> b. 
Let us consider solutions of some exponential inequalities. 


{ 
= ‘ 
Example 8. 2**2> (=) or 2**2 > (272), 
2 
Solution. According to identity (5) we have 2**2>>2 *, Since 


the base 2>>1, we have r4+2>—+ (the sign of the inequality 
is retained). Solving the last inequality, we obtain xz € (0, +00). 


Example 9. (1.25)! < (0.64)21+V >), 
Solution. We write the initial inequality in the form 
( 5 ye 16 ial 


4 25 


or 
(s) = ea 


Since the base 0<tc<t, the last inequality is equivalent to the 


inequality z—1™>4(1 + Vz) (the sign of the inequality has 
changed to the opposite). Next we have z — 4Y zr — 5 > 0, whence 
(Vx—5)(Vzr+1)>0,ie. Yz > 5. The final result is z > 25. 

Answer. x € (25, +00). 

4°. Logarithmic equations. Let us consider the methods of solv- 
ing logarithmic equations which are most often used. 

1. Solution of equations based on the definition of a logarithm. 

Example 10. log, (5 + 4 log, (x — 1)) = 2. 

Solution. The logarithm of the number Bb to the base a (a > 0, 
a = 1) is the power to which the number a must be raised in order 
to obtain the number b. Consequently, 


o + 4 log, (cx — 1) = 3?, 
or 
4 log, (x — 1) = 9 — 5, log, (x — 1) = 1. 


And again by the definition of a logarithm, we have 


zr—1=3',2= 4. 


1.9. Exponential and Logarithmic Equations and Inequalities | 83 


The verification, which is a part of the solution, confirms the truth 
of the result obtained. 
Answer. x = A. 
2. Solving equations by taking antilogarithms. 
Example 11. log, (3 — xz) + log, (1 — z) = 3. 
Solution. To find the domain of the function appearing on the left- 
hand side, we form a system of inequalities 
3—z>0, 
{—zr>0, 
Using identity (7), we can write 
logs ((38 — z) (1 — z)) = 3, 
and by the definition of a logarithm we have 
(3 — xz) (1 — xz) = 2°, or ze? — 4zr —5 = 0. 


Then z, = 5, z, = —1. Since the first value of the unknown does not 
belong to the domain of definition, the final result is x = —1. 
Answer, —1. 
3. Using the fundamental logarithmic identity. 
Example 12. log, (9 — 2*) = 10!86-»). 
Solution. The domain of definition is 
9—2*>0, | 27 < 9, x< log, 9, 
3—z>0, r<3, r< 3, 
Using identity (6) on the right-hand side, we get 
log, (9 — 2*)= 3 — z. 
By the definition of a logarithm, 
gs .9—2%, = 9-25, 
2°* —9.2* +8 = 0, 


9x — 1, x = 0; 2% = 8, x = 3 is an extraneous root. 

Answer. x = 0. 

4. Taking logarithms. 

Example 13. (x + 1)!o8(*+!) = 100 (x + 1). 

Solution. The domain of definition isz + 1>0>2>—1. 

We take logarithms of both sides of the equation to the base 10: 

log (x + 1)-log (x + 1) = log 100 + log (x + 1). 

We designate log (xr + 1) = ¢ and then the equation assumes the 
form t? — t — 2 = 0. Its solutions are t, = —1, ¢, = 2, ie. 


log (x + 1) = —1, sti= a z= —0.9; 
log (x + 1) = 2, z+i=i100, x= 99. 


>zr< i. 


=>r< 3. 


6e 
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Answer. —0.9, 99. 
5. A change of variable. 
Example 14. Solve the equation (log x)? — log z* + 2 = 0. 
Solution. We introduce the variable t = log z, x >O, and the 
initial equation assumes the form ¢? — 3¢ + 2 = 0. IJts solutions 
are t, = 1, t¢, = 2. Whence we have 
log zr = 1, x = 10; 
log x = 2, x = 100. 
Answer. 10, 100. 
6. Passing to a new base. 
Example 15. 1 + log, (x — 1) = logy,_y) 4. 
Solution. The domain of definition is z >1, z #2. 
By property (11), 
___ log, 4 ee ae 
loB(x-0 4 = Tog, (@—1)— logs @— 1)" 
We designate logs(z—1)=y and then the initial equation assumes 


the form t+y=—, or y2+y—2=0, whence y,= —2, y,=1. 


1 ° 
log,(r—1)=—2, z—-1=7, H=Z, 
3 


log, (x — 1) = 1, 2—1=2, 2,=3. 


Answer. 2 ioe 


5°. Logarithmic inequalities. When solving logarithmic inequa- 
lities, it is necessary to remember that the function y = log, z 
(a >0, a ~1, x > 0) is decreasing if 0 < a < 1 and increasing if 
a> 1. Therefore, an inequality of the form 


loga f(z) < log, g (z) 
is equivalent to the system 
f(x) > 9 (2), 
gp (xz) > 0. 
for 0<(1 a < 1, and to the system 
f(z) < 9 (2), 
f(z) >0 


for a > 1. 
Let us consider solutions of some typical logarithmic inequalities. 


Example 16. log, Et" >0. 
3 
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Solution. Since log; 4 = 0, the given inequality can be written as 
‘5 


logs +O > logs 1. 
5 5 


When the domain of the function is taken into account, the in- 
equality is equivalent to the system of inequalities 


at's 0, Ett 6, 
or 


aoe aero 


We solve the inequalities by the method of intervals 
3 3 
( seta) >) PE cel ~3), 
| 3a (x + 2)<0, z(x-+2)<0, | 
Answer. z€| —2, —3). 


Solution. logsx+43 2? < logs,,3 (2 + 3). The given inequality is 
equivalent to the collection of the systems 


O0<2zr4+3<1, F 
2? > 2z+3, (1) 
=o 1, 
2z-+3> (2) 
O<— z22< 27-13. 
Solving system (1), we obtain 
3 
Peminc a, 
ge (3) 
(x— 3)(z+1)>0. 
System (3) is equivalent to the collection of two systems 
. { aa <«r<—i 
2 (4) 
z> 3; 
3 
{ -$<z<-1, (5) 
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System (4) has no solutions. The solution of system (5) is 


z€ ( —4 ,— 1} . Solving system (2), we obtain 


ee ee ae oe ee 


(r—3)(z+-1)<0, ” | —1<2<3, 


Answer. z€(—5, —1)u(—-1, 3). 


2 
Example 18. log.+, log, = <0. 
2 


3+ 


Solution. The solution of the given inequality is the union of the 
sets of solutions of the systems 


0< =f <i, 
2z—1 
logs 37, > 9, 
224 (1) 
2r—14 
log, 32 1; 
i> 1, 
2s — 
log, ae > 
2r—4 (2) 
3+ 2 > 0, 
Solving system (1), we ubtain 
O<2r-++4<2, 
-»} (z— 5) (e+3)>0, 
(z—+} (x+ 3) >0, 
ar—i—es— 6. 9 
az—1io +<z ’ 
2+3 
—4>2<—2 
>{ *t+3<0, 4 2¢(_4 —3), 
z—5 <0; 
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Solving system (2), we obtain 


x>—2, z>—2, 
2z—1 2r—1i—z—3 

ra aes oa 
2(c<—) (e+3)>0, i (2-5) (2+3)>0; 
re ere Q2r—1—2z—-6 

Spe <i ge 

z>— 2, 

>{7>4, +2€(4, +00). 
z>3; 


Answer. (—4, —3) U (4, +00). 
6°. Systems of exponential and logarithmic equations. Let us 
consider some examples of solving systems of this kind. 


av (x+y) =1, 


Example 19. (x y)FY = 2. 


Solution. The domain of definition is z + y > 0. 


1 
| a a 
(z+ y)*¥ =2. 


From the first equation we find z + y = 2” and substitute it 
into the second equation. Then 


(2*-¥)z-¥ == 2 => 20-48 = 2 => (7. — y)? = 1. 


The solution of the given system is the solution of the collection of 
system3 


Example 20. 
log, z+ logs y =2 + log; 2, 


2 
1047 (7+ y) == 3° 
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Solution. The domain of definition is z>0, y > 0. 
( log, x + log, y = log, 9 + log, 2, 
logs; (z+ y) = 3 


In the first equation we use identity (7) and in the second equation 
we use the definition of a logarithm. We obtain 


log; (xy) = log, 18, zy = 18, 
z+ y = (38)2/8, z+y=9. 

Solving the last system, we also get a solution of the given system. 
Answer. {(6, 3), (3, 6)}. 


Exponential Equations 
Solve the following equations (1-82). 


gx-1.4x+l 


1 gzn1 — = 64. 
2. 0.27+9-5 _ (0.04) 
Vs 


2 ($)". (gy (8y. 
4, Ql3*-1) — 382-2, 
+ 


Togsx — 1 

alone — 

2 1 
6. 4®§—5.474 4=0 
7 5§—24—= 2 
8. 4*—10.27-1— 94. 


9.9" 7? 20.0" T2 4 6 = 0: 
10. 4°-V"-5__ 49. 92-1-V 2-3, 3 _ 


11. 64-9* — 84.12* + 27.167 = 0. 
12. 4-2* — 6 = 18.3. 


13. 7°92 2.7841 14.7°4 4.2.75 = 48, 


2x 
14. 327-3 9*-14 973 — 675. 
15. 5% — 7*— 52%. 35 4. 7*.35 — 0. 
16. 5*-! = 10%. 2-*. 544, 
17. 2™+1.5* — 200. 
18. 3.5%*-1— 2.5%-1 — 0.2, 


_ gdsin 3x+2 — 


1.9. Exponential and Logarithmic Equations and Inequalities 


. S414 10-37 + 3=0. 
» 22+ __ 33.2744 4=0. 
© 4-t/* 4 6-1/* — Q-1/*, 


L(Y FV AV _ VF 


92-3 be 4x" — 3x- 1 

4* — 3*-1/2 — 3x+1/2__ 92-1. 

7. Qxtt — 5x+2  Bxth _ 5 x+3 
3-16* + 2-817 = 5.36. 

641/* — 259/* + 12 —0, 
gree gas 45, 

ge 9240-5 9x+3.5_ g2x-1 


: (oP teere? —9V3) log (7—2) ar) 


Bizet _ger-1 74-1 4 B43e+1 — 2192. 


» 5% = 3% 4 2-574 2.3%. 


1 


z 


- - 4 
; 92 log 4x 1__ qlog 4x __ log 4x 1_ 33 4)oe8 = 
- log x- 1 
, Tee _ sloeztt _. 3. 5ieee-? 4g. Tet", 


15-2041 15.2-*t2 = 135. 
: yxtV 2 __ 5 gt 14 V2 _ 6. 


| 2 
(UV F48)2 V2Va-1 = 4, 
, Gaxrh — Bxt2 1 2. 


i -2 log V 10 
a a ; 


; gf (V2) Pe 

: a ine 2 aie Pay Soa 

ng "296.9" a23'= 0. 

, e+ 4.3254 28 = 2 log, V 2. 
. 2.3*t1— 6.371 — 3% = 9. 

: glogtanz __9, glogcotx+! 4. 


| gett 324 V6 34 oe, 
(8). (8) =r 

49. 
50. 


we gtttg glt-8lt2_. gaol t Slt 4g ge), 
5*.9/ 8-1 — 500. 


89 


of. z 
52, 
, (AY = (2.2504 


SASS 


x-4 fx —O”~—“‘i—iC 
V sera. (0.27 Er = 195-10,04)55¢. 
: 5itlog.x , stogy,e-! _ 
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5 

= ~2cC08 3x - 

4 —Y x. 

x+5 x+17 


32x-7 — 0.25-128%-3. 


9 


- 2*-97-! = 0.2-102-*. 


| 
43+2cos 2x 7.4) tos ex _e4 /2_ 0. 


: ( ¥5+V24) +(V5—V 24) = 10. 
ott 8 gx? 6 - (67~ Va 

, B85 * 4 zlogs x -- 162. 

. 0.5%". 22* +? — 64-1, 

, GA +s — 26. 32**3 4 3, 

(S$) (4) log 4 


9 “8. log 8 ° 


2. 0.125.423 = (Y2)-* 
. gsin? x ua 4. cos? 


8 
= 6. 
x-2 


26 
5 e 


8.48 4 2.962 = 6.48 — 4 geet, 
. V 64—Yy 2434 12 —0. 


, 4logxt+i _ Glogx __ 9 .3log x*+2 — Q, 

» 4% -ortt = §-207*, 

. dt! 4 18-37 = 2). 

. Slog x _ Blogx-1 — Slogx+i __ Slog x- 
s Fo) + 9°0.27%-* = 26: 

. 3.2/2 7.2/4 — 20, 


etn ee 8 
Ss jlogst = 


y 100 ° 


(Vz)! *-! = 3, 
. ioe x = 10002". 
| (0.4)loe'=+1 = (6.25)%108 2, 


op (8) =( ZY 
~ 6.91/* — 413. 61/* + 6. 41/* — 0, 
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log x+5 


80.2. 3 = 10°H!8*, 


81. 
g2, gitlogex__ gitlox 949 — 0), 


910Gsx " 510g x — 400. 


941 


83. For what value of p does the equation p-2* + 2-* = 5 possess 
a unique solution? 


Exponential Inequalities 


Solve the following inequalities (84-124). 


99 


(<3 


gn Te oe Ae 
. 16% > 0.125. 
~ (0.3)2*-35*8 < 0.00243. 


(yy 


5 pe mo 


048" 42045. 
73> 9. 
. BV & > 4096. 


6— 5x 


i) 4° 


. 2*§+2*1-—3< 0. 
Pa Si EL cto aly 


z—i 


gr tte-5 _ 7.2% —4< 0. 
. 72. 5* —52** = 0. 
, 41 16% — 2 log, 8. 


Qx-1_4 


-Serayp <2 
98. 


gi-x 924-4 
So 
2(x ~ 2) 


4x —227-9.4+8 3 >52, 


100. (0.3)2+*++---+* > (0.3), 2EN. 


104. 224121. (5) +230. 


102. 3¢*—35(5)° +650. 
103. xlos*=-3 logx+1 >> 1000. 
104, 2022701 4.2% t— 27 2x9. 
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105. 52**t > 5* 4 4. 

106. Qx+2 __ x3 _ Yrand | > 5x+1 — 5<+2. 
| 4\2 /4\V=x 

107. 37. (=) (=) > 1. 

108. 4*—2.5%*—10* > 0. 

109. 25-* —5-**1>50. 

110. glog x+2 < gloext+5 5 

1114. VY 9 — 32s 3*_— 9. 

112. 9. a 6-1" — 4.9-1/*, 

113. 8-—— woe > 1+(F y’. 


114. (SJ OHS 4, 


| Jx+2! 
115. (+} re Sg: 
116. 222% + 9 (2-42) 2* 4 Bx2< (z+ 2) 22* 4 9222" 4 Bx + 46. 


1 (3 -(1/2)*+5) 
117. (4) "" 
118. — oe 


119. (5 i > 
120. V F + 3*—2>>9— 3". 
121, 3V*> 29, 


122. 274 2'*'>2 V2. 
2x-3 
123. (0.2)*-2 > 5. 


2x+1 


124. (4)**> (s)°°. 


<2. 


Logarithmic Equations 
Solve the following equations (125-261). 


125. log... 3 = 2. 
126. log, (2 logs (1 + log, (1 + 3 log, x))) =4 


127. log, (1 + log, (2™ — )) = 4, 
128. log, (3% — 8) = 2 — 


129. 
130. 
131. 
132. 
133. 
134. 


135. 


136. 


137. 
138. 


139. 
140. 
141. 


142. 
143. 
144. 


145. 
146. 
147. x 
148. 


149. 
150. 


151. 
152. 
153. 
154. 
155. 
156. 
157. 
158. 


1.9. Exponential and Logarithmic Equations and Inequalities 
log, (9 — 2*) 
a = aaa 

logs_x (x? — 2x + 65) = 2. 
logs (log, z+ +4 9°} = 27. 


logs (zx + 1) + logs (x + 3) = 1. 
log; (2* — 1) + log, (2% — 7) = 1. 


log 5 + log (z + 10) — 1 = log (242 — 20) — log (2z — 1). 
1{—log5 =4 (log 5 + log z+ 5 log 5) ; 


log r—+ log (x5) = log (z-+ +) — 5 log (z+ 5). 


glee: log Vz —log z+ log? x--3 =0. 
(x — 2)'08" (x—2)+log (x- 2)°-12 — {02 log (x — 2). 
gies (f~ 25) 2. Bat — 5. 
gitlog x — 10z. 
g2 log x — 10z?. 

log x+5 
e 3 
iG x — 9, 


(x) x-i ey 


= 10° t108 *, 


glogx+! 10°. 


log x+7 
x 4 
-(x-2 
ey" _ 9. 
log? x+log x*-2 = 
( 198 | = log Vz. 


3V log, x — log, 8x +1=0. 


log x+1 
= 10° FF", 


log? z — 3 log x = log (x?) — 4. 


logy; —3V logy32+2=0. 

2 (log, V5) —3 log. V5 +1 =0. 

log? x + 2 log, V z—2 =0. 

(a!°% *)2 — 5y'#° + 6 =0. 

log? (1002) + log? (102) = 14+ log (=). 

log, (z +3) — log, (x—1) = 2— log, 8.. 
log, oe 1) — log, a 1)? = log, V (4—2) — x)? 


2 logs — == 
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159. 
160. 
161. 


162. 


163. 


164. 
165. 
166. 
167. 


168. 
169. 


170. 
171. 


172. 


173. 
174. 
175. 


176. 


177. 
178. 
179. 


180. 
181. 


182. 


183. 
184. 


185. 


186. 
187. 
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2 log, (4—z) = 4— log, (—-2—2). 
34-2 log.4,;3= 2 log, (x-+ 1). 
log, (92?) - log} r= 4. 
x 
log?» (4x) + log, (=) == 8, 
logo.5x 22 — 14 logy. 2° + 40 log,,. Vr=0. 
6—(1+ 4.9° °° ey *). log; z = log, 7, x€Q. 
log, (4-3* — 1) = 2z-+1. 
log, (3* — 6) = z—1. 
log, (4% — 3) + log, (4% — 1) = 1. 
log, (log?,, z-—3 logy, z+ 5) = 2. 


logs es = log, (=) ; 


1+ 2 log(s.+2) D = log; (r+ 2). 
log, 26% = 2'08* 
15 

logs ( i) == z . 

logs -¢ — 1 

1—2(logz%)? _ 

logz—2(logz)** 
log, (4-3* —- 6) — log, (9% — 6) = 1. 
5 log (52 — 4) + log V x+1=2-+ log 0.18. 
log, (2-4-2 —-1) -- 4= 2z. 
log, V 5+ log, (52) — 2.25 = (log, V5)’. 
log (log x) + log (log xt — 3) = 0. 
logs t-— 2 logi/s t= 6. 


2 log x =| 
log (5z—4) * 


2 logs (2x) + logs (22+ 1—22)=4. 
4 a 
z log, (x — 2) — ; = log, V 32 —— 5. 
2 log, (x — 2) + log, (x — 4)? =0. 
V log, (2x2) - log, (16z) = log, 2°. 


3logz+19 
Blogz—1 =2 log x -+ 1. 
log(Vz+i+1)_ 9 

log /z—40 


log; 6 — log} 2 = (log? x — 2) log, 12. 


188. 


189. 
190. 
191. 
192. 
193.. 
194. 
190. 
196. 
197. 


198. 


199. 
200. 
201. 


202. 
203. 
204. 


205. 
206. 


207. 
208. 


209. 
210. 


211. 


212. 
213. 
214. 
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1 — 5 log (2x — 41) = + log (x—9). 


Jog V z+7—log2._ { 
“log 8—log(z—5) ee” 


log (32? +- 7) = log (32 — 2) = 1. 


4 ~— 
5 log (x? — 16z + 20)— log /7 = ; log (8 — 2). 


log, 2**§ — log, (3* — 2) = =z. 

(14+4) log 3-+ log 2 = log (27—7/ 3). 

log (5*-2 + 1) = z+ log 13— 2 log 5-}- (4 — 2) log 2. 
+ logr+3logV2+2= log V x(x -+ 2) 4-2. 


log, (4% + 1) = x-+ log, (2**3— 6). 
1 4 2 loBo.25 (4—2) ae 
loge (z+ 3) log (3+ 2) 
logy (9% -+ 9) =x + log, (28 — 2-3*). 


log (log z) + log (log 23 — 2) = 0. 

log, (4* + 4) = log, 2* + log, (2**! — 3). 

logy; =° Vlog, 5V 5+ logy; 5V 5= —V6. 
log (3* — 2¢-*) = i log 16 — ses : 


4 \ log* x—log x 
iz) =i 


ees 5 
one Jog x = 100 9/10. 
log, (25**3 — 1) = 2 -+ log, (5**9 + 1). 


log, ¥ 130— 7's" — 2, 


log 2 + log (47-2 + 9) = 1 + log (2*-? + 1). 
log, (421 +4) log, (4° +1) = logs arg V + 
log, (22) - log, (162) = = logs z. 

log, + (4 +) log 3= log (73+ 27). 


log (x3 + 27) — 0.5 log (x? + 6z + 9) = 3 log V7. 
5 log x = 50 — x! 5 


log «- t 
5° 7) 


\z—1 ese eee es | | 13. 


95 


96 


215. x 
216. 


217. 
218. 


219. 
220. 
221. 


222. 


223. 
224. 
225. 
226. 


227. 
228. 
229. 


230. 
231. 


232. 


233. 
234. 


239. 


236. 
237. 


238. 


239. 
240. 
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3 log x— ioe V0. 
| x —10 | log, (x —3) = 2 (x— 10). 
log, log, z + log, log, z = 2. 
(62 — 5) | In (2x 4+ 2.3) | = 8 In (2z 4+ 2.3). 
V logs (9z*)- log, (32) = log, 2°. 
log? (100z) — log? (10z) + log? x = 6. 


Q!°E1/s (x+4) __ 58 1/5 (2x°-+1) 


emcee sb Paid = 2 log? (2+) ‘ 


2 log, — jt log, 5 =4. 
logsx+7 (9 + 122 + 42x”) + log,,+3 (6224+ 23x +. 21) = 4. 


log V¥ 1+2+3 log V 1— x= log Y 1— 22. 
log (3529) __ 4 

log(5—z) 
log, 2—logyz+ 4 =0. 

log (6-5* + 25. 20*) = 2+ log 25. 
V log, z —0.5 = log, V z. 


logs,; (2 (+)*- 1) =log,s((+)* = 4) 
log, V z—2 +- + loge (x— 11) = 1. 
log, (aeentens +=) = log, 0.2. 


log, 2+ logy) z= logy2 V 3. 

(logsin x 2)-(logsinax@) + 1=0. 

—4 

—)=1. 

V (logo.o, Z) + 1 +Y (logo. za+3=1. 
logs. (=) + log; x = 1. 


logx (2a = 2) 
logx 2 


log ay? 
at Vx 


log, (x + 12) log, 2=1 


logy; a: logas ( x 


log, z ae | 


+ fog, ‘Toga 2 log, ga _ 12 ° 


241. 
242. 


243. 
244, 
245. 
246. 


247. 
248. 


249. 
250. 


291. 
252. 


203. 
204. 
255. 
256. 


207. 
258. 
299. 


260. 


261. 


262. 


a.= 0 
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QV ieee 2 1.9 -V ieee ea8 24. 


logy., sin 2z + log cos z — log 7 = 0. 
in 
log, (3 —z)—logy —~—-—- = -5, + log, (t+ 7). 


log, (2+V z+3)=2cos ae : 

logys (22 + 5) = logy, (16 — 2?) + tan me ; 
logy3 V z?— 2z= sin a : 

log, z+ log, x-+- log, z= a 

log 10 +. slog (3? * 4.274) =2. 


2 log, z + log, (x? — 3) = logs 0.5 + Blogs Clogs 8), 
log, (3% -+ 10). + 7.19 = log, (9% + 56). 


(log, xz — 2)-log, z= > (log, z— 1). 
log, z+ loges t= logy 5 V3. 
log (64° 277-40) — 9, 


log, (9— 2*) =3—z. 

2 (log 2—1) + log (5Y * + 1) = log (5'-V* +5). 
: ae | 

log- 3+ logs x = logy; 3 + logs Vr+3. 


3V log z+ 2 log V a!=2. 
z+ log (14+ 2*) = 2 log 5+ log 6. 
log,, (1252) - log}, z= 1. 


1 
loge2-2x2 (2—z*— zr) =2 —~ TJogs/s (2— 223) ° 


| 
logs —4x2 (9— 16z4) +2 + Tog, @—42%) ° 


For what values of a does the equation 2 log} « — | logs z | + 
possess four solutions? 


m® 


98 1. Algebra, Trigonometry, and Elementary Functions 


Logarithmic Inequalities 
Solve the following inequalities (263-384). 


263. logy, (Sz — 1) > 0. 

264. log, (3z — 1) < 1. 

265. logy., (4 + 22) > —1. 

266. iog,., (z*> — Sz + 6) > —1. 
267. logs (x* —4r+ 3) <1. 
268. log (x? — 5x + 7) <0. 


269. log; == —— > 0. 


—— 


270. logs =~ <0. 


271. log, Rar 


<0); 


272. logy;s ae > —1. 


Zz 

—_— 72 
273. logs. ( cae . )>— 
274. log, |3—4z| > 2. 


275. logt.; 2+ logy.,x—2<0. 
276. |log,z|—log,r—3 <0. 


= 
2 e 


2 
277. log, z US Tog et * 
a 
278. log? x—3 logz+3 
log z—1 
a ae, 
* {+ log z — 1—logz ; 


280. logy, (2 — 2) > log., (==). 


<i. 


z—1 
281. sa as SI 


4 4 
(Trt Toga) 
0g. = >> r+2 
283. logsy.+5 (92? -+ 8x -+ 8) > 2. 


log, (rz? — 4x + 11)? — log,, (2? —4z — 11)8 
Of Ne ee a ON 
284*. a ee > U. 


285. logy <1. 


rhs 


286. 
287. 
288. 
289. 
290. 


291. 


292. 


293. 


294. 
295. 
296. 
297. 
298. 


299. 
300. 
301. 
302. 


303. 
304. 
300. 


306. 
307. 
308. 
309. 
310. 


311. 


1 — logo.s (—2) 


(zx —0.5) (3—2) 


logi/2 (2? —1) 
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glog,s Vx-1 < glogs (x- 6) ge 


logy., (x? — x — 2) > logy., (— 27+ 27 4- 3). 
logy, (2? — 32+ 2)+1< 0. 

log, (z2— 2x) —3> 0. 

logy); (3x + 4) > logy); (x? + 2). 


(+) > 4. 


log, (t+ 1) > 0. 


zr—i1 


logo.s a. < logy, 2. 

logy.s (x* — 32 + 4) — logy, (c — 1) << —1. 
logy., (32 — 4) < logy, (xz — 2). 

logy.s (4 — x) > logy, 2 — logy, z — 1). 
log,., (x? + x — 2) > logy., (x + 3). 

14 + log, (zc — 2) > log, (x? — 3x + 2). 


logy 3 (2**? — 4*) > — 2. 
log, ws (6**! — 367) > — 2. 
logy; (log, (t?— 9)) > 0. 

2 
logo.s (logs ate) <0. 

1 

logo. (log, ae ) <0. 
log, (logy (3* — ™ <1. 
<a 


logo.s (log. == 
1— logo.s (—=z) 


V 2—6z 7 


"jer pa 


log. |z—1| > 0. 


z?—4 <0. 


|z?—4z|+3 
logs par 5| = 0. 


4x —9 1 
logxe oop : 


100 


312. 


313. 
314. 


315. 
316. 


317. 


318. 
319. 
320. 


321. 


322. 
323. 


324. 
325. 


326. 


327. 


328. 
329. 
330. 
331. 


332. | 


333. 


334. 


335. 
336. 


logs (3-2*-1 —1) 
z 
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1: 

logy/s ( + 1) > logs (2—2). 

logy; (z? — 6z + 18) + 2 log, (x — 4) <0. 

logis > log. 3 — >. 

log, (2* — 1) - logy, (2**! — 2) > —2. 


log, (18— 2*)- log, T= < — 1. 


log, (x— 3) + > log, 3 <> log, (22? — 6z + 7). 


log, (2x — 1) > log, IVv3 2. 


logas V t+3—V z) + logy), (+) = 0. 


2 log, x — log, 125 <1. 


log, V 32+ 4. log, o> 1. 
log, z+ logy; z+ logy3 r< 6. 


log xa 20. x+1 

(+) 1/9 ( 3 - i: 
loge. + 625 logy,sz. 

4 \ 108 ,_g(x2= 4243) 
(a0) >1. 
logs as > —T- 
log, (2? —5z + 6) <1. 
log, (73 — rz? — 22) < 3. 
logox+3 27 < 1. 
logy xs) (2 (2? — 10x + 24)) > log(,_s) (z* — 9). 


z-++7 
8.3) ee S18, ya 2 


Zz 


log(x- 4.5) sts < log(x-4.5) (2 — 5). 
logis) (V 9— 2? —x—1)>1. 

log, 22<V log, (225). 

logiog,(0.5x) (z? — 102 + 22) > 0. 


337. 


338. 


339. 
340. 
341. 
342. 
343. 
344. 


345. 
346. 


347. 


348. 
349. 
390. 


351. 
352. 
393. 


354. 
359. 
356. 


357. 
358. 
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108 246 (log, $7) > 0. 


log 3x (z?—2.5z+ 1)>0. 


x2+ 
logs: (2-+2) <1. 
4 


logox: (6 +22—z*7) < 7: 


logs /x (2.52 — 1) > 2. 


logx (x + 27) — log; (16 —2z) < log, z. 
4 \ logs (8-1) 

(+) > 1, 

9. \ 108y. 9, (x24+-52+8) 

(+) 

10€5_.x (x24+8x+15) 


< 2.5. 


2 
(0.5) 


<1. 


log, 108 5 (x-0.7) < { 


x+5 
(0.5) 81s at > 4. 


(0.5) 1061/5 (=2-+) <1. 


log, (sin } < —1. 


3* —1 3 
log, (3* — 1) logiy, 16 <7: 


l 2—logs z 
log, z+ log, $c 
logy, z+: log, z> 1. 


1—log,z 1 


4+log,z ~ 2° 


V log?., z+4 log, Vz<V 2(4— logy, 24). 
log x43 4< 2 (logy/, (z — 3) — log y5 Vz+4+3). 
3 “o 


x-3 


2V2 
log, -; (5* — 1) log, -; Eas > 2. 


4101 


; log, 
_ * <100. 
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- logy 3 (2% — 5) <2. 


10 
1 1 


* Togs @+1) ~ Qlog, Vztter+9 | 
» log 10° +29 44 log x. 


363. log, (c—1)+ log, x > 2. 
3 log, z+6 
364, Jog? 2-2 SA: 
365. 2 logs (x — 3d + 2) — logy; (t + 2d —8)< 4. 


1. 2 


* Sales + TFToga= <* 

. log+x— 13 log?z+ 36> 0. 

- logis (logs =>] > 0. 

- log, x?-+ logy5 (z—-1)< logys logy3 2: 
- log?z>logz+ 2. 

- logy3 2+ 2 logy) (27 — 1) < logy, 6. 

; 4 + logx4, (x —3) 


ices < logs (2x — 3). 


. log, (1 —8a*)>2(1—z) (@€R). 
1 

- 2 logy, (z—1)<y- 

- log, (4*—5-2* + 2) > 2. 


4 
log (x*-x)8 ° 


jz+4l~ Iz! 


xr—1 


> 0. 


» (logy. 2)? — logy, 2? > (logy), 3)? — 1. 
. log, (z+ 14) + 2 log, (x +2) < 2 logy. (=) ; 

» logy, (z+ 1) > 2 log 449 2 + logy, (2? + 3z + 8). 
: logs/2 logs am = 0. 


381. logy’; log, (z#— 4) > log,,.s 1. 

382. logy ,22-! ——+ __—- > logy 42. 
log(x-1) + 

383. log, =—— <1. 


+ 100.5 (+ 9)? > logit (32 — 1)?. 


1.9. Exponential and Logarithmic Equations and Inequalities 103 


385. The inequality log, (x? — x — 2) > log, (—z? + 2z + 3) is 
known to be satisfied forz = >. Find all solutions of this inequality. 


Systems of Exponential and Logarithmic Equations 
Solve the following systems of equations (386-427). 


386 | log V5 —z-+ log 2 = log (z+ 3), 
z*+- 7z— 8 =0. 
4*+¥ — (28, 
387, | 53x-2y-3 4. 
Ga-wF~t 4, 
5**¥ = 125. 
3% — 2¥= 77, 
{ 3* — 24/2 = 7, 
{ 2* + 2¥ == 12, 
z+ty=6. 
log, z— log, y= 0, 
391. = —5y?+4=0. 
3.27 4+.2.3¥ = 2.75 
{ 2* — 3¥ = —0.75. 
3 7*¥— 16y =0, 
393. — 49y :=0. 
x 5y~—-x 
394, ¢ 453-4 % = 16, 
oe 
95. iz - 24 = 972, 
: logy3 (t—Y) = 


| aad. 
396. 
zy = 16. 
y —log,z=1, 
=o, 


log vy — 2, 


sor. { 
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399. 


400. 


401. 


402. 


403. 


404. 


405. 


406. 


407. 


408. 


409. 


410. 


411. 
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log, z+ 2 log,y=3, 


oe 16. 


f 


zt+y=44+Vy?+2, 

log x —2 log 2 = log (4 -- + y) ; 
giog. (x—4y) _. 4, 

4-2 _. 7. 2*-Y — 8. 

5 log, z = log, y> — logy; 2; 

log, y = 8— logy; Z. 

log (z? + y?) — 1 = log 13, 

log (z-+ y) — log (x — y) = 3 log 2. 
= +5=F. 

log, z+ logy; Vy =3. 

log V (z+ y)? = 

log y — log |z| = log 2. 

z+ y2=4 + +. 

logs (x + 2y) + logy, (x — 2y) = 1. 


2x- 
2 ($)47-(4) 7 0-0, 
log (8z — y) + log (y+ z) = 4 log 2. 


log, z-+ 31°64 — 7, 
xv = 6255, 
giSx 2 = ys a 
gloty 3 _ iss 7 
ry =a’, 


(log x)? + (log y)? = = (log a?)?. 
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2*.8¥ = 2V 2, 
412. 1 4 
logy— + 0.5=> log, (9y). 
40°~'0s (*- 9) — 250, 
413. —_—_ eee: , Res 
Ve—yt+5Viety=——. 
Vt-y 
414. log, xz—log,y=0. 
zg? — Qy? = 8. 
445 | log, x + log, 7: log, y = 1+ log, 2, 
; 3-+ 2 log, y = log, 5(2 +3 logs z). 
log, (x — y) = 5— log, (x+y), 
416. logz—log4 _ i, 
log y—log3 ; 
a | log, z-+ log, y= —2 logy, 4, 
; log, z+ log, y= 5 log 10. 
2 (lo + log, y)=95, 
448. (log, z+ log, y) 
zy = 8. 
2 log, z— 34 = 15, 
uss. | 7 
34. log, z= 2 log, z+ 3¥*!. 
log, x + log, y = 2.9, 
7 al a aa 
zy=Zi. 
log, z— log, y+ Jog, (y+ 1) = 1+ log, 3, 
aehs ov __ or. 46Y = 0. 
422. { ii (log, x) + logy/s (1ogij2 y) = 1. 
ry? =4, 
log, (zy) = log, z’, 
423. y” logy * — 4y + 3. 
2 log, (y+ 1) + logs y = log, (= — 2), 
424. 54 log, += ~ 
logs ye 
ayy 
yo x 
425. 4 = 32, 
logs (x —- y) = 1 — logs (2 + y). 
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0.5- log, z —- log, y = 0, 
z2— Sy? +4= 0. 

3*. 24 = 576, 

logy (y—z)=4. 


426. 


427. 


1.10. Transformations of Trigonometric Expressions. 
inverse Trigonometric Functions 


The Fundamental Formulas 


sin?a-+-cos?a= 1. (1) 
1 
tan?a+1=—[~, ae +an, n€Z. (2) 
cotta +1=—s—, an, n€Z. (3) 
sin (a +f) =sinacosB+ cosa sin Bf. (4) 
sin (2 —B) = sin a cos B — cosa sin B. (5) 
cos (a + 8) =cosacos B — sina sin 6. (6) 
cos (a —f) = cosacosB+ sin asin Bp. (7) 
__tana+tanf6 
tan (a+ B) = 1—tanatanf ' 
a, B, a+P#>+an, n€Z. (8) 
__tana—tanf 
tan (4 —B) = i+tanatanp ’ 
a, B, a— pe Lan, ned. (9) 
sin 2a = 2 sinacosa. (10) 
cos 2a = cos*a —sin?a=2cos?a—1=1—2sin2a. 
(11) 
2 tana 
eee tanta 
a, laws tan, n€Z. (12) 
sin 3a = 3 sina — 4 sin’ «. (13) 


Here is a brief derivation of formula (43): sin 3a = sin (2a + a) 
= sin 2a cos @ + cos 2a sin a = 2 sin a cos?a@ + (cos? a — 
sin’? a) sina = 2 sing (1 — sint?a) + (1 — 2 sin? a) sin a = 


1.10. Transformations of Trigonometric Expressions 


3 sina — 4sin’ a. 


cos 3a = 4cos?a— 3cos a. 


‘é ; ° a a— 
sina+sin§ =2 sin +P sage : 


2 
sina—sinf =2sin a cos oth 
cos @ + cos B = 2cos — atP co act 
cosa —cosp = —2sin— tas te , 
sin 2.08 B= ( sin (« — B) 4-sin (a-+6)). 
sin a sin B = + (cos (a— )-—cos (a +8)). 
A 


cos a cos f = - (cos (a — B) + cos (a + 6)). 


4+ cos 2a = : COs? @. 
1—cos 2a = 2 sin? a. 


cos? a = fees 
sin Sg 


: | V += 
ne ay 
4-++- cosa cos @ 
| cos-2- |: =f those Hs ; 


/ 4{—cosa 
{tan $=) Tfcosa’ ax&~n+2nn, n€Z. 
2 tan 
Se area a a“én+2nn, n€Z. 
3_ 
1-+-tan? 3 
1 —tan® = 
cos @ = —————_—_-,, ae n+an, n€Z. 
1-++- tan? —— 
tan =TToa a =~ 2nn, n€ Z. 
tan $= ; a-~N, n€Z. 
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(14) 
(15) 


(16) 
(17) 
(18) 
(19) 
(20) 


(21) 


(22) 
(23) 


(24) 
(25) 


(26) 
(27) 


(28) 


(29) 


(30) 


(34) 
(32) 


108 


where 
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: = jtana|] cin 
Cad eaye erate af~ 7 tan, n€Z. 


t 
Vea — we 
4 
Y i+tanta 
|cot a| 
V 1+ cot?a 


‘ucosz+bsinz=)Va?+'sin(z+a), a?+ 5240, 


[sina] = 
at 
|cosa|] = : a> +HN, n€Z. 


|cosa|] = ; a-- nn, n€Z. 


a b 
8in ad =o COS C0 FEF OOO 
V at+ba ° V a+ 03 


identity Transformations of Trigonometric Expressions 


Prove the following identities (1-60). 


fds 


a 


Sh 


a3 


Sa 


10. 


11. 


12. 
13. 


° 4+cosa 14+ coseca 


14+sine i1+seca hana: 


eco e = tan’ r+} tan? z+ tan z+ 1. 
1 moe ™ 
x (cost+V3 sin t) >cos (4—t) , 


sin‘ a-+2sinacosa—cos‘a 


tan 2a — 14 = cos 2a. 


1—2sin’a  i—tane 
1+sin2da ~ i+tana 


cos? B (tan? a—tan*§) __ (a + B) sin (a — 8). 


sec? a 
% _ 1+8in 2a 
tan 4 +a) = cos 2a 


(33) 
(34) 
(35) 
(36) 
(37) 


sin’ (a + 6) — sin? a — sin? B = 2 sina sin f cos (a + 8). 
9. (1 + tan B tan 2B) sin 2B = tan 26. 


sin @—sin 2a + sin 30 = 4cos cosa sin =, 


sin? 4a ; ; 
eos af 008 3apcoaSa 2 Sina sin 2a, 
sina + 2 sin 3a + sin 5a = 4 sin 32 cos? a. 
sin 2a@ + sin 4a — sin 6a = 4 sin a sin 2a sin 3c. 
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sina+sin3a+sin 5a 
14. cos a -- cos a-++ cos 5a = tan 3a. 


15. sin’ (45° + a) — sin? (30° — a) — sin 15° cos (45° + 2a) = 
sin 2a. 


16 (sin 2a — sin 6a) + (cos 2a —cos 6a) 


sin 4a—cos 4a =2 sin 2a. 
tan? a —1 2 9. 
17. er + cos =z cot 4a: Sec —- = cosec 4a. 
tan? I +4 


18. cos? a — sin® 2a = cos? a cos 2a — 2 sin? @ cos? a. 
sin 2xr—sin3z-+sin4dz _ 
19. Gos 32 —cos 3s}-cos be 120 Se. 
20. 1 — cos (2x — n) — cos (4r-+-n) + cos (6r—2n) =4 cos xz X 
cos 22 cos 3z. 
my | tan 2z tanz 


————— 1 Zz. 
tan 2x7 —.tanz sin 2 


sinta—costa+cos?a |g a@ 
Bae eee ee 
sin a—cosa@ tan — 
24. Se sin? a 
cot? —-— tan? —— 
2 
1 (1—tan?a)? 
25. —Fainta costa ~~ Ftanta 4 
2 m 
26. os (cosa -+ sin a) =cos (+a). 


i—sinde a fl 
27. =F sinta 0" (F +2). 


sina+sin5a _ 
28. cosa cos Sa tn St 


tan (2—-+) cos (+ nz) —sin® (+ n—z] 
ee oro ae ey 
cos (z—-) tan (=.=+2} 

30. sin®?a+cos'a+3 sin? acos*a= 1. 
OOOO 


2 tan (a ~=} sin? ($+¢) 


l 


32. sin? ($+) _— sin? (=—o) sin 2a . 


rm 
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33 cota+tana 
* 44+ tan 2a tang 


34 cota—tana 
* 2sina-+cos (90° + 3a) 4- sin 5a’ 
* tana 1—3tan?a ° 


= 2ecot 2a. 


= cosec @ coset 4a. 


36. cos 4a—sin 4a cot 2a = cos 2a — 2 cos’ a. 


sin 10.54 
37. 1 -+ 2cos ja=—aaka 


38. (sin a — sin 8) (sina + sin B) = sin (a — 6) sin (@ + B). 
39. cot a — tana — 2 tan 2a — 4 tan 4a = 8 cot 8a. 


cos4a tan2a—sin4a __ ; 
40. cos4acot2a+sin4a — tan? 2a. 


At 4—cos 2a-+ sin 2a 
* 4+-cos2a-+ sin 2a 


Kd, SOT Se tan (++) + 1 = cosec? (-—a} . 


= tana. 


cosa-—sinad 
43. 3—4cos 2a + cos 4a = 8 sin‘ a. 


44 sin? 2a-++ 4 sin‘ a—4sin? a cos? a 


ry 
4—sin? 2a —4 sin? a = tan*a. 


sin?2a-+4sin?a—i 1 5 
49. —T—Bsinta—costa 3 COG. 


46 VY i1+cosa+ Y 1—cosa 
; V 1+ cosa— Y 1—cosa 


47. 1—sin 4a+ cot (+ n— 2a) cos 4a = 0. 


= cot ($+4) , acac2n. 


4 
48. sid + cos z =e sec? z+2 ee 2 
sin z—cosz tan? z—1 tanz+ 1° 
2 sin? (= -¢] ; 
49, ag ee (-+¢} ‘ 
50. cos 2a — cos 3a — cos 4a + cos5a = —4sin ($) sin @cos (F) 


54 1+ tan‘ a 
* tan?a+cot? «a 


52 3—4 cos 2a-+ cos 4a 
* 3-+4 cos 2a-+ cos 4a 


__ (3+ cos? 2a) cos 2a 
te ee 


= tana. 
= tan‘ a. 


53. cos®’a—sinta 


94, 2(sin®a-+ cos® a) —3(sinta4 cos‘a)+1=0 
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cot a t (270° 0 ° 
55. ote ee — 2cos (135° + «) cos (315° — a) == 2cos2a. 


56. 1+-tan a-+ tan? a 


pie bode dade Sc ale 2 
1+ cota+cot?a tan* a. 


: 95 _e« a 
57. yY 2—sina coe tan (2 +) 


— oo  —>3-—— 


sin a—cosa 2 8 
a 
—tan2 — 
4-+-sin 2a Pe 2 ; 
o> “gina-pos@ a 
1+ tan’ =- 


59 2 cos? 2a+ VY 3sin4a—1 sin (4a-+ 30°) 


—_— 


2sin?2a+YV3sin4a—1 sin (4a—30°) ° 


60. 1— sinéa—cos‘a = > sin? 2a. 


Simplify the following expressions (61-79). 
61 tan (180° — a) cos (180° — a) tan (90° —a) 
sin (90° + a) cot (90° — a) tan (90° + a) 
62 2 (sin 2a -++ 2 cos? a —1) 
"  cosa—sina—cos3a+sin3a ° 
63. 3cos?z—4sinzcosz—sin?x—1. 
64. 4eos (2a —-+ x) +c0s (2a—z)+sin (+x — 6c). 


65. 1+ sin 22 


(sin z-+cosz)? ° 
66. tana-+sing 


2 cos? = 


4—cos 4a 4+ cos 4a 
67. ect 2a— 1} “cosec? 2a—1 


sin 3a-+sin5a-+sin 7a 


68. ~ cos 3a 00s 5a-fcos 7a” 


69. 4cos*a—2cos2a— = cos 4a. 
n 27 3n An. 5x ,._. 6x 
70. cos 0+ cos z+ cos =— + cos —— + cos —- + cos = + COS =>. 
m : Do 
Cos (2a +} +sin (3n—4a2) —cos (++ 62) | 
4 sin (5x — 3a) cos (a — 27) 
cos 2a cos‘ a -+ sin a 


2. oT 


cos‘ a — sin’ a 


“1. 


BP cine 
1—->- sin 2a 


a) 
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73 14+-sin 4a—cos 4a 
* 4-+-cos4a+sin 4a °° 
2cos? a—14 
4, 
4 tan (+= — a] sin? (+ +- a | 
cos 4a, -+- 4 
79. cota—tana 


76. BS all tan? > — COs? a. 


1—cosa 
a ma \ 1—sing 
7. tn($+7) a 
78. sin? a (1 -+ gag teota) (1 — sag teota) ; 
sind sind 
79 cos 2a 


sin? 2a (cot? @a—tan3a) ° 


Calculate without resorting to tables (80-105). 

80. cos 67° 30’ and cos 75°. 

81. 4 (cos 24° + cos 48° — cos 84° — cos 12°). 
96 sin 80° sin 65° sin 35° 

* gin 20°+- sin 50°-+ sin 110° ° 

83. 128 sin? 20° sin? 40° sin? 60° sin? 80. 

84. tan 20° tan 40° tan 80°. 
cot 15°+- 4 

85. 2cot 15° ° 

86. cos 10° cos 50° cos 70°. 

87. sin 160° cos 110° + sin 250° cos 340° + tan 110° tan 340°. 

88. tan 9° — tan 63° 4+ tan 81° — tan 27°. 


ae pf pa Ps 9 Ps 9 wt 
89. 96 V3 Sin ry cos wry cos 94 COS 7D cos eS 


: 6 ; 
90. sin (>- 2a] COs (= —«) sing for a= 
94 sin 110° sin 250° 4+- cos 540° cos 290° cos 430° 


cos® 1260° 
92. Verify the equality 


= 
16° 


Ss ee eee et re ee 
cos 290° Y 3 sin 250° y3_ 


% 4x 51 
= - COS ——-Cos BE nk. 


93. Verify cos 7 7 7 5: 
94. Verify cos 20° +2 sin? 55° =1+4 ) 2 sin 65°. 


95. Calculate (sin 4a-+ 2'sin 2a) cose@, if sina == > 


96. Given: 20 sin?a +21 cosa —24-=0, = <“a<2n. Find 


a 
cot 3° 
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5 ; 
97. 617sinta if tana = 0.2. 
98. sin 2a if sin > + cos oo — and a belongs to the fourth 

quarter. 
99. tan (+- 2a. | if tana=-:a. 
x ; a 3n 

100. tan (a——) if cosa = a TIA. 

OG. 4 : 12 an 
101. cos > if sina=— ar, A<Ka<->. 
102. sin +- if sina = — > and < 


103. sin > if sina=0.8 and O<a<t. 
sina : 
104. sin’ a+ 3 cos*a if tana = 2. 


105. sin?a-tcos'a if sina -+cosa=m. 


Transform the following expressions into a product (106-112). 
106. sec a — cos a + sec 60° cos 2a sin 3a — sin da. 

107. sin a + sin 60° + sin (a + 60°). 

108. sin (5a + B) + sin (3a + B) + sin 2a. 


. § a ; % | 
109. sin = % cos > —sin 3a COS ; ae 


110. 4cos 11a + (sin 8a—sin 10a —sin 12a + sin 14a) coseca x 
cosec 2a. 


111. tan?a-—tan?B——-sin (a — B) sec? a sec” B. 


tan a-+tanB 


112. te cota ee (a —B) sec (a+) + 1}. 


inverse Trigonometric Functions 


Arc sine of the number x € {—1, 1] (written arcsin x) isa 
number yE | -+ : + | , whose sine is z. 


Arc cosine of the number x€[—1, 1] (written arccos z) isa num- 
ber yE{0, mn] whose cosine is x. 
Arc tangent of the number x€R (written arctan x) ts a number 


y€ ( —>) =) whose tangent is x. 


8-01208 


4 
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The fundamental identities. 
sin (arcsin z) = z, 


cos (arcsin z) = VY 1 — 22, 


tan (aresin 2) = , ~1<r7r=< 1, 

cos (arccos zr) = 2, 

sin (arccos z) = VY 1 — 2?, 

tan (arecos z) = Vi=* | —1{<7r<0, O<r<l. 
tan (arctan z)= 2, 

cos (arctan z) “SS ; 


sin (arctan z) = site 
— VY t4+az ’ 
tan (arccot x) = +. , <0, 


sin (arccot x) = vas ’ 
z 


cos (arccot 2) = —-—= 
— Wi+ai ' 


arcsin x =arccos VW 1— z?, O<r<1. 


4 : x 
arctan z = arccot — = arcsin ——————_ == arccus ———___ 
z V1 + 73 


arcsin (— z) = —arcsin z, 
arccos (—x)=mn—arccosz, —1<r<l. 
arctan (— z) = —arctan z. 


arcsin z-++arccos r= >: —1i<r<t. 
arctan z + arccot z=->., 


Calculate (113-126). 


113. arctan 4 + arccos ( —+) +-arcsin (-+) ‘ 


114. arcsin (—-¥) +- arccos ( = =) — arctan (—V 3) +- 


arccot (— v5) : 


g* 


115. 
116. 


117. 


118. 


119. 


120. 
121. 


122. 
123. 
{24. 
125. 


{26. 
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arccot [tan (— 37°)). 
arecos (cos (—48.)), 


arctan V 2+- arctan 


| 
V2- 
sin (2 arcsin =) : 
COs (2 arcsin =) ; 


sin (2 arctan 3). 
cos (2 arctan 2). 


sin + arecos -— ) 
(= 9 /° 


cos (+ arccos =) 
2 8) * 


sin (2 arctan + + cos (arctan 2 V 2). 
sin ( arcsin >-— arccos = 
IN 5 5 e 
Set 3n 
tan (arcsin 444} ; 


Prove (127-132). 


127. 
128. 


129. 


130. 
131. 


132. 


sin (arcsinz) =z, —1<r<l. 
cos (arcsin z) = Vi—2z, —1<r<1. 


cos (arctan z) = a 
40 


V f—2z? 
tan (arccos t) = —1<241<0, 0O<r<cl. 


arcsinz + arccosz=—~, —i1<r<ci. 


a 
2 
arctan x -+ arccot 2 = = 


e 


Simplify the following expressions (133-141). 


133. sin (arccos +>). 


134. cos (arcsin =) ; 


135. sin (arctan 2). 
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136. cos (arctan 2). 


137. arcsin (sin. = ) ; 


138. arctan (tan = ). 


139. arcsin (sin 


6n 


140. arctan (tan | ; 
141. arccos (cos >) 


142. Express arcsin 7 in terms of the values of all inverse trigo- 
nometric functions. 

Solve the following equations (143-145). 

143. 6 arcsin (x? — 6x 4+ 8.5) = 2. 


144. 4 arcsing + arccos x = 0. 
145. 5 arctan z + 3 arccot x = 2n. 


146. Construct the graph y = arcsin (cos 2). 
147. Solve the inequality arcsin (sin 5) > z? — 4g. 


1.11. Solution of Trigonometric Equations, 
Inequalities and Systems of Equations 


Solution of Elementary Trigonometric Equations 
Example 1. sinz =m, |m|<1. 
x = (—1)" arcsinm + an, n € Z. 
Example 2. cosz =m, |m| <1. 
Z = +arccos m + 2nn, n € Z. 

Example 3. tanz =m, mE R. 

z= arctanm + nn, n€ Z. 
Example 4. cotz = m, mE R. 

x = arccotm+ann, €nZ. 


Remark {. In the simple examples given above, the solutions 
are written in a simple and unique form. In more complicated exam- 
ples the notation for the set of solutions is not unique but the identity 
of different notations can always be proved by means of identity 
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transformations. Different notations are usually due to the difference 
in the methods of solving the given problem. For instance, in prob- 
lem 47 we have got a set of solutions 


—+> + (— 1") arcsin ATV? + an, n€Z. 


When verifying the truth of the answer, we have used another meth- 
od for solving the problem and have got the set of solutions 


—F4(— 1)" an, n€Z. 


‘This is the same set of solutions but in another notation. Indeed, 


_ 1473 ee i | V3 14 
arcsin ————— = arcsin {—.——+—.-.— 
2V2 ( 2 y2 + 2 V2 
: - Bs uw. pa 
= arcsin (sin cos =--+ cos — sin =) 
: : . nt m1 _ ; . om \ on 
== arcsin (sin ($+7)) = arcsin (sin =) =F - 


The last equality is based on the fact that — > < 2 <F; if the. 


inequality were not satisfied, it would be necessary to use recursion 
formulas. 

You should always remember this when solving problems. If you 
get a notation for the set of solutions which differs from that given 
in “Answers and Instructions”, you must prove their identity. The 
operation of proving the identity will itself serve as a good exercise. 

Remark 2. When seeking solutions, you often write the set of 
solutions of trigonometric equations by means oi several formulas. 
You can sometimes unite them and obtain a simpler notation. In 
problem 187, for instance, we first wrote the set of solutions in the 


form 
tn, = +ak, am (n, k, m€Z). 


This set of solutions can also be written as 


nn, (—1)' F432 (n, kEZ). 
6 2 

Here, too, the difference in the notations for the set of solutions can 
be explained by the difference in the methods of solving the given 
equations. 

Remark 3. If in the examples presented in remarks 1 and 2 the 
different notations are identical and the final notation for the set of 
solutions is inessential, from the point of view of the correctness of 
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the solution, it sometimes happens that one and the same set of so- 
lutions is given several times. Then it is necessary to exclude those 
repetitions from the final notation. For instance, when solving prob- 
lem 76, we obtained two sets of solutions 


k 
Stan, Got (n, EZ). 


In this case, all the solutions given by the first set form a part of the 
second set. Indeed, if we put k = 5n + 2 (n € Z), then the first set 
of solutions can be separated from the second set. Then the fina! no- 
tation for the set of solutions looks like 


xt wk 


i.e. the superfluous must be discarded. 

Remark 4. In the case when the sets of solutions obtained overlap 
only partly, the common part in the final notation must be presen- 
ted only once, without repetitions..Thus in problem 81 (solved by a 
certain method) we ‘obtained two sets of solutions 


in stk 


“5 ? “2 (n, K€ Z). (1) 


Neither of these sets of solutions is a part of the other set, but if we 
put m = om, but k = 2m (m € Z), we get nm in both cases. Con- 
sequently, this set of solutions must be excluded from one of the pre 
sented sets. For instance, the four values of & must be excluded from 
the second set and only A = 21 +- 1 (1 € Z) must be left. Then all 
solutions of the problem will be written in 
the form 

if 

me A (nm, 1€Z), (2) 
every solution being written only once. An 
alternative method immediately produces 
this notation. It is considered to be erron- 
eous to give the final set of solutions in 
form (1). 

Remark 5. The following technique is used 
to find the overlapping part of sets of solu- 
tions and to unite them. We draw acircleé and 
mark solutions belonging to one set by dots and those belonging to 
the other set by crosses. In Fig. 1.1 dots denote the solutions belong- 


ing to the set and the crosses those belonging to the set . The 


angles are reckoned from the Z-axis counterclockwise. It can be seen 
from the figure that the values 0 and x (and all the values that differ 
from them by a period) belong both to the first and to the second set. 


Fig. 4.4 
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Thus, besides the solutions written in the form — , two more dots, 


3 : ‘ 
> and = (and those differing from them by a period), remain on 


the circle. These solutions can be written as > +- nl (Ll € 2). 


Solution of Equations by Factoring 


Example 5. 2 cos x cos 2x = cos z. 

Solution. The given equation is equivalent to the equation 
cos x (2 cos 2x — 1) = 0. This equation is equivalent to the colle- 
ction of equations 


eae 


, 7 
cosz=0, r= 7 tin, n€Z, 
— 


cos 2 =, 22 +t ++ 2nk, i.e. c= + = +-nk, ke Z. 


Answer. = an, + 7 nk (n, KE Z). 


Solution of Equations Reducible to Quadratic Equations 


Example 6. 3 cos? zs — 10 cosz +3 = 0. 
Solution. Assume cos x = y. The given equation assumes the form 


3y2— 10y + 3-=0. Solving’ it, we find that y,=—, y,=3. The 
value y,=3 does not satisfy the condition since |cosz]|<1. Con- 
sequently, cos z=; he + arccos — | 2an, n€Z. 


Answer. +arccos (=) +2nn (n€Z). 


Solution of Homogeneous Equations and Equations 
Reducible to Them 


Equations of the form 


a, sin" z+ a, sin"“!xcosz-+ a,sin"*z cos? r+... 
eee +@p_4 Sin xcos"'! z+ a, cos" x= 0, 


where @,, @,, . . -» @, are real numbers, are said to be homogeneous 
with respect to sin z and cos z. 

Example 7. cos 3z + sin 3z = 0. 

Solution. sin 3x = —cos 3z. Since the values of z for which cos 3z 
is equal to zero cannot serve as roots for the given equation, we 
divide both sides of. the initial equation by cos 3z and obtain an 
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equation which is equivalent to the initial equation: 


sin 3z cos 3z = 
ein grag Oe 
Hence 3z = —++an; Z = —34t+Hn, n€Z. 


Answer. —ar+Hn (n€ Z). 


Example 8. 6 sin? x — sin z cos z — cos* x = 3. 


Solution. 6 sin? z — sin x cos x — cos’? x — 3 (sin® z + cos? z) = 
0. Removing the brackets and collecting like terms, we get 


3 sin? x — sin xz cos xz — 4 cos? z = 0. 


Since the values x = 5+ mn are not roots of the equation and 


cos x = 0, we divide both sides of the equation by cos? z: 


3 tan? z — tanz — 4 = 0, 
whence 
tanz= —1, = —+an, n€Z 
and 
tanz=—, x = arctan 444k, ke€ Z. 
Answer. —F+an, arctan 2 -+-nk ( n, k€Z). 


Solving Equations by Introducing an Auxiliary Argument 
Example 9. sin z ry cosz— Y 2. 
Solution. V2(—. 9 73 


COs r| —V2 


sin z+ 


. 1S ° uv , PAS 
sin xcos 7--+ cos x sin=-=4, sin (z +- =| 15; 


r+ =F + 2nn (n€ Z), r=5— ++ 2nn (n€Z). 


Answer. = +-2an (rn € Z). 


Example 10. ue —— cos r -+ sing 1. 


Solution. cos = cos z+ sin = sin xz=1, cos (2 — 


ze — = 2nn (n€ Z), r= + 2an (n€ Z). 
Answer. = +42nn (n€Z). 
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Solving Equations by Transforming a Sum of 
Trigonometric Functions into a Product 


Example 11. cos 3x + sin 2x — sin 4z = 0. 

Solution. cos 3x + (sin 2x — sin 4z) = 0. 

Transforming the expression in brackets by formula (16), Sec. 1.10, 
we obtain 


cos 3z + (—2 sin z cos 3x) = 0, 
cos 3z (1 — 2 sin z) = 0. 
The last equation is equivalent to the collection of equations 
cos 3z = 0, sing = ; 
consequently, 
It qt It 
r=— an, t= (—1)*— +k (n, k€Z). 


raf 


The set of solutions x == (— 1)" = + uk (kEZ) belongs entirely 
to the set of solutions r=z+ (n€Z). Therefore, this set 
alone remains as a set of solutions. 

Answer. at+yn (n€ Z). 


Solving Equations by Transforming a Product of 
Trigonometric Functions into a Sum 


Example 12. sin 5z cos 3z = sin 6z cos 2z. 
Solution. We apply formula (19), Sec. 1.10, to both sides of the 


equation: 
+ (sin 82-4 sin 2z) = + (sin 8z-+-sin 4z), 
sin 2z — sin 4x = 0. 
Using formula (16), Sec. 1.10, we obtain 
—2 sin x cos 3z = 0 


sinz=0Q, 
=> 
cos 3z = 0, 


L=TNn, n€Z, 


Brak, r= oy, kez. 


Answer. = +k (n, EZ). 
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Solving Equations with the Use of Formulas 
for Lowering a Degree (formulas (24) and (25), Sec. 1.10) 


Example 13. sin? x + sin? 2z = 1. 


Sms0s 26 | Soca = {> cos2z + cos4zx= 0 => 


2 cos 3x cos x = O. The last equation is equivalent to the collection 
of two equations 


(a) cos 3z =0, 3z-=+-+an, ra 4 an, n€ Z. 


Solution. 


(b) cosz=0, z=>-+nk, kEZ. 


The set of solutions of equation (b) is a subset of the set of solutions 
of (a) and, therefore, in the answer we write only roots of equation (a). 


Answer. s4+-$ (n€ Z). 


Solving Equations with the Use of Formulas for 
(22) and (23}, See. 1.10 


Example 14. cos x—2 sin? > ==), 


Solution. cosx-—(1—cosz)=0 >'2coszr—1=0=> coszr= 


r= + = +2an (n€ Z). 


bol 
+ 


Answer. + 3-+2nn (n€Z). 


Solving Equations with the Use of Formulas 
for Double and Triple Arguments (formulas (10)-(14), Sec. 41.10) 


Example 15. sin z = V2 cosz. 

Solution. Using formula (10), Sec. 1.10, we obtain 2 sin zx cosz = 
V 2 cos z on the left-hand side of the equation. It is impossible to 
divide both sides of the equation by cos x since it would lead to the 
loss of solutions which are roots of the equation cos r = O. We trans- 


fer 2 cos z to the left-hand side and get 
2sinzcosx--V 2coszr:=0 => V 2cosz(V 2sinz—1=0 


7 n 
coszr=0Q, t= + Hn, n€Z, 
= : 


a — 
V 2sinz=1, r=(—1)* Stk, kez. 
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Answer. = -+an, (—1)* + nk (n, KEZ). 


: z . x oo . 
Example 16. 2sin os cos? z— 2 sin 7 sin? x == cos? z— sin? x. 


Solution. On the left-hand side of the equation we put the factor 
Z sin 5 before the parentheses: 


‘ 0 ° ‘ 
2 sin > (cos? x — sin? x) =: cos? x —sin? z. 


Replacing the expression cos* z — sin? zx by cos 2r according to 
formula (11), Sec. 1.10, we get 


2 sin > cos 2x=cos 27, 
or 
2 sin = cos 2x — cos 2x =0 => COS 2x (2 sin > _ 1) — 0) 
' ch n 
cos 2x = 0, L=p>yN, n€Z, 
=m 4 = 1 
sin => r=(—1)*>+42nk, kEZ. 


Answer. FH+Hn, (—1)* 2k (n, KEZ). 


Solving Equations by a Change of Variable 


(a) Equations of the form P (sin zx + cosz, sin x cos xr) = 0, where 
P (y, z) is a polynomial, can be solved by the change 


cosxz + sing =t=>1+2sinzcosz = ??. 


Let us consider an example. 
Example 17. sin z + cosz = 1 + sin z cos. 


Solution. We introduce the designation sin z + cos z = lf. ee 
t ee e 


(sin z -+ cos xz)? = @?, {+ 2sinzcosx = t*, sinzcosz = —> 


y 


[In the new designations the initial equation looks like 


t=1+2S* or 2-2 +1=0, (t—1)?=0, t=1, 
i.e. : | 

sinz+cosz=1 VY 2 ( a Ane ee te cos z) = ; 
V2 | V2 


_ 4+ sin inzr= 
COS | COS Z Z = 475 
=z 


: a 
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r— = + ++ 2an, n€ Z, 


It 


ra ++ oan, n€Z. 


Answer. + +2an, 2nn (n€Z). 


(b) Equations of the form a sin x + bcos z + d = O, where a, b, 
and d are real numbers, and a, b = Q, can be solved by the change 


4—tan? — 2 tan = 
cos += ——_—_——- sin z 8 rpfn+t2nn (n€Z). 
1+ tan? — 1+-tan? — 
2 2 
Example 18. 3cosz+4sinz=5. 
Solution. 
z Zz 
1— tan? -- 2 tan 
: EERE ae, SERERe Bina, 
1+ tan? 7 4+ tan? > 
3—3 tan?-++8 tan 5 =54+5 tan? > 


4 tan? — 4 tan >+1=0, (2 tan > — 1)"=0, 


tan >= + , z2=2 arctan 5 +2ann, n€Z. 
1 
Answer. 2arctan-++-2nn (n€2Z). 


(c) Many equations can be solved by introducing a new variable. 
Example 19. sin‘ 2z + cos‘ 2z = sin 22 cos 2z. 
Solution. (sin? 2x + cos* 2x)? — 2 sin? 2z cos? 2z = sin 2z cos 22, 


2 sin* 27 cos? 2x + sin 2x7 cos 27 — 1 = 0. 


We introduce the designation sin 2z cos 2x = y. Then the last 
equation assumes the form 2y? + y — 1 = 0, or 


2(y+1)(y -- +) =0. 


We pass to the variable x and obtain 
(1) sin 2x cos 2x = —1, 2 sin 2x cos 2x = —2, sin 4x = —2, 


TE D. 
: 1 : 
(2) sin 2zcos 2x =, sin 4x=1, 4x > +4 2nn, n€Z, 


xu | 
r= 5+ yn, n€Z. 


Answer. Stn (n€Z). 
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Solution of Trigonometric Equations of the Form f(z) =V (2) 


Example 20. Y1—cosz=sinz, z€{n, 3x}. 
1—cos x>20, 
Solution. . oe 

sin z>>0. 


Under the condition that both sides of the equation are nonnegati- 
ve, we square them: 
1 — cos z = sin’ z, 


4—cosz = 1 — cos’ z, 
cos? rz — cos z = O, 


cos x (cost — 1) = 0. 
(1) cosx=O0, x= = an, n€Z, 
(2) cosx = 


41,2 = 2nk,k € Z. Butsincesin x > Oandz € [n, 3a], 
we leave x 


51 

2n, mY : 
51 
Answer. 2n, 7 


Solving Equations with the Use of the Boundedness 
of the Functions sin z and cos z 


Example 21. ( 


Zz e e e 
cos — 2 sin x | sin x -++- (1 +. sin 
cos x = 0. 


+ —2cos x) x 
4 
e s e i 9 nn 
Solution. cos = sin xz —2sin?x-+ cos x 4- sin 7 Cos xr—2cos* x =0. 
e ‘ e 52 
sin (z -} 5, ) +-cos x —2 (sin? x + cos’ x) =0, sin = + cosr=2. 


Since the functions sin = and cos z have the greatest value equal 


: re ae 
to 1, their sum is equal to 2 if sin = 
neously, 1.e. 


. oz oz p14 
sin——=1, => +2nn, 
q ~{ Gages 


cosz=1, z=ank (n, k€ 4D); 


-- { and cosz = 1 simulta- 


__ an 8 _ 444n 
2nk = +n, k= 5 i 


Since k € Z, it follows that n = 1+ 5m (m € Z), and then xz = 
2x + 82m, mE Z. 


Answer. 2n -+ 8um, m€E Z. 


4 
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Trigonometric Systems 


: | 
sinzcosy=—, 
Example 22. ‘ 
3 tan x == tan y. 


Solution. We transform the second equation and get 


3 sin x cos y — sin y cos z = 0. 


Substituting now the value of the product sin x cos y from the first 


equation into the equation obtained, we get a system 


cos z sin y= + 
{ 


sin z Cos y=7- 


(1) 


Adding together the equations of system (1) and then subtracting 
the first equation from the second, we get a system which is equiva- 


lent to system ( 


1 


sin (z— y) =o? 


{ sin (x+y)=1, 


whence we have 
x+y=>-+2nk, 
I—y= — = + 2nl 
and 


xt-y=++2nk, 


From system (3) we nd 


r= m (kt l), 


y=—-+n(k—l). 


From system (4) we find 
=— etn (k+), 
y= 40 (k—)). 


(2) 


(3) 


(4) 
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Pay attention to the fact that the integers by which 2x is multiplied 
in (3) must be represented by different letters (say, k and 1), since 
these sets are not interconnected. If the same letter is used in these 
sets, solutions will be lost. 


Solve the following equations (1-245). 


i sint=. 2.°sing = —-—> 

3. sinz=0 4, sinz=1 

3. cosz=-. 6. coszr= —1. 

7. cosx=O0 8. tanz=V 3. 

9. cotz= —1 10. sinz= va 

41. sinz = —Y*. 12. sing=—+. 

13. cosz= 1. 14. cos2zx=1. 

15. cosz=Y 3. 16. tanz= —1. 

17. tan (z— 1) = 7. 18. tan (2x+3)=V3. 
73 ; 

19. cot (Z—-z)=7>. 20. sin(3zx—2)= —1. 

21. V2 cos? 7z — cos 7z = 0. 


22. 2sinz + tanz = 0. 

23. (2 sin z — cos x) (1 + cos z) = sin’ z. 

24. 4cos* zr — 4cos*?z.— cos (n + z) —1=0. 
25. 1 + sin x cos mae = sin z + cos 2z. 

26. tan? z— 1+—{— — — 3 cot (= — 2] 20% 
27. tan 2zsinz + V 3 ( sinz — V3 tan 2z) = 3) 3. 
28. sin‘ z = 1 — cos‘ z. 

29. V3sinz — tanz + tanzsing — V3 = 0. 
30. cos 2z +:3 sin z = 2. 

31. cos z + seczr = 2. 

32. 1 + cos z + cos 2z = 0. 

33. 6cos? xz + 5sinz —7 = 0. 

34. cos x + 2 cos 2z = 1. 

35. 2cos?z + 4cosz = 3 sin’ z. 

36. 4 sin‘ z + 12 cos? z = 7. 

37. 5 tan’ z — sec xz = 29. 

38. cos 4z + 2 cos? z = 0. 
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sin‘ z + cos* x = cos 42. 


4). sing + cosz = 0. 


Al. 


. Sin z-+cosz = 
. (sin2x+ V3cos 22)? —5 = cos ( 


. sin(n—6z)+ VY 3sin (4+ 62) =V3. 


. COs (+- 3a] — sin 2x = 0. 


. cos 2zrcoszr=sin7z sin6zx+5 cos 


e e 3m 
cos? z—3 sin rcosz=sin ork 


. 3sin® xz — 2 sin x cos xr — cos? x = 0. 

. cos?z + 2V2coszsinz +1=0. 

. sin? xz (4 + tan z) = 3 sin x (cos x — sin z) + 3. 
. sin 3z + sin zx = sin 2z. 

. 4 — sin 2x = cos x — Sinz. 


i+ y3 
pares 


~» 4sin 2x— 3sin (2z—+) Pie 


2 
— 22) 


om 3 


2 


. cos 2x — cos 8z + cos 6zr = 1. 

- sin z + sin 27 + sin 3z = 0. 

. sin z + sin 2x + sin 3x + sin 4x = 0. 
. tan dz — tanz = 0. 

. V3 sin 2z + cos 52 — cos 9x = 0. 


. COS (++ 52] + sin z=2cos 3z. 


- sinz + sin 2x + sin 3x = cos xz + cos 2x + cos 3z. 
. cos 3x + sin 5z = 0. 
- cos 3x + sin (9x + 2) = 0. 


3 a 
- cos3xr=- ——cosz — —sinz. 


2 2 


. Sinz+cosz= Y 2sin 5z. 


tan +t tan z 


. tanz+ ———__—___ =. 2, 


1— tan > tanz 


a 
7: 


.cos3 + sinzsin2z = 0. 

. 1+ 2 cos 3z cos tr — cos 2x = 0. 
. 2cos z sin 32 = sin 4r + 1. 

- sin z sin 7x = sin 3z sin 5z. 

. COS < cos dx = cos 5z Cos 72. 


70. 
“71. 


12". 


73. 
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sin xz sin 32 = >. 
sin? z + sin? 2x + sin? 3z + sin? 4z = 2. 


cos 3x tan 5z = sin 7z. 


4 sin xz sin (2 ~~ +) sin (x a =) + cos 3x = 1. 


. sin 2x sin 6x = cos z cos 32. 


75. sin 52 + sinz + 2 sin? z = 1. 
76. cos cs + cos? a = 1, 
77. sint = tcost = =. 
ee ee eS 
78. sin a cost =~. 


96. 


. sin?a+sin?2r7+sin?327= = 


. sin‘ z-+cos*‘z= 


. sin’ x + cos* x = sin z cos z. 


. tanz+sin(n+2)=2sin? ae 


2 e 


. sin? z + sin? 27 — sin? 32 — sin® 4z = 0. 


3 
a: 


. sinz sin 2z + cos* z = sin 4z sin 5x + cos? 42. 
. sin? x + sin? 2x = cos? 3x + cos? 4z. 


. sin? (2+ 32) +cos? (<-+-2z] —cos? (2—5z) + sin? (+ —6z). 


4 
3—cos 5z 


. 2cos 4z — 2 cos 2x = 4cos* xz — 1. 
; ie ee 


.- tan =1—cosz. 


S 


: 3 sin (+ — z)—4 sin (m+ 2) sin (S242) 4800s? =4. 


. 3+ 5 sin 2x =cos 4z. 
. 1 + cos 4z) sin 2x = cos? 2z. 
.sinz--2cos2x = 1. 


2 


ae -- sin (+ —4z) | sin 4x = cos? (2x — 21). 


re 
cos 2z— 3 cos x = 4 cos? ~ 


4 cos rz ~ 2 cos 2x — cos 4x = 


97*, sin 37+-sin’ z= - sin 22. 


98. 
99. 


9-01208 


sin? z — cos? x = 1 + sin zcosz. 
sin‘ x + cos‘ z = sin 2x — 0.05. 


Aj 
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V2 
8 e 


101. sin 2x = cos 2x — sin* z + 1. 
102. (cos 2x — 1) cot? x = —3 sin z. 
sin 6z 

sinzx ° 


100. cos? z sin x— sin? zcos z= 


103. 8cos xcos 2z7 cos 4z = 


104. sin 
105*. cos 3x — cos 2x = sin 3z. 

106. (sin 7z + cos 7z)* = 2 sin® 147 + sin 30z. 

107. sin 32 — 4 sin z cos 2x = 0. 

108*. sin? x :an z + cos? x cot x — sin 2z = 1 -+ tan zx + tan’ x. 


P rg Zz 
cos 2x +- sin? x cos > = cos? z cos =. 


109. sec? x— tan? x+ cot ($+2) = cos 2z sec? x, 
110. sin' z+ cost r—-2sin 2r+-> sin? 2z=0. 
111. (cos 62 — 1) cot 3x = sin 3z. 

112. sinz-+sin ($x+2) = 1—0.5 sin 2z. 
413. (1 —sin 2z) (cos r—sin r) = 1 —2 sin? z. 


‘ i 1 
114". 2sin 3z ——__ = 2 cos 32+ oe 


115. sec r+ cosecr = 2) 2. 


‘ cos 2z 
116. cos z+ sin t= —~——— 
117. 4sin (52 ++ )+sin 102=—, 


118. 3 (cos r — sin z) = 1 + cos 2r — sin 2r. 
119. sinz — cosz = 1. 

120. 3 sin z = 2 (1 — cos 2). 

121*. cos? z — 2 cosz = 4 sin z — sin 2r. 


122. sin2x7—2Y)V2sin (— 21) =3. 
{23*. tan z + tan 27 + tan 3z = O. 
124. cos 9x — 2 cos 62 = 2. 
og V¥2\2 
125. (4 V/ cos=— 5——=} 
= z V2 co 
+YV2 (4 V cos —5—V2)_ oo82 9 


126%, 2sin (32+) =) 1-+8 sin 22 cos? Oz. 


ge 


127. 
128. 


{29. 
130. 
131. 


132*. 


133. 


134. 
135. 


136. 
137. 


138. 


139. 
140. 
141. 
142. 
143. 


144. 


145. 
146. 


147. 


148. 
149. 
150. 


151. 


152. 
153. 


154. 


155. 
156. 
157. 
158. 
159. 
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cot 2z + cot z = 8 cos? z. 


3 sin 22=V 9+ 10 sin 2z. 


V 13—18 tan z = 6 tan z — 3." 
4sin 3z + 3 = V2 sin 3x + 2. 
V6 — sin x — 7 cos? z + sin x = 0. 


COs z 
tan z-+ ———_—_—_— 
VY 1+sin 2z 


sin‘ z+ sin‘ (++ =) -+cos* r= sin? 2z. 
cos (1 V x—4) cos(n VY xz) =1. 

1—cos 2z — 

sin2z 

cos? z + 5cosz = 2 sin’ z. 
sin 22 + sin (n — 82) = V2 cos az. 

4+sinz+cosz-+ sin 27-4 cos 2z. —( 

tan 2x aa, 

4 cos? 6z + 16 cos? 3z = 13. 
tan 5z + 2. sin 10z = 5 sin Oz. 
tan 3x — tan z = sec z sec 3a Sin Z. 
sin z + sin 3x = 4 cos*z. 
2 sin? 2z + 6 sin? x = 5. 


; 3 
cos® z—sin' z= = cos? 22. 


4 sin‘ x + sin? 2z = 1. 

4 + sin 2z = (cos 3z + sin 3z)*. 
m Ps 4 

V 3—tan x= tan (=-=) e 

cot? 2 — tan? x = 8 cot? 2z. 

cos x + cos 4z + cos 7x = 0. 

gin 5x + cos 32 — sinz = 0. 


= 2, 


3 
sin? x = sin 32 + cos x (cos z — 1). 
(3 — cot? x) sin 2z = 2 (1 + cos 2z). 
4+tanz 
4—tanz 
sin xz + sin 2x = tan z. 
sin z — sin 2x + sin 5z + sin 82 = 0. 
8 cost zr — 8cos? zr — coszx +1 = 0. 
tan 3z + cos 6z = 1. 
tan x tan 3z = 1. 


z ° z 
cost ——-+ sin? —=1. 
+) 


= (sin z 4-cos z)?. 
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160. cos? = + sin? 3x + cos? ("+ az) = 3cos >. 


161. sin 7x1 sin 9x2 =2 (cos? (+- z) — COS (+ + 22) : 


162. sin 9c + V3 cos 7x = sin 7z ve cos 9z. 
163. sin z + sin 27 = cos z + 2 cos? z 


164. sin (22+ = |= seus) =t 4a 


sor + tan z) = sin — cos z. 


COs z 4 


165*. (cos + — sin +) (—- 
166. sin®z+cos* z=. 
167. 773 (tan 2 — cot 2) = tan? x -+- cot? x — 2. 


168. cos 4z-+ 2 cos? z= 1. 
169. sin 3x—cos 3z = V = : 


sin z 
170. i coss = 2—cotz. 


171. cot z — 2 sin 2z = 1. 
172. 2 tan x — cos 2x.= 2. 
173. tan (3z — 1) cot = + 2) = 1. 


174. |cot z| =cot z+ —— — : 


175. 2 (4 —cos 2z) = V3 tan z. 

176. 3 cos? x — sin? zx — sin 2r = 0. 

177. 3 sin? 2x + 7 cos 2z —3 = 0. 

178. 2 cot? z cos? x + 4 cos? x — cot? r —2 = 0. 


179. 4sinzsin (x ++) sin (z +3) +cos3z = 1. 


180. sinz+YV 3sin (=-2—-2) +tanz=V3; 


osinz—5tanz 
181 sinz-+-tanz 


+ 4(1—cos zr) = 


-. Va, 1 
182, 8sinz =~ +. 
183. cos z = sin xz — 1. 
184. cos? 3z-+ sin? (+52 = cos? 7z + cos* 9x + cas 


185. sin? (1.5z) + sin? ( > — 2.52) ==Sin? (5.5z)-+ sin? (=—6.52) : 
186. tan x + cot z — cos 4x = 3, 


187*. 
188. 


189. 
190. 
191. 
192. 


193. 


194. 
195. 
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cos x — V3 sin xz = cos 3z. 
fg 808 2r 
tan z ~ 4-+tanz° 


4sinz + cosz = 4. 
cos 5z tan6 |2z|+ sin dz = 0. 
tan 4x7 cos 7z = sin7 | z |. 


2 cos 2x + 2 cosz sin’? x = cos z. 
; Nee 4 7% 
rie | am = 4 cos (= —2). 
cos |z2--—=—- 
2 
16 


144cot r—Stanz =——__. 
sinz 


cos? 2x -+ cos? 4z — sin? 6z — sin? 8z = 0. 


196*. sin z + sin? z + cos? z = O. 

197. cos 3x — sin 5x — cos 7x = sin 4% — cos 22. 

198. 5sin 2+ pry = 008 227 — 3 sin? z. 
sinz 

199. cotz+ <ecase 
4—cos z 

200. tan2 2 aay ar 

201. 2 sin 2z sin 4z — cos 2x = sin 32. 

202. 3cotz — 3tanz + 4 sin 2z = 0. 

203. tan x + cot xz = 2. 

sin* —- —cos! = { 

204*, “=e a 84 

205. sin 2z + 2cotz = 3 

206. sin xcoszsin Qe =e. 

207. sin 6z + 2 = 2 cos 4z. 


208*. 


209. 
210. 


211. 


212. 
213. 
214. 


215. 
216. 


tan? x tan? 3z tan 42 = tan? xz — tan? 3z + tan 4z. 


2 cos 132 + 3 cos 3z + 3 cos 5a — 8 cos z cos’ 4x = 0. 


tan 3z — tan x = 2 (sin 4x — sin 22). 


133 


(sin 43°)" 3x+cot x _ sin? (2m — x)—cos (n— =z) sin (+> + x) : 


2 sin 3z sin x + (3V 2 — 1) cos 2x = 3. 
cot z — 2 sin 2z = 1. 
tan z sin x — cos z = 0.5 sec z. 


a 


sin? z tanx+cos?zcotz+2sin x cos x= ‘ 


tan 2x sin 2x —3 V 3cot 2x cos 2x = 0. 
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3z z sin 2z 
217. sin zz 08 =F 


218. cot 2x — tan Qn = tan 42. 


219. sin z+ cos zcot = —V3. 


220. cos x cos 2z cos 4x = 1. 

221*. 9 cos!® x + cos? 2z + 1 + 2 cos 27 = 6 cos® x cos 2x + 
6 cos® z. . 

222. sin 2z (0.1 — cos z) = sin 2x + 0.2 sin® z. 

223*. | cos xz | = cos (x + a). 


@ 2 — 
224 - sin -— + sin a — 35 COS ere = 0. 


225*. asin > (sinz+sin =) = 0. 


226. cos (2sinz+(1+ V2)cos z) =sin((141—YV 3) cosz). 
227*. V Y 3cosxr+sinz—2+ // cot oz + sin? z— + = sin > Sa 2 : 
228°. siné z+ cos‘ z+ sin 2x+a=0, 


229. VY cost 2z+| sin Renz x) |-+-7- = cos (5 7) 


230. |cot (22-4) |=z35:—1. 

| u+z 
231. ~sseg + 1 = sin (1 — 2) —cos zr tan ——. 
232. sin? z—cos* z= 0, 
233. cos = cos = 24 a1tV S005 2, 

3 wee ERS 

234. Viesterr YP +2 
235. sin Wi = 23—2Y 3zr+ 4. 
236. sin 2x + tan z = 2. 


237. sin? (++ x) = -sinz-+ sin? (+-z). 
238. 6sin?z-+ sin zcos z— cos? x = 2. 
cot 2z cot z 
239. cot z + cot bz +2=0. 
240. sinz —4cosz + tanz = 4. 


241. 8cos® z = 3 cos 4z + cos 2x + 4. 
242. (1 — tan z) (1 + sin 2x) = 1 + tanz. 
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243. sin 3z + 3 sin 4x + sin 52 = 0. 
244. 9 tan? z+ 3=—— 


cosz ° 


245. 8120" * 1 94°" * — 30, 


246. Find all values of p for which the equation VY pcosz— 


9sinx=V2+ V 2—>p possesses a solution. 
247. Find all values of a for which the equation cos 2x + asinz = 
2a — 7 possesses a solution. 


248. Find the roots of the equation sin (22+ is) cos (27 — z)= 
as in the interval (0, +) : 


249. Find (in degrees) the solution x of the equation 1 + 
cos 10z cos 64 = 2 cos? 8r + sin? 8z, such that 20° < z < 80°. 

; 2 3. 

250. sin xcos + cos zsin oe rE |-> : x | : 


251. Solve the qeuation 4 cos x (2 — 3 sin? z) + (cos 2x + 1) = 
0. Find the least distance between its positive roots. 
2592. cos (xn-+2)+YV3sin x= sin (3z—+) , «&€ (— = : + | : 
253. 2 sin‘ 22 — sin? 2z sin 4x = 2 sin? 2x — sin 4z, z_€[0, al. 
254. Find which of the numbers nn — arctan 3, where n € Z, are 
solutions of the equation 
12 tan 22+ ¥° 4.4 0, 


COS Z 


255. Find all the roots of the equation cos 4a + poems = 3 


which lie in the interval [-+ : >| ; 

256. Find all the roots of the equation (4 --cos2z) sin 2r= 
V3 sin2z which lie in the interval | —x, a , 

257. Find all the roots of the equation sinztan2zr+ 
V 3(sinz — V 3tan 2x) 3=V3 satisfying the inequality 
2+-logy,7<0. 

298. ‘Solve the equation sin (nz?) — sin (x (2? + 2z)) = O and 
find the seventh term of the increasing sequence of its positive roots. 
- 259. Solve the equation cos 4z + 6 = 7 cos 2x and find the sum 
of its roots in the interval [0, 314). . 

260. Find all the solutions of the equation 3 sin® x — 3 cos? z + 
7 sin x — cos 2x + 1 = 0 which are also solutions of the equation 
cos? r + 3cosz sin 2x — 8 sinz = 0. 
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261. Solve the equation tan 27 = 3 tan z if x € (—2n, 2n). 
262. Find all the solutions of the equation sin ( 4z4+—)+ 


cos 2x 
cos 2—sin2 


cos (42+ r)= =Y2 which satisfy the inequality > 


g~sin bx 


Trigonomeftric Inequalities and Systems of Inequalities 


Solve the following inequalities (263-278). 
263. sin z > 0 


264. sinz >. 
265. log, (sin +) <-1. 


266. sinz<-t-. 
267. sina < —1. 


268. cosz< ——— a 


269. tanz > 0. 


270. tanz << —YV3. 
271. sin z< cos z. 
272. sin 3z < sin z. 


273. sinz + V3cosz >0. _ 
274. tan? z — (1 + V3) tanz 4+ V3< 0. 


275. sinz (cosz-++-) <0. 
276. 2cos*xr+5cosz+2>0. 
277. V5—2sinz>6 sin r—1. 


Mt, pee 
278. 2° * y/ y—y+tict, 


Solve the following systems (279-312). 
sin? z-+ sin? 2x = sin? 3z, 
279 ! ) 
cosz< — —, 
2 
cos® x — sin’ x == cos 22, 
280 


0O<rt< ae 


281. 


282. 


283 
284 


285 


286 


287. 
288. 


289 


290. 
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| 
| 
| 
| 
| 
: 
| 
| 
| 
| 


sin? x-+ sin? 2z7 = sin? 3z, 


—~S<rcn. 
sin (2—> — cos (2+)=1 
r | ia aio: 


2 cos 7z cos 2x 
cos 3-++sin 3 > 2 : 


sin z Sin y = 


1 
4 
3 
coszcosy= 7. 
: ? 1 
Sln zS1n aay 


cot zcot y= 3. 
sin z+-cos y = Q, 


sin? z + cos? y =~ ; 


O<cr<n, O<y<n. 


1 
Y—-L=F 
cos (12x) COS (xy) = ¥2. 

1 
cos (t—y)=-> ; 
1 

cos (t+ y)=—z- 

3 
z+y => ’ 


tan z— tan y= 2. 
sinzr+cosy=1, 


bf 
L-+ y= z: 
2m 
ta ¥ = ae ’ 
sinz 
‘siny 


137 


138 1. Algebra, Trigonometry, and Elementary ‘Functions 
ene == 2, 
204. 
COS 2 COS y = 
xr— y ==, 
292. 
3cos? z—12cosy= —4. 
sin? z+ cos? y =: a 
293. 
sin beg 
2 8° 
———__———-——_ (3cos 2x — 6cot y+ 2) =0 
a. } sin (-F—2) sin (-—z 
Lima ied 3=0. 
4 sin 6V 2cosx=5-+ 4cos?y, 
205. { ili : 
cos 2x = 0 
6 cos z + 4cos QD; 
296. Lae 
3sinz+2siny=0. 
3 tan + 6sinz=2sin (y— 2), 
297*. 
tan -—2sinz= 6 sin (y +2). 
1 +sinzsin y =cosz, 
9298. ee + sin z sin y 
2sinzcoty+1=0. 
cos 2y + -==(cosy——-) (14 2 sin 2z), 
sin y (tan’ z+ cot’ z)= 3 cot y. 
tan z tanz= 
300. - (Se 
E+ y+ z= 
ot. -{ Sin z-|-sin y=sin (z+), 
lz] + |y| =1. 
Atan 3x = 3 tan 2y, 
as | 
2 sin zcos (x — y) = Sin y. 


303. 


304. 


305. 


306. 


307. 


308. 


309. 


310. 


311. 


312. 
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: 
! 
| 
| 


cosz-+ cosy =a, 


sty=. 


tanz+ sin y = 2a, 
tan zsin y= a?—1. 


a z--y 4 


COs £608 y = —. 


cot z+ sin 2y = sin 22, 

2 sin y sin (x+- y) = cos z. 
sin (x— y)=3sinzcosy —1, 
sin (z+ y) = —2coszsin y. 


tan z+ cot r= 2sin (y-+2n) ’ 


tany+coty=2sin (2+4 . +). 


z+y 


: . Yrs 
cos y (cos z — cos y) = 2 Cos 7 Siny sin —> ; 


2y—z= >. 
cos x-+ cos 2x -+ cos 3r = 3, 


cos? —— > = cos‘ 27. 


= _3y2—1 
sin? (— 22) )—(3—YV 2) tency ee ’ 
tan? (5y) + (3—V 2) sin (= 22) =—3—. 


313. Find all solutions of the system of equations 


| 


sin (2x -+ 3y) + cos (22+ dy) = 1, 
18 
cos (+75 = y)+V3sin («+4 y) =2, 


which satisfy the condition |y |< 1 
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314. Find all solutions of the system of equations 
cot? (rx—y) —(1+V)V 3) cot (x—y) + V3=0, 


cosy = 43, 


which satisfy the conditions O0<(r<n, Oy < 2n. 


1.12. Progressions 


The arithmetic progression. An arithmetic progression is a number 
sequence each term: of which, beginning with the second, is equal to 
the sum of the preceding term and one and the same number d. The 
number d is called the common difference or simply difference of the 
arithmetic progression. 

‘The sequence {a,} is an arithmetic progression if and only if the 
equality : | 


4 
an =O (a, %- An+4) 
holds true for any n > 1. For the arithmetic progression {a,} we have 


a, =4,+(n—1)d, S, = “ten = artim a, 
where d is the difference of the progression and S,, is the sum of its 
first nm terms. 

To define an arithmetic progression, it is sufficient to specify its 
first term and the common difference. 

The geometric progression. A geometric progression is a number 
sequence the first term of which is different from zero, and each term, 
beginning with the second, is equal to the preceding term multiplied 
by one and the same nonzero number gq. The number g is the common 
ratio of the geometric progression. 

The sequence {b,} is a geometric progression if and only if the 
equality 

bn = bn -19n +1 


holds true for any n > 1. For the geometric progression {b,} we have 


ee bng—b, _b, (q*—1) 
= ae = St 
by, bq ’ S,, q—1 qg—1 ’ 


where g = 1 is the common ratio of the progression and S, is the 
sum of its first n terms. For g = 1 we have 


S, = bn. 


To define a geometric progression, it is sufficient to specify its first 
term and the common ratio. 
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The sum of the infinite geometric progression {b,} for |g |< 1 is 
defined by the equation 


S== lim S,, and in this case S= car 
nh oo ao 


{. Find the first term a, and the common difference d of the arith- 
metic progression in which 


| a,+a,—a,=10, 
Ay -+ Ag = 17. 


Z. The sum of the first » terms of the sequence {a,} is defined by 
the formula S, = 2n* + 3n. Prove that it is an arithmetic progres- 
sion. 

3. The sum S, of the terms of an arithmetic progression is defined 
by the formula S, = 4n? — 3n for any n. Write the first three terms 
of the progression. 

4. Find the sum of 20 terms of an arithmetic progression if its 
first term is 2 and the seventh term is.20. 

Oo. Find the first term and the difference of an arithmetic progres- 
sion if the sum of its first five even terms is equal to 15 and the sum 
of the first three terms is equal to (—3). 

6. The sum of the first and the fifth term of an arithmetic progres- 
sion is 26 and the product of the second by the fourth term is 160. 
Find the sum of the first six terms of the progression. 

7. The sum of the third and the ninth term of an arithmetic pro- 
gression is 8. Find the sum of the first 11 terms of the progression. 

8. The sum of the squares of the fifth and the eleventh term of an 
arithmetic progression is 3 and the product of the second by the 
fourteenth term is equal to &. Find the product of the first by the 
fifteenth term of the progression. 

9. The sum of the second and the fifth term of an arithmetic pro- 
gression is 8 and that of the third and the seventh term is 14. Find 
the progression. 

10. How many terms of an arithmetic progression must be taken 
for their sum to be equal to 91, if its third term is9 andthe differ- 
ence between the seventh and the second term is 20? 

11. Put five terms between the numbers 1 and 1.3 so that together 
with the given terms they will form an arithmetic progression. 

{2. Find four numbers between the numbers 4 and 40 such that an 
arithmetic progression results. . 

143. Find the sum of all three-digit natural numbers which leave a 
remainder 2 when they are divided by 3. 

14. Solve the equation 5?-54-5® . . . 5’* = (0.04)~**. 

15. Find an increasing arithmetic progression in which the sum. 
of the first three terms is 27 and the sum of their squares is 270. 


_ 
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46. The sum of four numbers which form an arithmetic progression 
is 1 and the sum of the squares of those numbers is 0.3. Find the 
numbers. 

17. An arithmetic progression consists of 12 terms whose sum is 
354. The ratio of the sum of the even terms to the sum of the odd terms 
is 32 : 27. Find the common difference of the progression. 

18. The product of the third by the sixth term of an arithmetic 
progression is 406. The division of the ninth term of the progression 
by the fourth term gives a quotient 2 and a remainder 6. Find the 
first term and the difference of the progression. 

19. The first term of an arithmetic progression a,, a,, @3, ... 18 
equal to unity. At what value of the difference of the progression is 
a,a, +a,a, at a minimum? 

20. In an arithmetic progression, a7 = 9. At what value of its 
difference is the product a,a,a, the least? 

21. Two arithmetic progressions contain the same number of 
terms. The ratio of the last term of the first progression to the first 
term of the second is equal to the ratio of the last term of the sec- 
and progression to the first term of the first progression and is equal 
to 4. The ratio of the sum of the first progression to that of the sec- 
ond is 2. Find the ratio of the differences of the progressions. 

22. All terms of an arithmetic progression are natural numbers. 
The sum of its nine successive terms, beginning with the first, is 
larger than 200 and smaller than 220. Find the progression if its 
second term is 12. 

23. Each of the two triplets of numbers log a, log b, loge and 
log a — log 2b, log 2b — log 3c, log 3c — loga is an arithmetic 
progression. Can the numbers a, 0, ¢ be the lengths of the sides of a 
triangle? If they can, then what triangle is it? Find the angles of 
the triangle provided that it exists. 

24. The fourth term of an arithmetic progression is 4. At what val- 
ue of the difference of the progression is the sum of the pairwise pro- 
ducts of the first three terms of the progression the least? 

29. The sixth term of an arithmetic progression is 3 and the diffe- 
rence exceeds 0.5. At what value of the difference of the progression 
is the product of the first, the fourth, and the fifth term of the pro- 
gression the greatest? 

26. Certain numbers appear in both arithmetic progressions 
17, 21, ... and 16, 21, ... . Find the sum of the first hundred 
numbers appearing in both progressions. 

27. Three numbers form an arithmetic progression. The sum of the 
numbers is equal to 3 and the sum of their cubes is equal to 4. Find 
the numbers. | 
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29. At what values of the parameter a are there values of x such 
that the numbers 5!*®+ 5!-*, > , 2o*+25-* form an arithmetic 
progression ? 

30. Prove that the sequence, whose general term isa, = 2-3", isa 
geometric progression and find the sum of the first eight terms. 

31. The fourth term of a geometric progression exceeds the second 
term by 24 and the sum of the second and the third term is 6. Find 
the progression. 

32. The difference between the fourth and the first term of a geo- 
metric progression is 52 and the sum of the first three terms is 26. 
Calculate the sum of the first six terms of the progression. 

33. The sum of the first four terms of a geometric progression is 
30 and the sum of the next four terms is 480. Find the sum of the 
first twelve terms. 

34. The sum of the first two terms of a geometric progression is 15. 


The first term exceeds the common ratio of the progression by = 


Find the fourth term of the progression. 

35. Find three numbers which form a geometric progression if 
their sum is 35 and the sum of their squares is 525. 

36. The sequence {b,} is a geometric progression with jie 
and 6,+6,;= 216. Find }. 

37. The sum of the first three terms of an increasing geometric 
progression is 13 and their product is 27. Calculate the sum of the 
first five terms of the progression. 

38. Find the first term and the common ratio of a geometric prog- 
ression if the sum of its first three terms is 10.5 and the difference 
between the first and the fourth term is equal to 31.5. 

39. The numbers a, b, c, and d form a geometric progression. Find 
(a — c)}? + (b —c)*? + (b — a)? — (a — 

40. The sum of the first and the third term of a geometric progres- 
sion is 20 and the sum of its first three terms is 26. Find the progres- 
sion. 

41. The difference between the first and the fifth term of a geo- 
metric progression, whose all terms are positive numbers, is 15 and 
the sum of the first and the third term of the progression is 20. Cal- 
culate the sum of the first five terms of the progression. 

42. Find four. numbers forming a geometric progression in which 
the sum of the extreme terms is 112 and the sum of the middle terms 
is 48. 

43. The first term of the geometric progression b,, be, b3, ... i8 
unity. For what value of the common ratio of the progression is 
4b, + 5b, at a minimum? 


» 
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44. The sum of three numbers which form a geometric progression 
is 13 and the sum of their squares is 91. Find the numbers. 

45. The numbers 5x — y, 2z + y and x + 2y form an arithmetic 
progression, and the numbers (y + 1)?, zy + 1, (x — 1)? form a geo- 
metric progression. Find z and y. 

46. The sum of the first and the last term of an increasing geometric 
progression is 66, the product of the second and the last but one 
term is 128, and the sum of all its terms is 126. How many terms 
are there in the progression? 

47, The sum of the first three terms of a geometric progression is 
31 and the sum of the first and the third term is 26. Find the seventh 
term of the progression. 

4&8. The number of the terms of a geometric progression is even. 
The sum of all terms of the progression is thrice as large as the sum 
of its odd terms. Find the common ratio of the progression. 

49. The first, the third, and the fifth term of a geometric progres- 
sion are equal to the first, the fourth, and the sixteenth term of a 
certain arithmetic progression respectively. Calculate the fourth 
term of the arithmetic progression if its first term is 5. 

50. Three numbers whose sum is equal to 28 form a geometric 
progression. If we add 3 to the first number and 1 to the second, and 
subtract 5 from the third number, the resulting numbers will form 
an arithmetic progression. Find the numbers. 

51. Three numbers form an arithmetic progression. If we add 8 to 
the first number, we get a geometric progression with the sum of the 
terms equal. to 26. Find the numbers. 

02. The second, the first, and the third term of an arithmetic 
progression, whose common difference is nonzero, form a geometric 
progression in that order. Find its common ratio. 

03. The first and the third term of an arithmetic progression are 
equal, respectively, to the first and the third term of a geometric 
progression, and the second term of the arithmetic progression ex- 
ceeds the second term of the geometric progression by 0.25. Calculate 
the sum of the first five terms of the arithmetic progression if its 
first term is 2. 

o4. Find four numbers the first three of which form a geometric 
progression and the last three form an arithmetic progression. The 
sum of the extreme terms is 14 and the sum of the middle terms is 12. 

55. Find four numbers the first three of which form a geometric 
progression and the last three an arithmetic progression if the sum 
of the extreme numbers is 21 and*the sum of the middle terms is 18. 

06. Three integers whose sum is equal to 60 are three successive 
terms of an arithmetic progression. If we add 2.2, 4, and 7 to these 
numbers, respectively, the new numbers will be three successive 


terms of a geometric progression. Find the least of the original 
num bers. 


97. The sum of the first three terms of a geometric progression is 
6, and the sum of its first three odd terms is 10.5. Find the common 
ratio and the first term of the progression. 

98. The difference between the third and the second term of a geu- 
metric progression is 12. If we add 10 to the first term and 8 to the 
second and leave the third term unchanged, the new three num- 
bers will form an arithmetic progression. Find the sum of the first 
five terms of the geometric progression. 

09. Three numbers whose sum is 26 form a geometric progression. 
If we add 1, 6, and 3 to these numbers respectively, an arithmetic 
progression will result. Find the numbers. 

60. Between the number 3 and the unknown number there is one 
more number such that the three numbers form an airthmetic prog- 
ression. If we diminish the middle term by 6, we get a geometric 
progression. Find the unknown number. 

61. Three nonzero real numbers form an arithmetic progression, 
and the squares of those numbers, taken in the same order, form a 
geometric progression. Find all possible common ratios of the geo- 
metric progression. 

62. Three distinct numbers, z, y, 2, form a geometric progression 
in that order, and the numbersz + y,y + z,z + z form an arithme- 
tic progression in that order. Find the common ratio of the geometric 
progression. 

63. The common difference of an arithmetic progression is diffe- 
rent from zero. The numbers, which are equal to the products of the 
first term of the progression by the second, of the second term by 
the third, and of the third term by the first form a geometric progres- 
Sion in the indicated order. Find its common ratio. 

64. Three numbers form a geometric progression. If we subtract 
4 from the third number, an arithmetic progression will result. Now 
if we subtract unity from the second and the third term of the arithme- 
tic progression obtained, we again get a geometric progression. 
Find the numbers. 

65. Find a three-digit number if its digits form a geometric prog- 
ression and the digits of the number which is smaller by 400 form an 
arithmetic progression. 

66. A computer solved several problems in succession. The time 
it took the computer to solve each successive problem was the same 
number of times smaller than the time it took it to solve the preced- 
ing problem. How many problems were suggested to the computer 
if it spent 63.5 min to solve all the problems except for the first, 
427 min to solve all the problems except for the last one, and 31.5 myn 
to solve all the problems except for the first two? . 

67. Given the first two terms of an infinitely decreasing geometric 
progression: V 3, 2/(V 3 + 1). Find the common ratio and the sum 
of the progression. 
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68. The sum of the second and the eighth term of an infinitely 
decreasing geometric progression is equal to 325/328, and the sum 
of the second and the sixth term, being diminished by 65/32, is equal 
to the fourth term of the progression. Find the sum of the squares 
of the terms of the progression. 

69. The difference between the first and the fifth term of an in- 
finitely decreasing geometric progression is 1.92, and the sum of the 
first and the third term is 2.4. Find the ratio of the square of the 
sum of the progression to the sum of the squares of its terms. 

70. Find the first three terms of an infinitely decreasing geometric 
progression whose sum is 1.6 and the second term is (—0.5). 

71. The sum of an infinitely decreasing geometric progression is 
equal to 4 and the sum of the cubes of its terms is equal to 64/7. Find 
the sixth term of the progression. 

72. The sum of an infinitely decreasing geometric progression is 
equal to 4 and the sum of the cubes of its terms is equal to 192. Find 
the first term and the common ratio of the progression. 

73. For what irrational value of x can three numbers, 0.(27), z, 
and 0.(72), form a progression (arithmetic or geometric)? Find z 
and the sum of four terms of the progression. 

74. The sum S of an infinitely decreasing geometric progression 
exceeds by 2 the sum of the first three terms of the progression. The 
sum of the first six terms is equal to 3. Find S. 

73. Find the sum of an infinitely decreasing geometric progression 
if the sum of all its even terms is thrice as small than the sum of all 
its odd terms, and the sum of the first five terms of the progression is 
equal to 484. 

76. Calculate the sum of the terms of the geometric progression 
@4+agt+ag?+... +a q""'+ ..., where a, is the greatest 
value of the function y = (62? — z® — 16)/8 on the interval {4, 5] 
and the common ratio of the progression g = lim (1 — cos z)z'. 

-0 


= 

77. The first term of a certain infinitely decreasing geometric 
progression is 1 and its sum is S. Find the sum of the geometric 
progression which is formed by the squares of the terms of the ini- 
tial progression. 

78. The ratio of the sum of the cubes of the terms of an infinitely 
decreasing geometric progression to the sum of the squares of its 
terms is 12 : 13. The sum of the first two terms of the progression is 
equal to 4/3. Find the progression. 

79. Find the sum of an infinitely decreasing geometric progression 
whose second term, which is the doubled product of the first term 
by the fourth, and the third term form, in that order, an arithmetic 
progression with the common difference 1/3. 

80. Find three numbers which form a geometric progression if 
their product is 64 and the arithmetic mean is 14/3. 
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81. Three numbers, a, b, and 12, form, in that order, a geometric 
progression, and the numbers a, 6, and 9 form an arithmetic progres 
sion. Find a and b. 

82. Find the value of x for which log, (5-2* + 1), log, (2!-* + 4), 
and 1 form an arithmetic progression. 

83. Represent the periodic decimal fraction 7.2(3) as an ordinary 
fraction. 

log, -—-(i-+e+a¢+...), 

84. Calculate (0.2) ae 

85. Find the sum of an infinitely decreasing geometric progression 
if the sum of its first three terms is 3 and the sum of its first three 
odd terms is en 

86. The sum of an infinite geometric progression is 243 and the 
sum of its first five terms is 275. Find the progression. 

87. The sum of an infinitely decreasing geometric progression is 
1.5 and the sum of the squares of its terms is 1/8. Find the progres- 
sion. 

88. The sum of the terms of an infinitely decreasing geometric 
progression is 3 and the sum of the cubes of all its terms is 108/13. 
Write the progression. 
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1. A train was delayed by a semaphore for 16 minutes and made 
up for the delay on a section of 80 km travelling with the speed 
10 km per hour higher than that which accorded the schedule. Find 
the speed of the train which accorded the schedule. 

2. A skier had to cover a distance of 30 km. Having started 3 min 
later than the fixed time, he glided with the speed which exceeded 
the assumed speed by 1 kmsh and reached the finish at the time he 
would reach it if he began to race strictly at the appointed time 
and ran with the assumed speed. Find the speed of the skier. 

3. A cyclist covered a distance of 96 km two hours faster than 
he assumed. Every hour he travelled 1 km more than he intended to 
cover in 1 h 15 min. What was his speed? 

4. A tourist intended to cover a km in a definite time. Having 
travelled b km, he rested for 15 min and then increased his speed in: 
order to be at the appointed place on time. Find the initial speed of 
the tourist. | 

5. Two people started simultaneously towards each other from 
points A and B which are 90 km apart. They met 5 hours l)ater. 
After their meeting, the first person, who travelled from A to B, 
decreased his speed by 1 km/h and the other person, who travelled 
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from B to A, increased his speed by 1 km/h. The first person is known 
to arrive at B 2 hours earlier than the second person arrived at A. 
Find the initial speed of the first person. 

6. Find the speed and the length of the train being given that it 
travelled with a constant speed past a stationary observer for 7 
seconds and needed 25 seconds to pass a platform 378 m long with 
the same speed. 

7. Acar travels from point A to point B with a constant speed. 
If the driver increased the speed of the car by 6 km/h, it would take 
him 4 hours less to cover that distance. And travelling with the 
speed 6 km/h lower than the initial speed, it would take him 6 hours 
more. Find the distance between A and B. 

8. A train left point A at noon sharp. Two hours later another 
train started from point A in the same direction. It overtook the 
first train at 8 p.m. Find the average speeds of the trains if the sum 
of their average speeds is 70 km/h. 

9. A pedestrian and a cyclist start simultaneously towards each 
other from towns A and B which are 40 km apart and meet two hours 
after the start. Then they resumed their trips and the cyclist arrives 
at A 7 h 30 min earlier than the pedestrian arrives at B. Find the 
speeds of the pedestrian and the cyclist. 

10.. After their meeting, one ship went south and the other went 
west. Two hours after their meeting, they were 60 km apart. Find 
the speed of each ship if the speed of one of them is known to be 
6 km/h higher than that of the other. 

11. A fisher had to sail 35 km to the meeting place and the other 


fisher had to sail 31 2 per cent less. To arrivo at the meeting place at 


the same time as the second fisher, the first fisher started half and 
hour earlier and sailed with the speed exceeding by 2 km/h the speed 
of the second fisher. Find the speed of each fisher and the time it took 
each of them to cover the distance. 

12. Two cyclists started simultaneously towards each other from 
points A and B which are 28 km apart. An hour later they met and 
kept pedalling with the same speed without stopping. The first cy- 
clist arrived at B 35 minutes earlier than the second arrived at A. 
Find the speed of each cyclist. 

13. Three cars leave A for B in equal time intervals. They reach B 
simultaneously and then leave for point C which is 120 km from B. 
The first car arrives there an hour after the second car, and the third 
car, having reached C, immediately reverses the direction and 
40 km from C meets the first car. Find the speed of the first car. 

14. Two ships left a sea port simultaneously in two mutually 
perpendicular directions. Half an hour later the shortest distance 
between them was 15 km and another 15 min later one ship was 
4.5 km farther from the pier than the other. Find the speed of each ship. 
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19. Two ships take a straight route to the same port and travel 
with constant speeds. At the initial moment the positions of the 
ships and the port form an equilateral triangle. When the second 
ship covered a distance of 80 km the triangle became right-angled. 
When the first ship arrived at the port, the second ship was at a 
distance of 120 km from the port. Find the distance between the 
ships at the initial moment. 

16. A car and a cyclist travel to point A along two straight roads 
with constant speeds. At the initial moment the positions of the 
car, the cyclist, and point A form aright triangle. After the car trav- 
elled 25 km, ihe triangle became equilateral. Find the distance 
between the car and the cyclist at the initia] moment if at the time 
the car arrived at point A it remained 12 km for the cyclist to travel. 

17. Two cars started simultaneously from two towns towards each 
other. The first car covered 0.08 of the distance between the towns in 
3 hours, the second car covered 7/120 of that distance in 2.5 h. Find 
the speed (km/h) of the second car if the first car travelled 800 km 
to the meeting point. | 

18. A motor-cyclist left point A for point B. Two hours later a 
car left point A for B and arrived at B at the same time as the motor- 
cyclist. If the car and the motor-cyclist left simultaneously A and 
B towards each other, they would meet 1 h 20 min after the start. 
How much time did it take the motor-cyclist to travel from A to B? 

19. A cycle track is a right triangle with a difference of 2 km 
between the legs. Its hypotenuse passes along a side road and the 
two legs pass along a highway. One of the participants of the cycle 
race took the side road and raced with the speed of 30 km/h and 
then he covered the two intervals along the highway during the 
Same time with the speed of 42 km/h. Find the length of the race 
track. 

20. Two dots move along a circle 1.2 m Jong with constant speeds. 
When they move in different directions, they meet every 15 seconds. 
When they move in the same direction, one dot overtakes the other 
every 60 seconds. Find the speed of the dots. 

21. Three cars started simultaneously from point A to point B 
along the same highway. The second car travelled with the speed 
30 km/h higher than that of the first car and arrived at B 3 hours 
earlier than the first car. The third car arrived at B 2 hours earlier 
than the first car, travelling half the time with the speed of the 
first car and the other half with the speed of the second car. Find 
the distance between A and B. 

22. Three swimmers had to swim from A to B and back again. 
Five seconds after the start of the first swimmer the second swimmer 
took a start and another five seconds later the third swimmer started. 
The three swimmers passed a certain point C, which is somewhere 
between A and B, simultaneously (none of them reached point B 
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yet). Having reached B and reversed the direction, the third swim- 
mer met the second one 9 km short of B and met the first swim- 
mer 15 km short of B. Find the speed of the third swimmer if the dis- 
tance AB is equal to 55 m. 

23. A tourist leaves point A on a bicycle. Having travelled for 
4.5 h at 16 km/h, he makes a stop for 1.5 h and then pedals on with 
the same speed. Four hours after the start of the first tourist, a sec- 
ond tourist leaves point A on a motor-cycle and rides with the speed 
of 56 km/h in the same direction. What distance will they cover be- 
fore the second tourist overtakes the first? 

24. Two cars start from the same point simultaneously and in 
the same direction. The first car travels at 40 km/h, and the speed 
of the second car is 125 per cent of the speed of the first car. Thirty 
minutes later a third car starts from the same point and in the same 
direction. ]t_overtakes the second car 1.5 h later than it overtook the 
first car. What is the speed of the third car? 

25. A passenger train left down A for town B. At the same time a 
goods train left B for 4. The speed of each train is constant through- 
out the whole trip. Two hours after the trains met, they were 
280 km apart. The passenger train arrived at the place of destination 
9 hours after their meeting and the passenger train, 16 hours after 
the meeting. How long did it take each train to make the whole trip? 

26. A tourist sailed along a river for 90 km and walked for 10 km. 
He spent 4 h less on walking than on sailing. If the tourist walked 
as long as he sailed and sailed as long as he walked, the distances 
would be equal. How long did he walk and how long did he sail? 

27. Two cars move towards each other and meet 6 days after 
they started. If the first car travelled for 1.8 days and the second 
for 1.6 days, they would cover 520 km together. If the first car cov- 
ered 2/3 of the way travelled by the second car, and the second car 
covered 1/3 of the way travelled by the first car, then the first car 
would need 2 days less than the second. How many kilometres a day 
did each car travel? 

28. Two tourists walked towards each other, one from point A 
and the other from point B. The first tourist left point A 6 h later 
than the second left point B, and it turned out on their meeting 
that he had travelled 12 km less than the second tourist. After their 
meeting they kept walking with the same speed, and the first tourist. 
arrived at B 8 hours later and the second arrived at A 9 hours later. 
Find the speeds of the tourists. 

29. Two cyclists left simultaneously point A for point B. The 
first cyclist stopped 42 min later when he was 1 km short of B and 
the other one stopped 52 min later when he was 2 km short of B. 
Hf the first cyclist travelled as many kilometres as the second and 
the second as many kilometres as the first, the first one would need 
17 min less than the second. Find the distance between points A and B? 
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30. Two objects move along a circle in the same direction and 
come alongside each other every 56 min. If they moved with the 
same speeds in opposite directions, they would meet every 8 min- 
utes. It is known that when the objects moved along the circle in 
opposite directions, the distance between the m decreased from 40 
to 26 metres every 24 seconds. What is the speed of each object? 

31. A car started from point K to point M. At the same time a 
bus started from point M towards the car. When the car covered 
0.4 of the wayfrom K to M, the bus was 4 km away from the car. 
Now when the bus covered half the way, the car was at the distance 
of 10 km from it. Find the ratio of the time it took the car to cover 
the distance from K to M to the time it took the bus to cover the 
same distance. The speeds of the car and the bus are canstant. 

32. A tank of 2400 m® capacity is full of fuel. The discharging ca- 
pacity of the pump is 10 m*/min higher than its filling capacity. As 
a result, the pump needs 8 min less to discharge the fuel than to fill 
up the tank. Find the filling capacity of the pump. 

33. Three masons working together need a hours to make a stone 
wall. The first of them, working alone, can make the wall twice as 
fast as the third mason and can complete the job an hour sooner 
than the second. How much time would it take each mason to make 
the wall if he worked alone? 

34. Two workers, working together, can do the assigned job in 
42 days. If the first worker does half the work and then the second work- 
er does the other half, the job will be completed in 25 days. How 
many days would it take each worker to do the job if he worked alone? 

35. If two pipes function simultaneously, the reservoir will be 
filled in 12 hours. Through one pipe the reservoir is filled up 10 ho- 
urs faster than through the other. How many hours does it take the 
second pipe to fill the reservoir? 

36. Two cranes worked for 15 h to unload the barge. One crane 
began operating 7 h later than the other. It is known that the first 
crane alone can unload the barge 5 h faster than the second crane. 
How many hours does it take each crane alone to unload the barge? 

37. Two workers manufactured a batch of identical parts. One 
worker worked for 2 hours and the other for 5 hours and they did 
half the job. When they worked together for another 3 hours, they 
had to do 1/20 of the whole quota to complete the job. How much 
time does it take each worker to do the whole job? 

38. Two students spent 7 h to prepare for a school quiz, reckoning 
from the moment when the first student began working. The second 
student began an hour and a half later than the first. If the job was 
assigned to each student separately, then it would take the first stu- 
dent 3h more than the second to complete the job. How much time 
would it take each student to complete the job if they worked sepa- 
rately? 
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39. Two typists, working together, typed 65 pages, the first one 

typing an hour longer than the second. However, the sécond typist 
can do two pages more per hour than the first and, therefore, she did 
5 pages more than the first. How many pages an hour can each typist 
do? 
- 40. Two workers must work together to do a certain job. If the 
efficiency of the first worker were twice as high and that of the sec- 
ond 50% higher, then the time it took the workers to complete the 
job would be less by 14/85 than the time it took the first worker to do 
the job. The efficiency of which worker is higher and how many 
times? 

44. Two werkers do the same job. First, one worker worked for 
4/3 of the time it takes the other to do the whole job, then the sec- 
ond worker worked for 1/3 of the time it would take the first worker to 
do the whole job. It turned out that they did 13/18 of the whole job. 
Calculate the time it would take each worker to dothe job if he 
worked separately, provided that, working together, they candoit in 
3 h. 

42. There is a competition between three teams of woodcutters. 
The first and the third team felled twice as many trees as the second, 
and the second and the third team felled thrice as many trees as the 
first. Which team was the winner in the competition? 

43. One worker can do the job 4 hours faster than the other. First, 
they worked for 2 hours together and then the remaining part of the 
work was done by the first worker alone in an hour. What time it 
would take the second worker to do the job if he worked alone? 

44. Two workers, working together, completed the job in 5 days. 
If one worker worked twice as fast and the other worked half as 
fast, they would have to work for 4 days. How much time would it 
take the first worker to do the job if he worked alone? 

45. Five people do a certain job. The first, the second, and the 
third person, working together, complete the job in 7.5 h, the first, 
the third, and the fifth in 5-h, the first, the third, and the fourth in 
6 h, the fourth, the second, and the fifth in 4 h. How much time 
will it take to do the job if all the five people work together? 

46. Two pipes, an inlet pipe and an outlet pipe, lead to a reser- 
voir. It takes the inlet pipe 2 hours more to fill the reservoir than 
the outlet pipe to empty it. When the reservoir was one-third full, 
both valves were opened and 8 hours later the reservoir was empty. 
How many hours will it take the inlet-pipe to fill the resorvoir and 
the outlet pipe to empty it if they function separately? 

47. Two towns are 220 km apart. Two cars start from these towns 
towards each other. They can meet halfway if the first car leaves 
2 hours earlier than the second. If they start simultaneously, they 
will meet in 4 hours. Find the speeds of the cars. 
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48. A team of workers had to manufacture 360 parts. Manufactur- 
ing daily 4 parts more than it was planned, the team completed 
the job 1 day ahead of time. For how many days did the team work 
on the job? 

49. Two grain thrashers managed to thrash the gathered wheat in 
4 days. If one of them thrashed half the wheat and than the other 
thrashed the other half, they would complete the job in 9 days. How 
many days would it take each thrasher to do the job if they worked 
separately? 

90. A motor boat whose speed in still water is 10 km/h went 
91 km downstream and then returned. Calculate the speed of the riv- 
er flow if the trip took 20 hours. 

oi. The piers A and B are 300 km apart. Two launches leave A 
for B. The time difference between their starts is 5 h. The launches 
arrive at B simultaneously. Find the time each launch spent on the 
oe if the speed of one of them is 10 km/h higher than that of the 
other. 

92. A boat sails downstream from point A to point B, which is 
10 km away from A, and then returns to A. If the actual speed of 
the boat (in still water) is 3 km/h, the trip from A to B takes 2 h 
30 min less than that from B to A. What must the actual speed of 
the boat be for the trip from A to B to take 2 hours? 

53. A launch provides for a regular transportation of passengers 
from point A to point B and back again, both points being located 
on the river bank. If the actual speed of the boat (in still water). 
increased 2 times, then the trip from A to B and back again would 
take a fifth of the time which the launch usually spends on the way 
from A to B and back again. How many times is the actual speed of 
the launch higher than the speed of the river flow? 

54. The piers located on a river bank are 21 km apart. Leaving one 
of the piers for the other, a motor boat returns to the first pier in 
4h, spending 20 min of that time on taking the passengers at the 
second pier. Find the speed of the boat in still water if the speed of 
the river flow is 2.5 km/h. 

55. A motor boat went downstream for 28 km and immediately 
returned. It took the boat 7 hours to make the trip. If the speed of 
the river flow were twice as high, the trip downstream and back 
would take 14 h 12 min. Find the speed of the boat in still water and 
the speed of the river flow. 

56. A certain number of lorries were required to transport 60 t of 
cargo. Since each lorry could take 0.5 t of cargo Jess, another 4 lor- 
ries were needed. How many lorries were initially planned to be 
used? 

57. A team of fishers planned to catch 1800 centners of fish during 
a certain number of days. Because of a storm, for a third of the 
planned period the team caught daily 20 centners of fish less than 
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was planned: The rest of the days, however, the team overfulfilled 
the daily plan by 20 centners, and the planned job was completed 
one day ahead of time. How many centners of fish did the team ini- 
tially plan to catch? 

58. One collective farm got an average harvest of, buckwheat of 
24 centners from a hectare, and another collective farm, which had 
12 hectares of land less given to buckwheat, got 25 centners from a 
hectare. As a result, the second farm harvested 300 centners of 
buckwheat more than the first. How many centners of buckwheat 
did each farm harvest? 

59. According to a plan, a team of woodcutters had to cut 246 m® 
of wood in several days. The first three days, the team fulfilled the 
daily assignment, and then it cut 8 m° of wood over and above the 
plan every day. Therefore, a day before the planned date they cut 
232 m? of wood. How many cubic metres of wood a day did the team 
have to cut according to the plan? 

60. Two kg of copper and one kg of lead are needed to manufacture 
an electric motor of type A, and 3 kg of copper and 2 kg of lead 
are needed to manufacture an electric motor of type B. How many 
electric motors of each type were manufactured if it is known that 
430 kg of copper and 80 kg of lead were used? 

61. There were 500 seats in a hall placed in similar rows. After 
the reconstruction of the hall the total number of seats became 
4/10 less. The number of rows was reduced by 5 but each row contained 
5 seats more than before. How many rows and how many seats 
in a row were there initially in the hall? 

62. One fashion house has to make 810 dresses and another one 
900 dresses during the same period of time. In the first house the 
order was ready 3 days ahead of time and in the second house 6 days 
ahead of time. How many dresses did each fashion house make a day 
if the second house made 21 dresses more a day than the first? 

63. Several teams take part in a competition, each of which 
must play one game with all the other teams. How many teams took 
part in the competition if they played 45 games all in all? 

64. A shop sold 64 kettles of two different capacities. The smaller 
kettle cost a rouble less than the larger one. The shop made 100 
roubles from the sale of large kettles and 36 roubles from the sale of 
small ones. How many kettles of each capacity did the shop sold 
and what was the price of each kettle? 

65. An enterprise got a bonus and decided to share it in equal 
parts between the exemplary workers. It turned out, however, that 
there were 3 more exemplary workers than it had been assumed. In 
that case, each of them would have got 4 roubles less. The admin- 
istration had found the possibility to increase the total sum of the 
bonys by 90 roubles and as a result each exemplary worker got 25 
toubles. How many people got a bonus? 
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66. The sum of the squares of the digits constituting a positive 
two-digit number is 13. If we subtact 9 from that number, we shall 
gol a number written by the same digits in the reverse order. Find 
the number. 

67. Tt we add the square of the digit in the tens place of a positive 
two digit number to the product of the digits of that number, we 
shall get 52, and if we add the square of the digit in the units place 
to the same product of the digits, we shall get 117. Find the two- 
digit number. 

68. Find two numbers such that their sum, their product, and the 
difference of their squares are equal. 

69. The sum of the digits of a three-digit number is 17, and the 
sum of the squares of its digits is.109. If we subtract 495 from that 
number, we shall get a number consisting of the same digits written 
in the reverse order. Find the number. 

70. The geometric mean of two numbers is greater than the smal- 
ler of them by 12, and the arithmetic mean of the same numbers is 
less than the larger of them by 24. Find the numbers. 

71. Find the pairs of natural numbers whose greatest common di- 
visor is 5 and the least common multiple is 105. 

72. The denominator of an irreducible fraction is greater than 
the numerator by 2. If we reduce the numerator of the reciprocal 
fraction by 3 and subtract the given fraction from the resulting 
one, we get 1/15. Find the given fraction. 

73. A two-digit number exceeds by 19 the sum of the squares 
of its digits and by 44 the double product of its digits. Find the 
number. 

74. The product of a natural number by the number written by 
the same digits in the reverse order is 2430. Find the number. 

75. Find two natural numbers whose difference is 66 and the least 
common multiple is 350. 

76. Find the pairs of natural numbers whose least common mul- 
tiple is 78 and the greatest common divisor is 13. 

77. Find two natural numbers whose sum is 85 and the least 
common multiple is 102. 

78. Find the pairs of natural numbers the difference of whose 
Squares is 90. . 

79. The sum of the digits of a three-digit number is 11. If we 
subtract 594 from the number consisting of the same digits written 
in the reverse order, we shall get a required number. Find that three- 
digit number if the sum of all pairwise products of the digits con- 
stituting that number is 31. 

80. The sum of the squares of the digits constituting a certain 
positive three-digit number is 74. The hundreds digit of the number 
is equal to the doubled sum of the digits in the:tens and units places. 
Find the number if it is known that the difference between that 
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number and the number written by the same digits in the reverse 
order is 495. _ 

81. The sum of the squares of the digits constituting a two-digit 
positive number is 2.5 times as large as the sum of its digits and is 
larger by unity than the trebled product of its digits. Find the num- 
ber. 

82. The units digit of a two-digit number is greater than its tens 
digit by 2, and the product of that number by the sum of its digits 
is 144. Find the number. 

83. An alloy consists of two metals taken in the ratio 1: 2, and 
another alloy consists of the same metals taken in the ratio 2 : 3. 
How many parts of the two alloys must be taken to obtain a new 
alloy consisting of the same metals which are in the ratio 17/27? 

84. The mass of two pieces of brass is 60 kg. The first piece con- 
tains 10 kg of pure copper and the second piece contains 8 kg of pure 
copper. What is the percentage of copper in the first piece of brass 
if the second piece contains 15 per cent more copper than the first? 

85. The alloy of copper and tin with a mass of 8 kg contains p 
per cent of copper. What piece of the copper-tin alloy containing 
40 per cent of tin must be alloyed with the first piece in order to ob- 
tain a new alloy with the minimum percentage of copper if the mass 
of the second picece is 2 kg? 

86. There are two volumes of water with the masses differing by 
2 kg. The same quantity of heat, equal to 96 kcal, was imparted to 
each mass, and the larger mass of water was found to be 4 degrees 
cooler than the smaller mass. Find the mass of water in each of the 
two volumes. 

87. Two ships sail in a fog towards each other with the same speed. 
When they are 4 km apart, the captains back the engines for 4 min 
with the acceleration of 0.1 m/s*, and then the ships continue sailing 
with the speeds attained. At what values of the initial speed v, will 
the ships avoid collision? 

88. There are two alloys of copper and zinc. In the first alloy there 
is twice as much copper as zinc and in the second alloy there is 5 
times less copper than zinc. How many times more must we take of 
the second alloy than the first in order to obtain a new alloy in which 
there would be twice as much zinc as copper? 

89. Calculate the weight and the precentage of silver in the silver- 
copper alloy being given that the latter's alloy with 3 kg of pure 
silver contains 90 per cent of silver and with 2 kg of 90% silver 
alloy contains 84 per cent of silver. 

30. Two solutions, the first of which contains 0.8 kg and the sec- 
ond 0.6 kg of dry sulphuric acid, were poured together and 10 kg of 
a new sulphuric acid solution were obtained. Find the weight of the 
first and of the second solution in the mixture if the first solution is 
known to contain 10 per cent more of dry sulphuric acid than the second. 
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91. From a full tank containing 729 litres of an acid we pour off a 
litres and add. water to fill up the tank. After stirring the solution 
thoroughly, we pour off a litres of the solution and again add water 
to fill up the tank. After the procedure was repeated 6 times, the so- 
jution in the tank contained 64 litres of the acid. Find a. 

92. In two alloys, the ratios of copper to zinc are 5: 2 and 3:4 
(by weight). How many kg of the first alloy and of the second alloy 
should be alloyed together to obtain 28 kg of a new alloy with equal 
contents of copper and zinc? 

93. There are two barrels of petrol of different prices, with the 
volumes of 220 | and 180 1. Equal amounts of petrol were poured off 
simultaneously from the two barrels, and the petrol poured off from 
the first barrel was poured into the second barrel and the petrol 
poured off from the second barrel was poured into the first barrel. 
Then the price of petrol in both barrels became the same. How much 
petrol was poured from one barrel into the other? 

94. In two alloys copper and zinc are related as 4:1 and 1: 3. 
After alloying together 10 kg of the first alloy, 16 kg of the second, 
and several kg of pure copper, an alloy was obtained in which 
the ratio of copper to zinc was 3:2. Find the weight of the new 
alloy. 

95. Two litres of glycerine were poured off from a vessel filled up 
with pure glycerine to the brim and 2 litres of water were added. 
After the solution was stirred, 2 litres of the mixture were poured off 
and again 2 litres of water were added. Finally, after the solutions 
was stirred again, 2 litres of the mixture were poured off and 2 litres 
of water were added.- As a result of these operations the volume of 
water in the vessel became larger by 3 litres than the volume of glyc- 
erine remaining in it.. How many litres of glycerine and water were 
there in the vessel after the operations performed? 

96. There are two alloys of zinc, copper, and tin. The first alloy is 
known to contain 40 per cent of tin and the second alloy 26 per cent 
of copper. The percentage of zinc is the same in both alloys. Having 
alloyed 150 kg of the first alloy and 250 kg of the second, we get a 
new alloy which contains 30 per cent of zinc. How many kg of tin 
are there in the new alloy? : 

97. There are two alloys with different percentages of lead. The 

first weighs 6 kg and the second 12 kg. A piece of the same weight 
was cut off from each of them and was alloyed with the remaining 
part of the other alloy. As a result, the percentage of lead pecame 
the same in both alloys. What was the weight of each cut-off 
‘piece? 
. 98. After two successive rises, the salary became equal to 15/8 
parts of the initial salary. By how many per cent was the salary 
raised first time if the second rise was twice as high (in per cent) 
as the first? 
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99. The ratio of the salary of a worker for October to that for 


November was 1 + 4 + , and the ratio of the salary for November to 


that for December was 2 : 22. The worker got 40 roubles more for 


December than for October and received a bonus constituting 40 per 
cent of the salary for three months for overfulfilling a quarterly 
plan. Find the hones. (Assume that the number of workdays is the 
same in every month.) 

100. After two successive rises of the salary, equal in per cent, 
the sum of 100 roubles turned into 125 roubles and 44 kopecks. 
Find the rises of the salary in per cent. 

101. The output of an enterprise increased by 4 per cent during a 
year and by 8 per cent during the next year. Find the average yearly 
increase in the output during that period. 

102. The price of a certain article was raised by 25 per cent. By 
how many per cent must the price to result? 

{03. An object moved for several seconds and covered 3 m in the 
first second and 4 m more in each successive second than in its pre- 
decessor. If the object covered 1 m in the first second and 8 m more 
in each successive second than in its predecessor, then the difference 
between the path it would cover during the same time and the actual 
path would be more than 6 m but less than 30 m. Find the time for 
which the object moved (in seconds). 

104. A railway embankment 100 m long must be constructed whose 
cross section would be an isosceles trapezoid with the lower base 
equal to 5 m, with the upper base not smaller than 2 m, and with the 
slope equal to 45°. How high should the embankment be for the vo- 
lume of excavations to be not smaller than 400 m° but not larger 
than 500 m*? 

105. The boat sails down the river for 10 km and then up the river 
for 6 km. The speed of the river flow is 1 km/h. What should the range 
of the actual speed of the boat be for the trip to take from 3 to 4h? 

106. The width of the river is a m, the speed of its flow is w m/s, 
the speed of a swimmer in still water is v m/s (v < w), and the speed 
of his travelling over dry land is u m/s. What is the least possible 
time that the swimmer should spend to reach a point located on the 
opposite bank just opposite the place from which he began crossing 
the river? Assume that in the water the swimmer does not change the 
direction he has choser at the very beginning and that the vector 
of the speed of the river 1: -w is parallel to/the banks of the river which 
are assumed to be straight. 

107. Points A, B, C are located so that | AB] = 285 km, 
¢~. ABC = 60°. A car leaves A for B at 90 km/h and at the same time a 
train starts from B to C at 60 km/h. In what time will the distance 
between the car and the train be the least? 
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108. Three points A, B, and C are located at the vertices of an 
equilateral triangle with sides equal to 168 km. A car starts from A 
to B at 60 km/h and: at the same time a car starts from B to C at 
30 km/h. In what time after their departure will the distance between 
the cars be the least? 

109. Piers A, B, and C are located on a river bank, the speed of 
whose flow is 5 km/h, in the direction of its flow, pier B being loca- 
ted midway between A and C. A raft and a launch leave pier B at the 
same time, the raft travelling down the river to pier C and the 
launch travelling to A. The speed of the launch in still water is 
v km/h. Having reached A, the launch reverses its direction and 
starts to C. Find all the values of v for which the launch arrives at C 
later than the raft. 

110. Points A and B are 120 km apart. A motor-cyclist starts from 
A to B along a straight road AB with the speed of 30 km/h. At the 
same time, a cyclist starts from B along a road, which is perpendicu- 
lar to AB, with the speed of 10 km/h. When will the distance between 
them be the least? 

414. Point B is 60 km distant from a‘straight railway..The dis- 
tance, along the railway, from point A to point C, which is the near- 
est to B, is 285 km. At what distance from point C should a station 
be built in order to spend the least time to cover the distance between 
A and B, if the speed of travelling by train is 52 km/h and that of 
travelling along the road is 20 km/h? 

112*. Point N is located on the bank of a river 1 km wide, and 
the speed of the river flow is 1 km/h. A point M is not less than 
3 km lower down the river, on the other bank. A fisherman starts 
from point M and walks along the bank towards N at 4 km/h. At the 
same time, a boatman starts from point JN, crosses the river, waits 
for the fisherman and takes him to point NV. The boatman rows across 
the river and back again along a straight line, having chosen the 
direction allowing him to spend the least possible time, 9/8 h, on 
the trip to NV and the return trip. The speed of the boat in still water 
is 4 km/h. Find the distance between points M and N (down the 
river). 

is A self-propelled barge must transport a rush cargo from a 
river pier A to pier B located 24 km from point A up the river and 
return to A as soon as possible to take a new cargo. The speed of the 
river flow is 6 km/h. What must the least actual speed of the barge 
be for the trip from A to B and back again to take not more than 
three hours (not counting the time of loading and unloading)? 

414. Represent the number 1.25 as a product of three positive 
factors so that the product of the first factor by the square of the 
second be equal to5 and the sum of the three factors be the least. 

445. Find a number z such that the sum of that number and its 


square is the least. 
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116. For what minuend is the difference the greatest if the sub- 
trahend is equal to double the square of the minuend? 

117. Decompose the number 20 into two terms such that their 
product is the greatest. 

118. A tourist travels from point A, which is on a highway, to 
point B, which is 8 km from the highway. The distance between A 
and B along a straight lineis 17 km. At what point would the tour- 
ist turn from the highway to reach point B in the shortest possible 
time, if his speed along the highway is 5 km/h and over the land 
without roads, 3 km/h. 

119. An object begins moving at time moment ¢ = 0 and, 4 s 
after the beginning of motion, attains the acceleration of 3 m/s?. 
Find the speed of the object 6 s after the beginning of motion and the 
path traversed by the object during that time if it is known that the 
speed of the body varies according to the law v (t) = (t? + b-t + 6) 
m/s and the object moves along a straight line. 

120*. Two trains start simultaneously from points A and B to- 
wards each other. Each of them first moves with uniform accelera- 
tion (the initial speeds of the trains are equal to zero, the accelera- 
tions are different), and then, having attained a certain speed (at 
different time moments), uniformly. The ratio of the speeds of the 
uniform motion of the trains is 4: 3. At the time of their meeting, 
the speeds of the trains were equal and they arrived at points A 
and B simultaneously. Find the ratio of the accelerations of the 
trains. 

{21. The distance between points A and B is 120 km. A motor- 
cyclist, travelling without stops, covors that distance in 8 h if he 
travels from A to an intermediate point C with the speed v, km/h 
and then continues on his way to B with an acceleration of a km/h?. 
He will need the same time to cover the whole distance if he travels 
from A to C at v, km/h and from C to B at v, km/h, or from A to C 
at v, km/h and from C to B at v, km/h. Find v, if the parameter a 
is equal to 2v, in magnitude and v, ~ v,. 


1.14. Complex Number 


Complex numbers are pairs (zr, y) of real numbers z and y for 
which the concept of an equality and the operations of addition and 
multiplication are defined as follows. 

Two complex numbers (x,, y,) and (rq, y,) are equal if x, = x, and 
¥. = Yo. We write 


(Xy. Ys) = (Ze, Yo)o (1) 


The sum of two complex numbers (z,, y,) and (xq, y,) is a compler 
number (x, + 22, Y,; + Y2). We write 


(Zi, 1) + (Za, yo) = (2, + Ton Ys + Yo)- (2) 
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[he product of two complex numbers (x,, y,) and (x,, y,) is a comp- 
lex number (1,%_ — Y,Yo, LYe + ToY,). We write 


(X15 Yi) (Ze, Yo) = (4 2X_ — YiYor LyYo + Xo). (3) 


It follows from formulas (2) and (3) that (z,, 0) + (z,, 0) = 
(z, + 2x, 0) and (z,, 0) (z,, 0) = (z,2,, 0) and, consequently, the 
operations of addition and multiplication of complex numbers of the 
form (z, 0) coincide with the addition and multiplication of real 
numbers z, and, therefore, complex numbers of the form (z, 0) are 
identified with real numbers z: (z, 0) = z. 

A complex number (0, 1) is called an imaginary unity and is de- 
noted by the letter i, i.e. i = (0, 1). Applying formula (3), we have 
i? = i-i = (0, 1) (0, 1) = (—1, 0) = —41. 

It follows from formulas (2) and (3) that 


(0, y) = (0, 1) (y, 0) = ly, 
(zy y). = (z, 0) + (0, y) = x + iy. 


The notation of a complex number as x + iy is said to be its algebraic 
form. The complex number iy =. (0, y) is called an imaginary num- 
ber. A complex number of the form x + iy is usually denoted by one 
letter, say, 2: 2 = x + iy, and in this case z is said to be a real 
part and y, an imaginary part of the complex number z. We write 
x= Rez, y = Imz. . 

It is easy to verify that the operations of addition and multiplica- 
tion we have introduced obey the familiar laws of algebra: 

(2, + 2.) + 23 = 2% + (2 + 23), associative law of addition, 

Z, + 2, = 2, + 2,, commutative law of addition, 

(2,25) 23 = 2, (2,23), associative law of multiplication, 

ZZ, = 2,2,, commutative law of multiplication, 

(z, + 2,) 23 = 2423 + 2223, distributive law. 

These properties make it possible to operate with complex numbers 
as with ordinary binomials, with due regard for the equality i? = 

In the set of complex numbers, the numbers 0 = (0, 0) and 1 = 
(1, 0) have the same properties as in the set of real numbers, 
namely: 


z2+0=2,20=0, 2-1 =z. 


The difference between any two complex numbers z, = 2, + iy, 
Z, = 2%_ + iy, exists and is uniquely defined, and in that casez, — 
Z_ = 2, — Ty + i (Ys — Yo)- 

The number x — iy is said to be a complex conjugate of the number 
z= 2 -++ iy and is designated as Ze 
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For any complex number z, and any complex number z, + 0 the 
quotient z,/z, exists and is uniquely defined, and in that case 


Ay tits tata yy FAs 

23 ZoZa 3+ y3 z3+y3 
The nonnegative number r=|z)=V2zz=Vrry is called a 
moduius, or an absolute value, of the complex number z. The 
absolute value of a complex number possesses the properties: 


|z|=0 z= Q, 


| 2, 2g -.. ml =l|ayt leet... land, 
[24 +2,/< [2 | + | 2], 
| 2 — 22] > 1% | — | 2, |. 


The magnitude of the angleg € (—x, x), which satisfies the system 
of equations 


cos p = 2/V 22+ y?, 

sing=y/Vx2t+y?, V2t+y2-AU, 
is the principal argument of the number z, and @ + 2nn (n € Z) is 
the argument of the number z. 

The notation z = r (cos g + isin ~) = r (cos (pg + 2nn) + 
isin (p + 2nn)) is the trigonometric notation of a complex number 
(r ~ 0). 

If 

Zz, =r, (cos g, + isin g,), 
then 
242, = Myr, cos (~, + @, + 2nn) + isin (g, + g, + 2nn)), 
2;/2, = r,/rz [cos (p, — Pg + 2nn) 4+ isin (9, — py + 2nn)l]. 

De Moivre's theorem. If z = r (cosg + ising). r¥0, nEN, 

n>2, then 
[r (cos p + i sin g)]" = r” (cos np + i sin ng), 


in particular, (cos p + i sin pg)" = cos ng + isin ng. 
A root of a complex number. If n€N, n>2, 2 =7 (cosg + 
ising), r= 0, then 


Y2z=V/r (cos eo enh + isin ea) 
k=0, 1, «s..,n—1. 


In particular, /0=0. 
The solution of the quadratic equation az? + br +c = 0, a,b 
cé€ R. If D = db? — 4ac > 0, then the roots are real: 


9 
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If D <0, then the roots are complex numbers, and 


=b= iY =D —b+iV —D 
2a i a 


The following assertion holds true (Gauss’ theorem): any polynomial 
of degree n has exactly n roots (with due regard for their multiplicity). 


( Represent the following complex numbers in trigonometric form 
1-16 

1. —1. 2. —i. 3. —VW3 +i. 

4. —V3—i. 5. —3 — 4i. 6. 3 ~— 4i. 7. 5. 


8. 34 V3 9. sin 32° + icos 32°. 


10. cos 12° — isin 12°. 14. —sin 110° + i cos 110°. 
12. sina —icosa. 13. sina + icosa. 

14. —sina —icosa. 15. 1+ itana. 

16. 1 + icota. 


Perform the indicated operations (17-23). 
17. (cos 12° + i sin 12°). 

18. (-V2 + VY 2i)*. ; 

19. (—V3 — i)% 20. (—1 + VY 30). 

21. (1 + i). 22. (4 + cos @ + isin gq)". 
23. (1— cosq ising)”. 


: 1 
24. Prove that if z+—z=2cosa, then 2"+ knee 2cosna. 
x an 


25. Applying De Moivre’s theorem, express cos 3a and cos 4a 
in terms of cos a, and sin 3q@ in terms of sina. 


Calculate (26-30). 
26. Vi. 27. 7 —i. 28 7 —1. 
SSS 
1 -V3 
29. V — > mat 
30. 7 1. 
Solve the following equations (31-32). 
31.6244 i)27-—~4(2—ix—5-—3i=0. 
32, (<1 )"=1. 


33. Prove that the polynomial 23% + 28"*! + z%*? is exactly 
divisible by z? + x'+ 1 if m,n, k are any nonnegative integers. 


11¢ 
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Indicate the points of the complex plane z which satisfy the fol- 
lowing equations (34-39). 

34. Rez? = 0. 35. Im 2 = 0. 36. [z| +z = 0. 

37. |z[?+2=0. 38. 2+ {2|]=0. 

39. 227+ (s|=0. 


40. Prove that 
| 2, + 2, |? + | 2, — 2, |? = 2 (fz |? + | 2, |?) 


for any two complex numbers z, and Zp. 


41, Prove that z+ z, zz are real numbers. 
42. Prove that 


2 sk 2_ = 2, + 25, 
23+2.+... +2, = 2+ 2+ tee Sn} 2425 = 2425, 
2423 eee Zn = 2425 evieiie Zn} 2 = 2”: (2;/Ze) = 2,/ Zo. 
43. Assume P, (z) =a,z2"+a,_\2""'!+...+-a,z+a,). Prove that 
Py, (2) = nz" + an_y2™! +... +4,2-+ ay, 
If dy, Qpny,.--,@, @) are real numbers, then prove that 
Pi, (z)=P, (z). 


Find the points of the plane which satisfy the following equa- 
tions (44-47). 
44, |z+i]/=|z4+2|. 45. |z—2| =|z-+2i]. 


46. |S [=1. 47. | Ste =. 


Find the points of the plane which satisfy the following inequali- 
ties (48-57). 
48.|z—1/>[z2—i|. 49. [z+ 2i])<]2—1). 


50. | 2 |<. 51. [z+il<i. 


52. | 22-i]< 2.58 14<|[2+4—i[ <2. 
Ba. 1< | 32-11 <3. 


55. 1/V2<|/A+i)2+i] < V2. 
96. |z—z|<|z—i |. 
of. |z+il<[z—z2|[<]z—1 . 


98. Find the least value assumed by the function w =| 2+ =| , 


where z is a complex variable, |z|>2. 


Part 2 


- FUNDAMENTALS 
OF MATHEMATICAL ANALYSIS 


2.1. Sequences and Their Limits. 
An infinitely Decreasing Geometric Progression. 
Limits of Functions 

{. The sum of the terms of an infinitely decreasing geometric 
progression is equal to the greatest value of the function f (x) = 
x* + 3x — 9 on the interval [—2, 3]; the difference between the first 
and the second term of the progression:is f’ (0). Find the common 
ratio of the progression. 


Find the following limits (2-59). 
. V2n+i—Vn?+i 
2. 1 
‘ 4 2 —1 
3. lim (G+4t+...+7}. 


n—+oo 
a 


j 1 | 
4. lim (4---+99—----+ Se 


noo 


5. lim (septarpe t+ -b pa) 
6. lim Tapp FORT 

7. lim EERE y Ee 

8. lim ete. 


Ti-- OO 


? 3 : 2" . ni 
9. lim ar - 10. _ T° 11. lim |. 


= co N-» Go 


’ 3 

42. lim ap 52—4" 
 ~4-+an+ne 

aes ae 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


3 


* 


By 


31. 


32. 


m 


lim cl Shc ol 
z*§— 3z—10 ° 


x+—-2 
lim (4-+ 2)? — 64 
x0 ad ; 


lim (4:2) 1+-22) (4+ 3z)—~1 
x--0 sd 
(4 + z)§— (1-+ 52) 


z?+ 26 ; 


lim peat Se 
ze2g t — 122+ 20° 


lin << 
eae z4+72+ 10 ° 


tig 

lim V z—1 

x-i z?—1 

lim ¥2+3-—3 

x—~6 z— 

li Vi+z—1 

x--0 = 

lim Ve~i-2 
z—5 
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“p= 
lim yz—2 . 

x16 V r—4 

x+0 ¥ {+2—j/1—27 : 

. (3—VWz 4 zt 162 
lim a= ee a) ‘ 


lim [ (3a — GES=) "+3 SS). 
[ (S86) (SE -e)I 
lim zcot 3z. 
x0 
cos (z2) — sin (z/2) 
COS : 


lim 

x-0 

sin 5z 
z 


lim 
x0 
; 4—cos z 
lim —+;-——. 
x0 
lim gin 5z— sin 32 

a sinz 
cos x — COS 2 


t—a 


lim 

x~a 
2sin?z+sinz—1 

2sin?'z—3sinz+1 ° 


VY 1—cos z? 
x+Q 1-—cosz 


sinz—tanz 
sin> z 


q 
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- £4+32—4 
52. lim seer (a ae 


53. lim (=> ape): 


| : 223 +-7z--2 
D4. lim 6z3—42+3 ° 


4 (z— 1) (x — 2) (x —3) (x —4) (2 —5) | 
95. lim as (8 || ee 


_ Vx+i-z 
6. in 
57. lim (zx —YV 22+ 52). 


99. lim 2 


xg 2tan(z+n7) * 
60. Using the definition, show that the function 
xsin(i/z) if 20, 
(2) =| 0 if z=0 


is continuous at the point z = 0. 
61. Using the definition, show that the function 


sin z ; 
if z<0, 
f (2) = va 
{ if z=0 
ig discontinuous at the point z = 0. 


2.2. The Derivative. Investigating the Behaviour of 
Functions with the Aid of the Derivative 


1. Given a function f (x) = sin? 2z. Find 
i f'() 
2 cos 2zr° 
-2. Calculate f’ (rz) + f (x) + 2 if f (z) = z sin 2z. 
3. Simplify the expression for f (x) and ‘then find f’ (x) if 
= V z—2 z—2 z—i 
1O= (SSS F V tH 4—c5 )~ (sys+nt! } 
2 
xX Viti . 
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4. Simplify the expression for f (x) and then find f’ (z) if 


_{(_2Ve+3y2 _¥2—3 = loges x 
f (2) = ( VY 6r+1272+9 2y Gale : eer 

Prove the following identities — 

5. f’ (4) +f (1) = —4f (0) if f (x) = 8 + 2 — 22 — 3. 


6. f (x) — 2af (2) + =f (0) —f' (0) = 1 if f (x) = 3e™. 
7. f (2) + f(2)+f{+)-—=0 if f(2)=Inz. 
8. 27 (c++) /(2-Z) =f ()—F(22+—4), where, f(z) = 


COS Z. 


9. Find the set of values of z which satisfy the condition [ (z)]’ + 
p (xz) = Oif o (x) = cosz. 


Given two functions f (xz) and g (x). For what x does the equation 
f (x) = g (z) hold true? (10-13). 

10. f (xz) = sin‘ 3z and g (z) = sin 6z. 

11. f (z) = sin’ 2z and g (z) = 4 cos 2x — 5 sin 4x. 

12. f (cz) = 22? cos? (z/2) and g (x) = x — 2’ sin z. 

13. f (x) = 4x cos? (z/2) and g (x) = 8 cos (z/2) — 3 — 2z sin x. 


For what:z is the derivative of the function f (r) equal to zero? 
(14-16). 

14. f (xz) = 1 — sin (xn + z) + 2 cos ((3n + 2z)/2). 

15. f (cz) = sin 32 — V3 cos 32 + 3 (cos z — V3 Sin 2). 

16. f (x) = 20 cos 3z + 12 cos 52 — 15 cos 4z 


Solve the following inequalities (17-21). _ 

17. f(z) >e @iff(@)=28+2—V2, ge) = 3% +24 
V2. 

18. f’ (x) >’ (2) if f(z) = 2 —22 + V3, g@) =P +5- 
V 3. 

19. f’ (xz) <g’ (z) if f (z) = Q/z, g (ze) =z —z 

20. f’ (z) > g" (xz) if f (x) = x + In (t — 9), g (xz) = In (x — 1). 

21. f’ (xz) > g’ (z) if f (xz) = 5**7/2, g (x) = 5* + 4z In 5. 

22. Find all jo which satisfy the equation f? (x) + 4f' (z) x 
f(z) + [f ()P = 

Find the derivatives of the following functions (23-37). 

23. y = (x + 1) (x + 2)*. 24. y = sin (cos? (tan? z)). 


i 2 3 2x 
25. lara er” es ei 26. y= T—zi: 


4 
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27. y= e* (x? —22r-4-2). 28. y= log? (z?). 
1 1 1 1 
29. Ue tt ie 30. y= In-ay7- 


31. Y= Ta: 32. y= In tan (2/2). 
33. re sinr—zcosz 34. y=In —siny 


cosz+zsinz ° ae 


35. y= 2V1+ 2%. 36. y = sin (sin (sin z)). 
37. y = (2 — z*) cos xz + 22 sin x. 


38. Prove that e* —z>1ifz>0. 


Find the intervals of increase and decrease of the following func- 
tions (39-43). 

39. y = —z (x — 2). 

40. y = 22° + 37? — 2. 


41. y= a8 — 2242 +5. 


42. f (xz) = 324 — 823 + 62? + 1. 
43. f (x) = (2* — 1) (2* — 2). 


Find the points of maximum and minimum and the intervals of 
monotonicity of the following functions -(44-52). 

44. y = 22° — 62? — 182 + 7. 

45. y = z* + 425 — 82? + 3. 

46. y = rt — 42° — 82? + 3. 

47. y = 4Sz* — 22? + 3. 

48. f (x) = 23/(z? + 38). 


49. f(x) = ere) | 


AQ. f (xz) = (x — 4) es*, 
o1. f (x) = z-e-**, 
o2. y= 2z—I|nz. 


Find the critical points of the following functions and test them 
for their maxima and minima (53-63). 

o3. y = 227 + 2 + 2. 

D4. f (x) = 3x4 — 47°. 

99. y = z* — 1027? + 9. 

96. y = (x — 3)? (x — 2)?. 


988. y = 2? —2*?+ 8 
3 
59. f(2)=3>+ > 
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60. f(z) = Bade? 


oe 
61. {H=z — In (xz? — 8). 
62. y = ae 
63. y = z-e~*’. 


64. Find all values of z for which the function y = sin z — 
cos? z — 1 assumes the least value. What is that value? 
65. For what real vaiues of a and b are all the extrema of the 


function / (z) = = 2 + 2ax* — 9x + b positive and the maximum 


is at the point z, = —5/9? 

66. For what real values of a and b are all the extrema of the 
function f (x) = a’zx*? — 0.5azx* — 2x — b positive and the mini- 
mum is at the point z, = 1/3? 

67. For what real values of a and b are all the extrema of the 
function f (zx) = a’x3 + az? —x-+ 0) negative and the maximum 
is at the point z, = —1? 

68. Find the constant p for which the function f (z) = pz? + 
Spr ot 2 — 12 has a maximum at the point z = 9/4. 


69*. Depending on p, indicate the values of a for which the 
equation 2° + 2pz* + p = a has three distinct real roots. 

70. Find the greatest value of the function y = 10 + 4z ln 9 — 
37-1 ae 33-*, 

71. Find the greatest value of the function y = 7 + 22 1n 25 — 
57-1 ne 52-~, 

72. Find the least value of the function y = 3* + 2-3°-* — 


xz ln 27 — 9. 
73. For what value of z does the — 


i ea aces ars ae 


assume the least value? 


Find the greatest and the least values of the following functions 
(74-93). 


74. y= 3__4zr on the interval [0, 2]. 

75. f (c) = —a? + 32? + 5 on the interval -[0, 3]. 

76. f (x) = an" — Oxy? + 127 ou the interval (0, 3). 

77. f (x) = 323 — 9x? + 2 on the interval [—41, 4]. 

78. f (xc) = 22° + 32? — 12x + 30 on the interval [—3, 3]. 
79. f (x) = 223 + 3x? — 12x + 1 on the interval [—1, 9]. 
80. y = 2° — 4x2 + 4x + 3 on the interval [—1, 3}. 

81. y = 2° — 3x? + 3x + 2 on the interval f2=2..-2). 


A 
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82. y -= x? (22 — 3) — 12 (3x — 2) on the interval [—3, 6]. 
83. y = |2° — 3x? + 5] on the interval [0, 3]. 


84. f (x) = z* — 8x? — 9 on the interval (0, 3]. 
85. y = z* — 8z? — 9 on the interval [—1, 14}. 
86. y = z> — x + 2 +2 on the interval [—4, 1]. 
87. f (xz) = 27] (2x — 1) on the interval [3/4, 2]. 
88. { (x) = (2* + 2-*)/In 2 on the interval [—4, 2]. 
89. f (x) = 2-39* — 4.3%* + 2.3* on the interval {[—1, 4]. 
90. f (x) = 2.28% — 9.27* + 12.2* on the interval [—1, 1]. 
91. f (xz) = sin z + cos 2z on the interval [0, x]. 
92. ~ (xz) = cos 32 — 15 cosz + 8 on the interval [x/3, 3x/2]}. 
93. f (xz) = (5 + sin xz) cos x + 3z on the interval [0, x/2]. 
; : 5 4 
94*. Find the greatest value of the function f (x) = ea aS 2 


on the interval [—2, 1] depending-on the parameter b. 
95*. Find the greatest value of the function f (rz) = s* — 6bz* + 
b? on the interval {—2, 1] depending on the parameter b. 
96. Find the extrema of the function f (z) = 2z sin 2x + cos 2x — 
V 3 on the interval [—x/2, 3n/8]. 
97. Prove that the inequality 
min f (x) > —7/18 


(-x, x} 


holds for the function f (x) = (cos z)? (sin z). 
98. Prove that the inequality 


max f (z)< 0.77 
(-x, 3) | 


holds for the function f (z) = (sin z) (sin 2z). 


Set up an equation of a tangent to the graph of the following func- 
tions (99-108). 


99. y = z* — 2z at the points of its intersection with the abscissa 
axis. 

100. y = —z* — 1 at the point z = 2. 

101. y = 2x7 + 1 at the point (1, 5). 

102. y = 4z — 2° at the points of its intersection with the Oz 
axis. 


103. y = x? — 2x + 5 at the point of its intersection with the 
Oy axis. 


104. y= (e*/2 + e-3/2) at the point with abscissa x= 2 In 2. 


105. y = 2-* — 2-* at the point with abscissa z = 2. 
106. y = 3* + 3-* at the point with abscissa z = 1. 
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107. y = (2% — 1) e-*) at the point of its maximum. 

108. y = —x? — 2 which is parallel to the straight line y = 
4x + 1. 

109. The tangent to the curve y = 4 — x? makes an angle of 75° 
with the Oz axis. Find the coordinates of the point of tangency. 

110. Find the value of the coefficient & for which the curve y = 
z* + kx + 4 touches the Oz axis. 

111. Find the point on the curve y = z?.— xz + 1 at which the 
tangent is parallel to the straight line y = 3r — 1. 

112. Find the point on the curve y = 427? — 6x + 3 at which 
the tangent is parallel to the straight line y = 2z. 

113. Two points with abscissas xz, = 1 and z, = 3 are taken on 
the parabola y = z’. A secant is drawn through those points. Find 
the point of the parabola at which the tangent drawn to it is parallel 
to the secant. Write the equation of the secant and the tangent. 

114*. Find the points at which the tangents to the curves y = 
f(z) =x —az—t and y = g (x) = 32? — 4x +1 are parallel. 
Write the equation of the. tangents. 

115. Find the angle between the tangents to the graph of the 
function f (x) = 2? — 42? + 32 + 1 drawn at the points with ab- 
scissas 0 and 1. 

116. Find the angle between two tangents drawn to the parabola 
y = x? from the point (0, —2). 

117. Find the angle between the tangents drawn to the parabola 
y = —dz* from the point (0, 2). 

118. Find the equations of the common tangents to the parabolas 
y = z* and y = —2z? + 32 +2. 

119. Find the equation of the tangent to the parabola y = z* — 
7z +3 if that tangent is parallel to the straight line oz + y — 
a = 0. 

120. At what points does the tangent to the graph of the func- 


tion y= — make an angle of 135° with the Ox axis? 


121. Find the points at which the tangent to the curve y = x — 
0.5 sin 2x — 0.5 cos 2x + 16 cos z is parallel to the abscissa axis. 

122. Find the angle between the tangents to the graph of the 
function y = x* — x at points with abscissas z, = —1 and x, = 1. 

123. A tangent is drawn at the point © (1, 8) to the curve y = 
V 6 — 2). Find the length of its segment included between the 
coordinate axes. 

124. Find the greatest volume V of the cone with genectrix a. 

425. A sector with a central anglec is cut off from a circle. A cone 
is made of the remaining part of the circle. At what value of a 
is the capacity of the cone the greatest? 

126. The lower base of an isosceles trapezoid is / and the base 
angle is a. The diagonal of the trapezoid is perpendicular to one of 


a 
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its nonparallel sides. At what value of a is the area of the trapezoid 
the greatest? Find the greatest area. 

127. The base of the pyramid is an isosceles triangle with the 
base angle a. Each of the base dihedral angles is equal to g. The 
radius of the sphere inscribed in the pyramid is A. Find the volume 
of the pyramid. At what value of a is the volume of the pyramid the 
least? 

128. A cone is circumscribed about a sphere of radius R. The 
vertex angle in the axial section of the cone is 2a. Find the area of 
the axial section of the cone. At what value of « is the area of the 
cone the least? 

129. The regular. quadrilateral pyramid of volume V is circum- 
scribed about a hemisphere so that the centre of the base of the pyra- 
mid Jies at the centre of the sphere. The angle between the lateral 
face of the pyramid and the plane of the base is a. Find the volume 
of the hemisphere. At what value of a isthe volume of the hemi- 
splere the greatest? 

130. Find the equations of the common tangents to the parabolas 
y=2*?*—5r2+6 and y=2r’t+24 i. 

131. Prove that the curve y = z* + 32? + 2z does not meet the 
Straight line y = 2x — 1 and find the distance between their nearest 
points. 

132. The open body of a lorry is shaped as a rectangular parallel- 
epiped with the surface area 2S. What must be the length and the 
width of the body for its volume to be the greatest and the ratio of 
the length to the width to be equal to 5: 2? 

133. The printed text takes 432 cm? of a page. The width of a 
margin at the top and bottom of the page is 2 cm and that of the 
lateral margins is 1.5 cm. What must be the width and the height of 
the page for the quantity of the paper used to be the least? — 

134. Represent the number 48 as the sum of two positive terms 
such that the sum of the cube of one of them and the square of the 
other is the least. 

135. Given an open reservoir, with a square bottom, 32 m? in vol- 
ume. What should be its dimensions for the material needed to face 
its walls and bottom to be the least? 

136. At what angle a should a straight line be drawn through 
the point (15, yo) for the length of the segment intercepted between 
the coordinate axes to be the least? 

137. The base of the pyramid is an isosceles triangle whose area is 
S and the acute vertex angle is a. Find the volume of the pyramid 
if the angle between each lateral edge and the altitude of the pyra- 
mid is 8. For what value of « is the volume the least? : 

138. In 9 regular hexagonal pyramid a lateral edge is 1 cm long. 
For what length of the side of the base is the volume,of the pyramid 
the greatest? | 
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139. A.chute has to be made from three boards of the same width. 
For what angle of inclination of the lateral sides will the cross-sec- 
tional area of the chute be the greatest? 

140. Find a cylinder which would have the greatest volume for 
the given area S of its total surface. 

141. The volume of a right triangular prism is V. The base of the 
prism is an equilateral triangle. What must be the length of the 
me the base for the total surface ‘area of the prism to be the 
east: 

142. A lateral edge of a regular rectangular pyramid is a long. 
The lateral edge makes an angle @ with the plane of the base. For 
what a is the volume of the pyramid the greatest? 

143. Among all regular triangular prisms with volume V find the 
prism with the least sum of the lengths of its edges. What is the 
length of a side of the base of that prism? 

144. Among all rectangular parallelepipeds with square base 
inscribed in a given sphere find that which has the greatest lateral 
area. 

445. The bases of a regular prism are squares. One of the bases ot 
the prism belongs to the large circumference of a sphere of radius R, 
and the vertices of the other base lie on the surface of that sphere. 
What must be the length of the altitude of the prism for the sum of 
the lengths of all its edges to be the greatest? 

146. A tin must be shaped as a cylinder with 1 dm® capacity. 
What must be the radius of its bases for the area of the tin sheet 
used to make the tin to be at a minimum? 

147. Find the altitude of the cylinder with the greatest lateral 
area which can be inscribed in a sphere of radius A. 

{48. The lateral area of a cone is S. For what radius of the base 
does the sphere inscribed in that cone have the greatest vol- 
ume? 

149. Given a sphere of radius r. Inscribe in it a cone which has 
the greatest lateral area. Find that area. 

150. In a regular triangular prism the distance from the centre 
of one base to one of the vertices of the other base is /. For what 
length of the altitude of the prism is its volume the greatest? Find 
that greatest value of the volume. 

151. Find the altitude of the cone of the least volume circum- 
scribed about a hemisphere of radius R = Y 3 so that the centre of the 
base of the cone coincides with the centre of the sphere. 

152. A right circular cylinder of altitude H is inscribed in a 
sphere of radius R. Find the volume of the cylinder: For what H is 
the volume the greatest? Find the greatest volume. 

153. A cylinder with the greatest lateral area is inscribed in a 
sphere. Find the ratio of the radius of the sphere to that of the base 
of the cylinder. 


4 


176 2. Fundamentals of Mathematical Analysis 


154. A cylinder of the greatest volume is inscribed in a sphere. 
How many times is the volume of the sphere greater than that of the 
cylinder? 

155. A cylinder with the greatest lateral area is inscribed in a 
sphere of radius R. Find the volume of the cylinder. 

156. A cone of the greatest volume is inscribed in a sphere. Find 
the ratio of the radius of the sphere to the altitude of the cone. 

157. Acone of the least volume is circumscribed about a cylinder 
the radius of whose base is a. The planes of the bases of the cylinder 
and the cone coincide. Find the radius of the base of the cone. 

158. A sphere of unit radius is inscribed in a cone whose genera- 
trix makes an angle of 2 with the plane of the base. Find the lateral 
area of the cone. For. what valucs of g is that area the least? 

159. A regular rectangular pyramid is inscribed in a sphere of ra- 
dius R so that all the vertices of the pyramid belong to the sphere. 
What must be the altitude of the pyramid for its volume to be the 
greatest? Find the greatest value of the volume. 

160. A regular hexagonal prism is inscribed in a cone of altitude 
H with the base radius A so that one base of the prism lies in the 
plane of the base of the cone and the vertices of the other base be- 
long to the lateral surface of the cone. What must be the altitude 
of the prism for its volume to be the greatest? Find the greatest 
value of the volume of the prism. 

161. A cylinder with the greatest lateral surface is inscribed in a 
cone. Find the ratio of the altitude of the cone to that of the cylinder. 

162. A cylinder of the greatest volume is inscribed in a cone. 
Find the ratio of the radius of the base of the cone to the radius of 
the base of the cylinder. 

163. A cylinder is inscribed in a cone with altitude H and the base 
radius R so that its one base lies in the plane of the base of the cone 
and the circumference of the other base belongs to the lateral sur- 
face of the cone. What must be the altitude of the cylinder for its 
volume to be the greatest? Find the greatest value of the volume. 

164. All the edges of a triangular prism ABCA,B,C, are of the 
same length and all the plane vertex angles A are congruent. K and 
L are the midpoints of the edges [A A,] and [AB]. Where on the edge 
JAC] must a point Af be chosen for the area of the triangle KLM 
to be the least? 

165. A straight line is drawn through a point N (2, 4); its segment 
forms a right triangle with the segments (zr > 0, y > 0) of the coor- 
dinate axes. What must be the length of the larger leg for the area 
of the triangle to be the least? 

166. A boat is at a point Q of the lake, which is 6 km distant from 
the nearest point A of the bank. The boatman must get to the point B 
which is 11 km away from A on the bank. The speed of the boat is 
3 km/h and the speed with which the boatman can walk along tt 
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bank is 5 km/h. The boatman has calculated that if he first rows to 
the point C which is between A and B and then walks to the point B, 
then it will take him the least time to get from Q to B. Find the dis- 
tance between the points A and C, assuming that the boat travels 
One a straight line and that the bank of the lake is a straight 
ine. 

167. Acar travels from point A to point C. Its speed from point A 
to point B, which is between A and C, is 48 km/h. At point B the 
driver decreases the speed of the car by a km/h (0 < a < 48) and 
covers with that speed 1/3 of the way from B to C. The remaining 
part of the way from B to C he drives with the speed which exceeds 
the initial speed (48 km/h) by 2a km/h. For what value of a will it 
take the car the least time to cover the way from B to C? 
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1. Investigate the behaviour of the function y = 32? — 6z + 0 
and construct its graph. Find the greatest and the least value of the 
function on the interval [0, 2]. 

2. Find the greatest and the least value of the function f (z) = 
x3 — 3x? + 2 on the interval [—1, 3] and construct its graph on 
that interval. 

3. Investigate the behaviour of the function y = 2° — 3x + 2 
and construct its graph. 

4. Investigate the behaviour of the function y = 2° — 4z* — 
32 + 12 and construct its graph. 

5. Given a function y = 2? — 9x + 1. Investigate its behaviour 
with the aid of the derivative and construct its graph. 

6.- Find the intervals of monotonicity and the extrema of the func- 
tion f(z)=2— z2— 28 and construct its graph. 

7. Find the least and the greatest value of the function f (x)= 

1 9 


1 ; ’ 
it +a * 5 = On the interval [—2, 1] and construct it 


graph on that interval. 

8. Find the intervals of monotonicity and the extrema of the 
function { (z) = (z? — 527 — 8z)/3 and construct its graph. 

9. Test the function y = (x? — 4z)/4 for monotonicity and extre- 
ma and construct its graph. Calculate the area of the figure bounded 
by the graph of the function and the straight line y = 2 (2 + 2). 

40. Construct the graph of the function y = z (z* + 3z + 2). 
Write the equation of the tangent to the graph at the point with ab- 
scissa z, =: 0. Find the coordinates of. the points of intersection of 
the taneent and the graph of the function. 


12-0120 
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11. Construct the graph of the function y = (z? + z) (x — 2). 
Write the equation of the tangent to the graph at the point with 
abscissa zy = 0. Find the coordinates of the points of intersection of 
the tangent and the graph of the function. 

12. Investigate the behaviour of the function y = (r* — 22%)/4 
with the aid of the derivative and construct its graph. 

13. Given a function y = (6z* — r‘)/9. Investigate its behaviour 
and make a rough drawing of the graph. 

14. Given a function y = x‘ — 2z* + 5. Investigate its behaviour 
with the aid of the derivative and construct its graph. 

15. Given a function y = r* — 10z? + 9. Investigate its behav- 
iour and construct a rough drawing of the graph. 

16. Given a function y = (x — 1)? (x — 2). Investigate its 
variation and construct its graph. 

{7. Given a function y = 2?/(z — 2). Investigate its behaviour 
and make a rough drawing of the graph. 

18. Given a function y = (—z? + 32 — 1)/z. Investigate its 
behaviour and make a rough drawing of the graph. 

19. Investigate the behaviour of the function y = (zx* — 4)/ 
(x — 1)° and construct its graph. How many roots does the equation 
(z* — 4)/(x — 1)® = e possess? 

20. Investigate the behaviour of the function y = (z* + 4)/ 
(x + 1)® and construct its graph. How many solutions does the 
equation (z* + 4)/(z + 1)® = ec possess? 

21. Investigate the behaviour of the function y = 8 (z3 + z)/ 
(2z — 1)? and construct its graph. How many roots does the equation 
8 (x* + 2x)/(2x — 1)® = ¢ possess? 

22. Investigate the behaviour of the function y = 8 (z° + z)/ 
(2x + 1)° and construct its graph. How many roots does the equation 
8 (x3 + x)/(2z + 1)§ = € possess? 

23. Investigate the behaviour of the function y = (z* — 8)/ 
(x + 1)* and construct its graph. How many roots does the equation 
(x* — 8)/(z + 1)* = e possess? 


Construct the graphs of the following functions and carry out a 
complete investigation (24-28). 

24. y = sin‘ zx + costz. 25. y = (4.3)-* sin? z. 

26. y = arcsin (2z/(1 + z°*)). 


27. y= |z?—4r2+3]42z. 28. y= — 22. 


29. Construct the graph of the function y=f (x), where 
z>0. ° 


zo 2" 


f(z) =lim aye 
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2.4. The Antiderivative. The Integral. 
The Area of a Curvilinear Trapezoid 
Find F (x) from the given F’ (z) (1-7). 
4. F’ (x) = 4x +1 and F (—1) = 2. 
2. F’ (x) = 3x? — 4x and F (0) = 1. 
3. F’ (xz) = 7x? — 2x + 3, whose graph passes through the point 


, 9). 
4. F’ (x) = 1+ 2 + cos 2z and F (0) = 1. 
5. F’ (x) = sin 2x + 32? and F (0) = 2. 
6. F’ (rz) = 1/sin? xz, whose graph passes through the point 
A (x/6, 0). 
7. F' (z) = 2 sin 52 + 3 cos (z/2) which is zero for z = n/3. 


Calculate the following integrals (8-10). 
it 
g. \ dz 


cos? (2/5) ° 


mt/4 


9, \ cot2 22 dz. 


10. [ 38+ (+)"""] d: 
0 


11. Find the numbers A and B such that the function f(z) = 
3 
A.2* +B satisfies the conditions f’(1)=2, | f(z)dz=7. 
0 


42. Find all values of a which satisfy the equation 
2 


\ (t — log, a) dt = 2 log, (=) 
0 


b 
13. Find all numbers 5>1 for which | (b—42) dr>6—5b. 
i 


2 
14. Find all numbers @ for which \ (a2 4-(4— 4a) x4 425] dxr< 12. 


1 
a 
15. Find a> 0 for which the inequality \ e*dz>3/2 holds 
-a 


true. 
12¢ 


a] 
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D 
16. For what a<0 does the inequality | (3 —2.3-%) dz>0 


hold true? 

Find the area of the closed figure bounded by the following curves 
(17-97). 

17. y = 2x — x?, y = 0. 

18. y = 3z + 18 — z?, y= 0. 

19. y = 4x — 2’ and the Or axis. 
20,.y=1-+27’, y = 2. 

21. y =0, y = 277 +1, r = —1, x = 1. Make a drawing. 
22,.y=2*, y=2xr2. 

23. y= xz*?—2z, y= 32. 

24,.y= 27 —2r 4+ 3, y = 3x — 1. 

25. y = 52? 22 +4, y = 10 — x. Make a drawing. 
26. y= 2, y = Ae — 2}. 

27. y = 7x — 22%, ety = 7/2. 

28. y = 2*,'y = 0, LS 3. 

2.y= 5 —2+2, y =z, x = 0. Make a drawing. 
30. y= 2(1—z), y = 1 — x*, x = 0. Make a drawing. 
31.y=2?, y= 2—2r,y=0. ' 

32. y =0, y = 4 (2 — 2). y = @ — 1)". 

33. x = 0, y = —2r + 4, the Ox axis, and y = 2? + 1. 
34.y = 0, 2=0, y= —z+1, y=2—27. 

dS. y=, y=i1+ 72. 

36. y = 2’, y = 2z — 2’. 

37. ae PT ag y = 2 4+ 42 — 2’. 

38. y=2°+2, y= 1—2*?, r=0, tr = 1. 

39. y = 29-32 Or +4, z=0,y = 6(r4< 0). 

40. y = (627 — x‘)/9, y = 1. 

41. y = xz‘ — 1027? + 9, the Oy axis, and the Oz avis. 
42.27 =4 4y, 2ty =3. 

43. y* = 82, 2x — 3y + 8 = 

44, y =cosz, y = 0, x = 3n/4, tx = —n/4 

45. zy = 2, 2+ 2y—5 = 0. 

46. y = —2', y = 2e7, rz = 0, cr = 1. 

A7.y=2)?, y=3r +4 

48. y = 4/2, 2 =1, y= x —1. 

49. y = 2? — 2dr 4+- 3, y = 4 — 2Qz. 

0. y=, y=0, z= 2. 

of. y = 2, ar and the tangent to the curve y= VY x? — 5 


at the point M (3, 2 
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§2.y=x,y=YVa..- 

33. y = 1/r, r=1, r=2, y=0. 

94. y = 1/2?, y = 0, ce = 1/2, x = 2.5. 

95. y = sin ((mz)/2), y = 2’. 

06. y = 24 — 277 +5, y=1,2=0,72=1. 
7.y = S/z, y= 6—-z. 

98. zy =3,xr+y=4 

99. y=5—2, y = 6/z 

60. y = 5/z, y= 6—2z, x = 6. 

61. y = 1/2, y = z, x = 2. Make a drawing. 
62. y = 9/zr, y= 2, x= 9, y=0 | 
63. y= 2, y = 0, x= 4, y = 27/(x — 2) 
64 eed Si deal xz=1, r=2, and the Oz axis. 


65. y = 2V'z, 6—y=0,z2=0. 
66.y=0,y=—r+2,y=YVz. 
67. y = 22, y = 2Y 2z. 


68. y=2r, y= Vz. 

69. y= Va, y = V4 — 32, y = O. 

70. y = sinz,y=0, withOx<mr<n. 

71. y = sin 6z, x = 0, x = an, and the abscissa avis. 
72. y = sin 2z, y= 1, x = O (x > O). Make a drawing. 


73. y=cos7z, y=1i4—z, r=—. 


74. y = 1/coP* zt, y= 0, r= 0, x = a/4. 

75. y = 4sjn* xz (14 + cos? z) on the interval [—x, x] and the 
abscissa axis. 

76. y = 2cos?z (1 +sin?z) on the interval [0, 2x] and the 
abscissa axis. 

77. y = 8 sin‘ x + 4 cos 2r on the interval [0, x] and the abscissa 
axis. 


78. y = |4—27 |/4 and y= 7— [2 |. 

79. y= 2—|2—2| and y = 3/|z |. 
6 

80. y=4— 7. Earg and y=|—2z-+2|. 

81. y=3—| 3—2| andy=6/|z+1 |. 

82. z= —1, r= 2, 


—277+2, zr<cil, 
f(2)=| Qr—1, 2>1, 
and the abscissa axis. 
83. y = 0.52? — 2z + 2 and the tangents to it: y= —z + 1.5 
at the point (1, 1/2), and y = 2 — 6 at the point (4, 2). 
84. y = 227? — 8z, the tangent to that parabola at its vertex, 
and the axis of ordinates. 
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85. y? = —z — 16 and the tangents to that parabola drawn 
from the origin. 

- y = 23 +- 10 and the tangents to that parabola drawn from 
the point (0,° 1). 

87. y = x? — 2x + 2, the tangent to that curve ‘drawn at the 

Ae of its intersection ‘with the axis of ordinates, and the straight 
ine z = 1. 

88. y = 2x7, the Ox axis, and the tangent to the curve y = 2z? 
at the point A (zo, yo), where zr) = 2. 

89. y = z? + 3, the coordinate axes, and the tangent to the curve 
y = xz? + 3 at the point A (z,, y,), where z) = 2. 

90.27 = —1, y=0, y=2z?+2+1, and the tangent to the 
curve y = x? -+2-+ 1 at the point A (z,, y,), where z, = 1. 

91. y = 1/z, z.= 1, and the tangent to the curve y = 1/x drawn 
through the point x = 2. 

92. y = 0, xz = 6, y = 4/z, and the tangent to the curve y = 4/z 
drawn through the point A (x5, y,), where z, = 2 

93. At a certain point of the graph of the function y = Vz the 
tangent. makes an angle of 45° with the abscissa axis. Calculate the 
area of the figure bounded by that tangent and the straight lines 
y = 0 and zx = 1/4. 

94. y = z* — x + 2 and the tangent to the curve y = Inz+ 3 
at the point with abscissa z = 1. 

. y = e*, z = 3, and the straight line which is a tangent to 
the curve y = e™ at the point with abscissa z = 0. 

6. y=sinz (0<2r<7n/2), y= 0, y = 1, and a straight line 
which is a tangent to the curve y = : log z at the point with abscissa 
x = 1, 

97. y=cosz (OS rt<qn/2), y=0, r=0, and a straight 
line which is a tangent to the curve y = cos x at the point z = n/4. 


Caleulate the areas of the figures which are defined on the coordi- 
nate plane by the following inequalities (98-103). 


98. |yl+-—+<Vi—Izl. 
99. |y|+a-<erll, 


ING IN 
mm 
_ 


y |). 
103.4<24+ y< 2 (2 Vey D 


104. Through the point of intersection of the curve y = 2z? + 
4x — 3 with the axis of ordinates a'tangent is drawn to that curve. 
Calculate the area of the figure bounded by that tangent and the 
straight lines y = 0 and z = 0. 
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105. Let us designate as S (k) the area included between the 
parabola y = 2? + 2z — 3 and the straight line y = kr + 1. Find 
S (—1) and calculate the least value of S (k). 

106. A point M (1/2, 1) is given on a plane. A straight line which 
passes through that point forms a triangle with the positive coordi- 
nate semi-axes. What minimum value can the area of that triangle 
assume? 

107. A figure is bounded by the curvesy = 2? ++1,y = 0,2 = 0, 
and z = 1. At what point (z,, y,) of the graph of the function y = 
z? + 1 must a tangent to the graph be drawn for it to cut off a trape- 
zoid of the greatest area from: the figure? 

108. A figure is bounded by the curves y = 1/z, y= 0, x = 1, 
and z = 2. At what point (z,, y,) of the graph of the function y = 
1/z must a tangent be drawn to it so that it cuts off a trapezoid of 
the greatest area from the figure? 

109. Find the value of the parameter p (p < 0) for which the 
area of a figure bounded by the parabola y = (1 + p?)* xz? + p and 
the straight line y = 0 attains its greatest value. 

110. A figure is bounded by the curves y = (x + 3)’, y = 0, 
and xz = 0. At what angles to the Ox axis must straight lines be 
drawn through the point (0, 9) for them to partition the figure 
into three parts of the same size? 

111. A figure is bounded by the curves y = | sin (nz/2) |, y = 0, 
and z = —1. At what angles to the Oz axis must straight lines be 
drawn through the point (0, 0) for them to partition the figure into 
three parts of the same size? 

112. An equilateral triangle with a side of 10 cm rotates about 
the external axis which is parallel to the side of the triangle and is 
at the distance equal to half the altitude of the triangle from it. 
Find the volume of the body of revolution. 

113. The sum of the legs of a right triangle is 9 cm. When the 
triangle rotates about one of the legs, a cone results which has the 
maximum volume. Find the lateral area of the cone. 


Part 3 


GEOMETRY 
AND VECTOR ALGEBRA 


This part of the book includes problems on the elements of vector 
algebra studied at school and geometry problems. The former are 
given to check the knowledge of the concepts such as vectors, vector 
coordinates in a given system of coordinates, a scaiar product of 
vectors. Problems of this kind usually require calculations. It 
should be pointed out, however, that concepts and methods of 
vector algebra can often be efficiently used in solving purely geomet- 
rical problems. . 

Let us dwell in more detail on geometry problems. Not infre- 
quently do they constitute the most laborious part of an examination 
paper since a geometry problem must always be considered from 
many aspects. One must first construct the necessary elements of the 
figure (straight lines, sections, and so on), make a drawing, prove 
the relations between the given and constructed elements of the 
figure (perpendicularity, parallelism of straight lines and planes, 
and so on), and, proceeding from those relations, calculate the 
required quantities. The most essential part of the solution of a 
geometry problem is a strict substantiation of the relations between 
the elements of the figure based on the theorems of geometry. In 
this way the knowledge of the theoretical material is checked as 
well as the ability of a student to use it in problem solving. That is 
why problems requiring proof and a number of construction problems 
are separated into special sections. Although such problems, in a 
“pure” state, are seldom encountered in examination papers, they 
constitute an inalienable part of the solution of any geometry prob- 
lem. In addition, the solution of these problems will undoubtedly 
deepen the knowledge of the theory and will help prepare for the 
oral exams in mathematics. 
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3.1. Vector Algebra 


Calculate the scalar product of the following vectors (1-4). 

1. a = {2, 4, 1} and b = (3, 5, 7}. 

2. a = {—2, 3, 14} and b = {5, 7, —4}. 

3. a = 2i + 3j — 4k and b = i — 2j 4+ k. 

4. (2a + 3B)-(4a — 66), where a, B are mutually perpendicular 
unit vectors. 


do. Resolve the vector d = {1, 1, 1} into components with respect 
to three noncoplanar vectors a = {1, 1, —2}, b = {1, —1, 0}, and 
e = {0, 2, 3}. 

6. For what value of a are the vectors a = {2, 3, —4} and b = 
{a, —6, 8} parallel? 

7. For what value of @ are the vectors a = {1, a, —2} and b = 
{a, 3, —4} mutually perpendicular? 


a 

8. Being given that |a |= 2, |b] = 5, and (a, b) = 2n/3, find 
the value of a for which the vectors p = aa + 17b and q = 3a — b 
are perpendicular. 

9. For what value of @ are the vectors 1 = {6, a, —8} and m = 
{—3, —1, 4} parallel? 

10. The vectors a and b make an angle of 120°, | a | = 3, and 
|b | = 5. Find | a —b |. 

11. Find the angle between the vectorsa = {—1, 2, —2} and b = 
{6, 3, —6}. 

142. Find the cosine of the angle between the vectors a — b and 
a+ bifa= {1, 2, 1} and b = {2, —1, O}. 

13. Given three forces M = {3, —4, 2}, W = {2, 3, —5}, and 
P = {—3, —2, 4} applied to the same point. Calculate the work 
performed by the resultant of these three forces when the point of 
application of the resultant moves along a straight line and is dis- 
placed from the position M, (5, 3, —7) to the position M, (4, —1, —4). 

14. For what values of x are the vectors a = {z, 3, 4} and b = 
{5, 6, 3} perpendicular? 

15. Given three vectors a, b, and c. Prove that the vector (b-c) a — 
(a-c) b is perpendicular to the vector ec. 

16. Given three vectors a = {2, 3, —-5}, b = {3, 0, 1}, andc = 
{4, —3, 2}. Find the coordinates and the length of the vector d = 
da + b— ce. 

17. Find (in degrees) the angle between the vectorsa = 2i + oj — 
k and b = i — j — 3k. 

18. Find the angle between the vectors 2a and b/2ifa = {—4, 2,4} 
and b = {V 2, —V 2, 0}. 

19. The vectors a and b make an angle g = 2n/3. Being given 
hat | a | = 3 and |b |= 4, calculate (3a — 2b)-(a + 2b). 
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20. Given four points A (—2, —3, 8), B (2, 1, 7), C (4, 4, 5), 


—_—> —> 
and D (—7, —4, 7). Are the vectors AB and CD collinear? 

21: Find the vector a which is collinear with the vector b = 
{3, 6, 6} and satisfies the conditions a-b = 27. 

22. Find the vector a which is collinear with the vector b = 
{2, —1, 0} if a-b = 10. 

23. Find the coordinates of the vector x which is collinear 
with the vector a= 2i-+ j—k and _ satisfies the condition 
x-a = 3. 

24. Find the vector a which is collinear with the vector b = 
{1, —3, 1} and satisfies the condition a-b = 22. 

29. Find the vector b = {z, y, z} which is collinear with the 
vector a = {2 V2, —1, 4} if |b] = 10. 

26. Find the vector c being given that it is perpendicular to the 
vectors a = {2, 3, —1}, b = {1, —2, 5} and satisfies the condition 
e-(2i —j +k) = —6. 

27. The vector b, which is collinear with the vector a = {8, —10, 
13}, makes an acute angle with the Oz axis. Being given that | b | = 
V 37, find its coordinates. In the answer write the sum of the coor- 
dinates of the vector b accurate to within 0.01. 

28. Find the vector b being given that it satisfies the following 
conditions: the scalar product b-e = 3, where c = {1, —41, 2}, 
the vector b is perpendicular to a and d, where a = {—2, —41, 1} 
and d = {3, 5, —2}. 

29. Find the cosine of the angle between the vectors p and q 
which satisfy the system of equations 


earns 
p+2q =b 


if it is known that in a rectangular system of coordinates the vectors 
a and b have the forms a = {1, 1} and b = {1, —1}. 

30. Given three vectors a = {3, —1}, b = {1, —2}, and ec = 
{—1, 7}. Determine the resolution of the vector p=a+b+e 
into components with respect to the vectors a and b. 

31. Given two vectors a = {1, —1, 3} and b = {3, —5, 6}. Cal- 
culate Proj (ayn) (2a — b). 

32. The vector x, which is perpendicular to the vectors a = 
si + 2j + 2k and b = 18i —- 22] — 5k, makes an obtuse angle 
aad Oy axis. Find its coordinates if the length of the vector x 
is 14. 

33. The vector . satishes the following conditions: (a) x is col- 
linear with the vector a = 6i — 8j —7.5k; (b) x makes an acute 


angle with the Oz axis; (c) | x | = 50. Find the coordinates of the 
vector x. 
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34. Given two vectors a = {—1, 1, 1} and b = {2, 0, 1}. Find 
the vector x if it is known that it is coplanar with the plane of the 
vectors a and b, is perpendicular to the vector b, and a-x = 7. 

35. Given two vectors in space: a = {1,1,2}andb = {—41, 3, 1}. 
Find the unit vector which lies in the plane of the vectors a and b 
and makes an angle a@ = n/4 with the vector a. 

-36. Given three nonzero vectors a, b, and c, each two of which 
are noncollinear. Find their sum if a + b is collinear with c, and 
b +c is collinear with a. 

37. Given the vertices A (3, 2, —3), B (5,1, —1), and C (1, —2, 1) 
of a triangle. Find its interior vertex angle A. 

38. Prove that the points A (—2, —3), B (—3, 1), C (7, 7), and 
D (3, 0) are the vertices of a trapezoid. Find the length of the median 
of the trapezoid. 

39. A triangle is specified by the coordinates of its vertices 
A (3, 2, —3), B (5, 1, —1), and C (1, —2, 1). Calculate the exterior 
vertex angle A of the triangle and the coordinates of the vector a 


a 
which is of the same direction as the vector AB and has the same 


length as the vector AC. 
40. Given three successive vertices of a parallelogram: 
A (—3, —2, 0), B (3, —3, 1), and C (5, 0, 2). Find its fourth vertex 


D and the angle between the vectors AC and BD. 

41. A triangle is defined by the coordinates of its vertices 
A (2, 1, 2), B (1, 0, 0), and C (4 + V3, V3, —//6). Calculate the 
angles of the triangle and the length of the median m drawn to the 
side BC. 

42. In a triangle ABC the point A (—1, 2, 3) is the vertex of the 
right angle. Find the coordinates of the vertices B and C if it is 
known that B and C lie on the straight line (MN), where 
M (—1, 3. 2), N (4, 4, 3), and ZABC = 30°. 


43. In a trapezoid ABCD the vector BC = VAD. Prove that the 
vector p = AC +- BD is collinear with AD (and, hence, with BC) 
and find the coefficient « in the notation p = aAD. 

44. Given a triangle ABC. The lengths of the vectors CB, CA, 
and AB are a, b, and c respectively. Find the scalar product of the 


vectors CA and CD, where [CD] is the median of the triangle ABC. 
45. Prove that the sum of the vectors which connect the centre 
of a regular triangle with its vertices is zero. 
46. A straight line is drawn through the vertex C of the square 
ABCD parallel to the diagonal [BD] which cuts the straight line 
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(AD) at a point E; Q is the point at which the diagonals of the square 
meet. Express the sum of the vectors AB and CE in terms of the 


—> —_—> 
vectors DC and CQ. 

47. What angle do the unit vectors a and b make if the vectors 
ec = a+ 2b and d = 5a — 4b are known to be mutually perpen- 
dicular? 

_48. een a ._ parallelogram ABCD. The lengths of the vectors 


AB, AD, and BD 3 are a, os and c respectively. Find the scalar product 


of the vectors AC and AD. 
49. piven a 2 parallelogram ABCD. The lengths of the vectors 


AB, AD, and AC a are a, b, and c respectively. Find the scalar product 


of the vectors DB and AB. 

50. Being given vectors p and q on which a parallelogram is con- 
structed, use them to express the vector which coincides with the 
altitude of the parallelogram, which is perpendicular to the side p. 

51. Given a trapezoid ABCD. The length of the base [AD] is 
thrice a as large a as that of the base [BC]. The lengths of the vectors 


AB, BC, and AC are a, b, and c respectively. Find the scalar preduct 


of the vectors BA and AD. 
52. Medians [AD], [BE], and [CF] are drawn in a triangle. Cal- 


culate BC. AD +. CA- BE + AB. CF. 
53. Given a parallelogram ABCD ({AD] || [BC], [AB] || [CD)). 
A point K is chosen on the side [AD], and a point L on the side [AC] 


such that | AK | = | AD \/5, |AL | = | AC V6. Prove that the 
vectors KL and BL / are collinear and find the proportionality factor 


A. in the notation KL = NBL. | 
04. Assume that ABCD is a parallelogram, and [AD] || [BC], 
K is the midpoint of (BCI, L is the midpoint of [DC]. Introduce the 


designations AK ee AL = b and express the vectors BD and AC 
in terms of a and b. 

oo. Given a regular hexagon ABCDEF, M is the midpoint of 
[DE], N is the midpoint of [AM], P is the midpoint of [BC]. Resolve 


ihe vector NI P into components with respect to the vectors AB and 


AF. 

06. Ina triangle ABC the lengths of two sides are known: | AB | = 
6, | AC | = 8, and the angle A = 90°; [AM] and [BN] are the 
hisectors of the angles A and B. Find the cosine of the angle between 
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the vectors AM and BN 
of,” Squares with centres A,, B,, and C, are constructed on the 
sides [BC], [CA], and {AB} of a triangle ABC, respectively, in its 


exterior. Find AA, + BB, + CC. 
o8. M is the point of intersection of the medians of a triangle 


—P> —_—> _—_ 
ABC. Prove that MA + MB + MC = 0. 
o9. The length of the hypotenuse AB of a right triangle ABC isc. 


Find the sum AB-AC + BC-BA + CA-CB. 
60. A point 7 is the centre of a circle inscribed in a triangle ABC. 


Find the vector aMA +- BMB 4, yMC ifa= | BC | B= 1 CA L, 


—> 
and y = | AB |. 
61. A point O is the centre of a circle circumscribed about a tri- 


—> —_ —> 
angle ABC. Prove that OA sin (2A) + OBsin (2B) + OC sin (2C)= o. 

62. Given a rectangular system of coordinates with the origin 
at point O. A straight line cuts the abscissa axis at a point C and 
the axis of ordinates at a point A so that ZOCA =a anda >n/4. 
A point D is the midpoint of [AC], and a point A, is symmetric with 
respect to the point A about the straight line (OD). Find the lengths 
of the sides of the triangle ACA, if the coordinates of the point 
C (1, 0) are known. 

63. Given a rectangular system of coordinates with origin at a 
point O. A straight line cuts the abscissa axis at a point C and the 
axis of ordinates at a point A so that ZOCA =a anda >n/4. 
A point D is the midpoint of [AC], and a point A, is symmetric 
with respect to the point A about the straight line (OD). Find the 
ratio of the areas of the triangles ODC and OCA,. 

64. Prove that the points A (5, 0), B (0, 2), and C (2, 7) are the 
vertices of a right triangle. Find its area and indicate all the dis- 
placements of the plane which convert it into a triangle with vertices 
(—5, 0), (0, —2), and (—2, —7). 

65. Prove that the points A (3, 0), B (0, 1), C (2, 7), and D (5, 6) 
are the vertices of a rectangle ABCD. Calculate its area and indicate 
all the displacements of the plane upon which it passes into itself. 

66. For what z and y are the points with’ coordinates A (2, 0), 
B (0, 2), C (0, 7), and D (z, y) successive vertices of an isosceles 
trapezoid ABCD? For each of these trapezoids find the area and 
indicate all the displacements of the plane which corivert it into a 
trapezoid with vertices (2, 0), (7, 0), (0, —7), and:(0, —2). 

67. Three forces applied to a vertex of a cube are equal to 1, 2, 
and 3 in magnitude and are directed along the diagonals of the faces 
of the cube, which meet at that vertex. Find the magnitude of the 
resultant of these three forces. 
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68. Given a cube ABCDA,B,C,D, with lower base ABCD, upper 
base A,B,C,D,, and lateral edges AA,, BB,, CC,, and DD,. Prove 
that on the straight line (WM,), where M and ./, are the centres 
of the faces ABCD and A,B,C,D,, respectively, there isa point O 


such that OA + OB + OC + 0D = _OM,. Show that MO = = 


10M, and find 4. 

69. Find the sum of the scalar products of vectors whose origins 
are at the centre of a face of a cube, and the terminal points are at 
the vertices (there are 8 vectors of this kind). The edge of the cube 
is 6 long. 

70. In a regular triangular pyramid ABCS the edge angle is a 
right angle. Points D and £ are the midpoints of the edges eee and 


SB respectively. Find the angle between the vectors SD and EC. 
71. A point A (z,, y,) with abscissa z, = 1 and a point B (zx,, yo) 

with ordinate y, = 1 are given in the rectangular Cartesian system 

of coordinates Oxy on the curve y = x? — 4x + 5. Find the scalar 


product of the vectors OA and OB. 

72. A point A (z,, y,) with abscissa z, = 1 and a point B (z,, y,) 
with ordinate y, = 11 are given in the rectangular Cartesian _system 
of coordinates Oxy on the part of the curve y -= zr? — az + 3 which 


lies in the first quadrant. Find the scalar product of OA and OB. 
73. A point A (z,, y,) with abscissa z, = 1 and a point B, which 
is the point of intersection of the curves y = 227° — 3x + Sandy = 
2x* — 2x + 3, are given in the rectangular Cartesian system of 
coordinates Oxy on the curve y = 2z* — 3x + 5. Find the scalar 


-_> —> 
product of the vectors OA and OB. 

74. Two points A and B are given in the rectangular Cartesian 
system of coordinates Ory on the curve y = x*, the points being 


such that OA-i = 1 and OB:i = —2, where i is a unit vector of 


the Oz axis. Find the length of the vector 20A — 30B. 
7. Two points A and B are given in the rectangular Cartesian 
system of coordinates Oxy on tl the curve y = 2***, the points being 


such that OA-i = —1 and OB+i = 2, where i is a unit vector of 


the Ox axis. Find the length of the vector —4OA + OB. 
76. Two points A and B are given in the rectangular Cartesian 
system of coordinates Oxy on n the curve y = 6/z, the: points being 


such that OA: = —2Z and OB:i = 8, where i is a unit vector of 
the Or axis. Find the length of the vector 200A + 30B. 
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77. In the rectangular Cartesian system of coordinates Oxy a 
tangent is drawn to the curve y = z? + x + 10 ata point A (zo, yp), 
where zy = 1. The tangent cuts the Oz axis at a point B. Find the 


scalar product of the vectors OA and AB. 
78. In the rectangular Cartesian system of coordinates Oxy a 


tangent is drawn to the curve y = 2 Vz at a point A (zo, y,), where 
Zo = 1. The tangent cuts the Oz axis at a point B. Find the scalar 


product of the vectors AB and OA. 

79. In the rectangular Cartesian system of coordinates Oxy a 
tangent is drawn to the curve y = 8/z* at a point A (x5, y,), where 
Zp = 2. The tangent cuts the Oz axis at a point &. Find the scalar 


product of the vectors AB and OB. 
80. Write the equation of the image of the parabola y = z? — 2r + 
1 under a translation p = i + 3j. 


3.2. Plane Geometry. Problems on Proof 


1. Prove that ZC of a triangle ABC isa right angle if and only 
if the lengths of the sides of the triangle are related as | AB |? = 
| AC |? + | BC |. 

2. The midpoints of the sides of two convex quadrangles coin- 
cide. Prove that the areas of the quadrangles are equal. 

3. Prove that a circle can be inscribed in a convex quadrangle if 
and only if the sums of the leugths of the opposite sides of the 
quadrangle are equal. 

4. A circle is circumscribed about a trapezoid. Prove that this is 
possible if and only if the trapezoid is isosceles. 

5. An isosceles trapezoid ABCD is circumscribed about a circle. 
E and K are the points of tangency of the circle and the nonparallel 
sides [AB] and [CD]. Prove that the segment [EK] is parallel to the 
bases of the trapezoid. 

6. Tangents are drawn through the terminal points of the arc 
of a circle equal to 120°, and a circle is inscribed in the figure bounded 
by the tangents and the given arc. Prove that the length of the circle 
is equal to the length of the initial arc. 

7. Prove that in a right triangle the sum of the lengths of the 
legs is equal to the sum of the diameters of the inscribed and the 
circumscribed circle. : 

8. In an isosceles triangle with base a and a lateral side b the vertex 
angle is equal to 20°. Prove that [a [> + [bP =3l/all{oFP. 

9. The lengths of the sides a, b, and c in a triangle are related as 
la |? + |b |? = 5 |c |?. Prove that the medians drawn to the sides 
a and b are mutually perpendicular. 
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10. Two circles are externally tangent to each other at a point C. 
A common external tangent (AB) is drawn to them, where A and B 
are points of tangency. Prove that ZACB = n/2. 

$1. Prove that the radius r of the circle inscribed in a polygon 
is equal to 2S/P, where S and P are the area and the perimeter of the 
polygon respectively. 

12. A point O is taken in the interior of a parallelogram ABCD. 
Prove that the sum of the areas of the triangles OAB and OCD 
is constant at any choice of the point O. 

13. ABCD is a square. A point © is taken on the side [CD], K is 
the point of intersection of the side [BC] and the bisector of the 
angle BAM. Prove that | MA|=|BK|+|DM|. 

14. In a right triangle ABC, ZB is a right angle and [BD] is an 
altitude drawn to the hypotenuse [AC]. Prove that | BD | is equal 
to the sum of the radii of the circles inscribed in the triangles 4BC, 
ADB, and CDB. 

15. Each side of a convex quadrangle is cut by a certain circle 
at two points, the lengths of the segments of the sides lying in the 
interior of the circle being equal. Prove that a circle can be inscribed 
in the given quadrangle. 

16. One of the angles of a triangle is 30°. Prove that the length 
of the side which is opposite to that angle is equal to the radius of 
the circumscribed circle. 

17. Prove that the midpoints of the sides of a convex quadrangle 
are the vertices of a parallelogram. 

18. Prove that the sum of the lengths of the medians of a triangle 
is larger than its half-perimeter but smaller than its perimeter. 

19. The centres of the inscribed and the circumscribed circle in 
a triangle coincide. Prove that the triangle is equilateral. 

20. Prove that if the straight line which connects the midpoints 
of the bases of. a trapezoid is perpendicular to the bases, then the 
trapezoid is isosceles. 

21. Prove that the straight line, which connects the midpoints of 
the’bases of a trapezoid, and the extensions of the nonparallel sides 
of the trapezoid meet at one point. 

22. Prove that the line of centres of two intersecting circles 
bisects their common chord. 

23. Prove that the common external tangents of two circles in- 
tersect along the line of centres or are parallel to it; the common 
internal tangents intersect along the line of centres. 

24. Prove that in an isosceles triangle the sum of the distances 
from any point of the base to the lateral sides is constant. 

20*. A straight line is drawn through the centre of a regular tri- 
angle. Prove that the sum of the squares of the distances from the 
vertices of the triangle to that straight line does not depend on the 
Choice of the line. 
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26. Prove that the straight lines that successively connect the 
centres of the squares which are constructed on the sides of the 
paraJlelogram and are externally tangent to it form a square. 

27. Given an isosceles triangle ABC. R and r are the radii of the 
circumscribed and the inscribed circle. Prove that the aistance 


between the centres of the circles is equal to V R (R — 2r). 

28. Prove that the distance from any point of the circle circum- 
scribed about a regular triangle to one of its vertices is equal to the 
sum of the distances from that point to the other two vertices. 

29. Prove that if the sides of one trapezoid are equal, respectively, 
to the sides of the other trapezoid, then the trapezoids are equal. 

30. Prove that in the trapezoid, whose diagonals are the bisectors 
of = angles at one of the bases, the lengths of the three sides are 
equal. 

31. Assume that @ and b (a > D) are the lengths of the bases of 
a trapezoid. Prove that the line segment which connects the mid- 
points of the diagonals of the trapezoid is parallel to the bases of the 
trapezoid, and its length is (a — b)/2. 

32. A straight line is drawn through the point O of intersection 
of the diagonals of a trapezoid parallel to its bases. Prove that the 
point O bisects the segment intercepted on the straight line by the 
nonparalle) sides of the trapezoid. 

33. Prove that the bisector of the interior angle of a triangle 
divides the opposite side into segments which are proportional to the 
adjacent sides. Prove that the converse statement is also true, i.e. 
if a straight line which passes through the vertex divides the opposite 
side into segments which are proportional to the adjacent sides, then 
the straight line is a bisector.. 

34. Assume that m, f, and hk are a median, a bisector, and an 
altitude of the triangle respectively, which are drawn to the same 
side of the triangle. Prove that the point of intersection of the 
bisector and that side lies between the points of intersection of the 
median and the altitude with that side (or its extension). Prove that 
these points coincide if and only if the triangle is isosceles, 

35. Assume that a, b, and c are the lengths of the sides of the 
triangle ABC, which lie opposite the angles A, B, and C respective- 
ly, p= (a+6-+ c)/2 is a half-perimeter, S is the area, R andr 
are the radii of the circumscribed and the inscribed circle. Prove 
that the following relations hold true: 

a b c : 

(1) <4 ane Se =2R, the sine rule; 

(2) a? = b? + c? — 2be cos A, the cosine rule; 


(3) S = + be sin A; 
(4) S = Vp (p— a) (p — 6) (p — cc), Hero’s formula; 
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(5) S = pr; 


(7) if m,, Bz, and h, are the lengths of a median, a bisector, and 
an altitude drawn from 2A, then 


m,= + V 2c? + 2b? -— a?; 


_  sinB ac 
Ba = sin(A/2) b-+c’ 


ha=— Vp(p—ay(p—b) (p—°). 


36. Two straight lines are drawn through a point A which lies 
in the exterior of a circle, and one of them touches the circumference 
of the circle at a point B and the other cuts that circumference at 
points C and D. Prove that | AD || AC | = | AB |? (the theorem 
on a tangent and a secant). 

37. An altitude and a median drawn from the same vertex of a 
triangle divide the angle at that vertex into three equal parts. Prove 
that the angles of that triangle-are equal to 30°, 60°, and 90°. 

38. The sum of the angles at the larger base of a trapezoid is 90°. 
Prove that the length of the segment connecting the midpoints of 
the bases is equal to half the difference of the lengths of the bases. 

39. Prove that the interaction of the bisectors of the interior 
angles of a parallelogram, which is not arhombus, resultsin arectangle 
the lengths of whose diagonals are equal to the difference between 
the adjacent sides of the parallelogram. 

40. Prove that if at least one of the diagonals of a trapezoid is 
bisected by the point of intersection with the other diagonal, then 
the trapezoid is a parallelogram. 

41. Prove that if the segment connecting the midpoints of two 
opposite sides of a quadrangle is equal to half the sum of the other 
two sides, then the quadrangle is a trapezoid. 

42. Prove that if the lengths of two medians of a triangle are 
equal, then the triangle is isosceles. 

43. Prove that if the lengths of two altitudes of a triangle are 
equal, then the triangle is isosceles. 

44*. Prove that a bounded figure cannot have two centres of sym- 
metry. 

45. Prove that if a convex quadrangle has an axis of symmetry, 
then either a circle can be circumscribed about it or a circle can be 
inscribed in it. 

46. Prove that if a quadrangle has a centre of symmetry, then 
it is a parallelogram. 
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47. Prove that a bisector of a triangle bisects the angle between 
the altitude and the radius of the circumscribed circle drawn to the 
Same vertex. 

48. Two mutually perpendicular chords [AB] and 1CD] are 
drawn in a circle with diameter d. Prove that | AD ?? + 
|CB |? = ad. 

49. An equilateral triangle is constructed on a diameter of a circle 
of radius 1 as a side. Prove that the area of the part of the triangle 
lying in the exterior of the circle is equal to (3 Y 3 —- 1)/6. 

20. Given three equal squares ABCD, DCEF, and FEPQ adjoin- 
ing each other. Prove that Z2CAD + ZEAF + 2ZPAOQ = 90°. 

of. Prove that the bisectors of an interior angle and of an adjacent 
exterior angle of a triangle are mutually perpendicular. Prove that 
the converse statement is true: the straight line which passes through 
a vertex of the triangle at right angles to the bisector of the interior 
angle at that vertex is a bisector of the exterior angle. 

o2. Given an isosceles triangle. A perpendicular is drawn from 
an arbitrary point P of the base. Prove that the sum of the lengths 
of the segments drawn from the point P to the points of intersection 
of the perpendicular with the lateral sides or their extensions does 
not depend on the choice of the point P on the base. 

o3. A square is inscribed in a rhombus which is not a square. Prove 
that its sides are parallel to the diagonals of the rhombus. 

54. Prove that the inequality R > 2r (R and r are the radii of 
the circumscribed and the inscribed circle) holds true in any triangle, 
and the equality R = 2r holds only for a regular triangle. 

55. Prove that the inequality cos A + cos B + cosC < 3/2 holds 
true for every triangle ABC. 

56. Assume that a, b, c, and d are the lengths of the successive 
sides of a quadrangle, and S is its area. Prove that 

(1) (a +c) (b+ d) > 4S, 

(2) ac + bd > 28; 

(3) ab + cd > 28: 

(4) ad + be > 2S. 

57. A chord (AB) is drawn through a point M taken in the interior 
of acircle (points A and B lie on the circle). Prove that the quantity 
| AM |-| MB | is constant for all such chords. 

The following problems on seeking the loci of points (i.e. the sets 
of all points which satisfy some required property) are closely con- 
nected with problems on proof. When solving problems of this kind, 
it is often convenient to use the method of coordinates. (See Answers 
and Hints.) 

58. Two mutually perpendicular straight lines are given on a 
plane. Find the set of all points of the plane the sum of whose dis- 
tancesfrom the given straight lines is equal to the sum of the quanti- 
ties which are the reciprocals of the given distances. 
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59. Two points are given on a plane the distance between which 
is 14. Find the set of points whose distances from the two given points 
are related as m: 7n. 

60. Two mutually perpendicular straight lines are given on a 
plane. Find the set of all points of the plane (1) the product of whose 
distances from the given straight lines is equal to the absolute value 
of the difference between the distances; (2) the absolute value of the 
difference of whose distances from the given straight lines is equal 
to the absolute value of the difference between the quantities which 
are the reciprocals of the given distances. 

61. A straight line and a point not lying on it are given on a plane. 
Find the set of points which are equidistant from the given straight 
line and the given point. 

62. Find the set of points the difference of the squares of whose 
distances from two given points A and B is constant. 

63. Find the set of points the sum of whose distances from two 
intersecting straight lines is equal to a constant quantity. 

64. Find the set of points the difference of whose distances from 
two intersecting straight lines is equal to a constant quantity. 

65. Given two nonparallel segments [AB] and [CD]. Find the 
set of points M for which the areasof \AMBand ACMD are equal. 

66. Find the set of midpoints of the chords which pass through 
a given point in the interior of a given circle. 

67. The terminal points of a segment of length a slide along the 
sides of a given right angle. Find the set of points traversed by the 
midpoint of the given segment. © 

68. Find the locus of points of the plane such that the tangents 
drawn from those points to a given circle make an angle a. 


3.3. Plane Geometry. Construction Problems 


Unless otherwise specified, all the constructions in this section 
are carried out only with the aid of a pair of compasses and a one- 
sided rule without divisions. In other words, we can construct a circle 
whose radius is equal to the length of a given segment, with centre 
at a given point (the compasses), and draw a straight line through 
any two given points (a rule). More intricate constructions are based on 
various relations between the elements of the figures which we-have 
to construct and which follow from the axioms and theorems of 
plane geometry and on successive performance of the two indicated 
elementary constructions. Let us carry out simple constructions 
indicating the theorems from the course of plane geometry on which 
they are based. 

Example 1. Given a straight line / and a point M. Draw a straight 
line l’ which passes through the point M at right angles to the line l. 

Construction. (a) Let-us first consider the case when M € 1 (Fig. 3.4). 
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(1) We construct a circle with centre at the point W € 1 of any 
radius r > Q. Assume that points M, and M, are the points of inter- 
section of the circle and the line J. Then the point M is the midpoint 
of the segment [M,M,l. 

(2) We construct circles of the same radius R >r with centres 
at the points W, and .7,. Assume that M’ is one of the two points 
of intersection of these circles. By construction, the point M’ is 


id 


Fig. 3.4 Fig. 3.2 


equidistant from the points M, and M, and, consequently, it lies 
on the perpendicular drawn through the midpoint of the segment 
[\f,M,], i.e. through the point M. 

(3) Then we draw the required straight line l’ through the points 
M and Af’. We have completed the construction. 

Thus, in this case, we have used the theorem on a perpendicular 
drawn to the midpoint of a segment and, in addition, what is es- 
sential, implicitly used the theorem on the uniqueness of a per- 
pendicular to a given straight line, the perpendicular being drawn 
through a given point. 

(b) Assume now that M ¢l (Fig. 3.2). 

(1) We construct a circle, with centre at.a point M, of a sufficiently 
large radius R (the radius of the circle is such that it cuts the straight 
line / at two points). Assume that M, and M, are the points of inter- 
section of the line 2 and the circle. By construction, the points M, 
and M, are equidistant from the point VW and, consequently, the point 
M lies on the midperpendicular drawn to the segment [A/,M,). 

(2) We construct circles of the same radius R, > A with centres 
at the points M@, and M,. Assume that M’ is one of the points of 
intersection of the circles. Then, by construction, M’ is also equidis- 
tant from M, and M, and, consequently, it also lies on the midper- 
pendicular drawn to the segment [M,M,]. 

(3) Then we draw the required straight line 2’ through the points 
M and M, 
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We have again used here the theorem on a midperpendicular and 
the uniqueness of that perpendicular. In addition, in both cases 
we implicitly based our arguments on the axioms of plane geometry 
which guarantee the possibility of carrying out our two elementary 
constructions (say, the axiom stating that a straight line can be 
drawn through two given points and that the straight line thus drawn 
is unique). In what follows we shall not repeat this remark. 

Example 2. Given a straight line / and a point M¢l. Draw 
a straight line l’ through the point M parallel to J. 

Construction (Fig. 3.3). 

(1) We draw a perpendicular /, from the point M to the line J. 
Assume that M, is the point of intersection of the lines / and J). 

(2) We draw a perpendicular J, from some point M, € l, which 
does not coincide with M,, to the line J. 

(3) Then we draw a circle with centre at the point M, whose radius 
is equal to | MM, }. Assume that M’ is the point of intersection of 
the circle and the line J, which 
lies in the same (relative to ) 
half-plane asthe point M. Then, 
by construction, the points M 
and M’ are equidistant from the 
line 2 and lie in the same half- 
plane. Consequently (theorem!), 
a straight line which passes 
through the points M and M'’ is 
parallel to the line I. 

Fig) 3.3 (4) Now we draw the required 
straight line J’ through the points 
M and M' 

When performing the constructions, besides using the theorems: 
employed in the preceding problem, we proceeded, in the third 
item, from the theorem which can be considered as a “criterion of 
a parallelogram”. Indeed, the segments [MM,] and [M'M,] are 
parallel (since they are perpendicular to the straight line J) and 
equal in length. Consequently, the quadrangle MM,M,M isa paral- 
lelogram. Hence it follows that l’ |j l. 

Example 3. Bisect the given segment [AB]. 

Construction (Fig. 3.4). This construction has, infact, been car 
ried out in Example 1. 

(1) We draw circles whose radius is equal to | AB |, with centres 
at points A and B. Assume that M, and M, are the points of inter- 
section of the circles. They are equidistant from the terminal points 
of the segment [AB] and, consequently, they both lie on the mid- 
perpendicular drawn to the segment [AB]. 

(2) Then we draw a straight line J, through two points M, and M,. 
Their point of intersection C is the required point. 
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Example 4. Given: a straight line 1, a point O € 1, and an angle A. 
Lay off an angle, which is congruent to the angle A, from the line 7 


SO that its vertex coincides with the point O and one of the sides is 
directed along the line 1. 


Construction (Fig. 3.5). 

(i) From the vertex A of the given angle A we draw a circle of 
radius R > 0. Assume that M, and M, are the points of intersection 
of the circle and the sides of the angle. 

(2) We construct a circle of the same radius R with centre at the 
point 0. Assume that K, is one of the (two) points of intersection 


M,, _ 
—~ 
fo 


dy 


Fig. 3.4 Fig. 3.5 


of the circle and the line /. We draw a circle with centre at K, whose 
radius is equal to | M,M, |. Assume that K, is the point of inter- 
section of that circle and the circle of radius R with centre at O 
(again one of the two). 

(3) Then we connect the points O and A, and have 


|OK, | = |OK,| =| AM, |= | AM, |, | A, A, | = | MM, | 


by construction. Consequently, AM,AM, is congruent to AK,OKg. 
Therefore, the angle we have constructed is congruent to the angle 
given in the hypothesis. 

Note that we have constructed one of the four angles satisfying 
the hypothesis. Besides the angle we have constructed, the hypothesis 
is satisfied by the angle which is symmetric to the given angle about 
the straight line 1, as well as the angles which are centrosymmetric 
with respect to those angles about the point O. In addition, we must 
separately consider the case when the given angle is equal to two 
straight lines. In that case the straight line / itself with the point O 
on it gives the required construction. 

Example 5. Given a segment [AB] and 2K. Construct a set of 
all points C such that 2 ACB is congruent to the given 7 K. 
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Construction (Fig. 3.6). 

(1) Assume that / is a straight line passing through the points A 
and B. We lay off an angle BAM, which is congruent to the given 
angle K, from the line / at the point A and assume that lJ, is a straight 
line passing through the points A and M. 

(2) We erect a midperpendicular J, to the segment [AB] (D is the 
midpoint of the segment [AB}) and a perpendicular /, to the line J, 
at the point A. Assume that O is the point of intersection of the 

perpendiculars (if ZA is a right 


angle, then the point O coincides 
with D). 
(3) We draw a circle with centre 


at a point O and the radius of 
length | OA |; next we consider the 


arc AB, which lies in the same 
half-plane (relative to the line 2) 
as the point O, with pricked-out 
points A and B and an arc which 
is symmetric with respect to it 
about the line 2. The union of the 
two arcs of the circles yields the 
required set of points. Taking 
an arbitrary point C, which 
belongs to the constructed set, we 
find that “7 AUB is measured by half 


Fig. 3.6 the arc AB by which it is subtended 

= (an inscribed angle) and Z~BAM 
is also measured by the same half-arc (as an angle between the tan- 
gent J, to the circle and the-chord [AB] drawn from the point of 
tangency). Consequently, 2 ACB is congruent to the given ZK. 
Now if we take a point C, which does not belong to the constructed 
set, then the hypothesis will not be satisfied (verify this fact yourself). 

As can be seen, in the construction carried out we have used many 
theorems of plane geometry. In addition to the theorems employed 
in the problems considered earlier, we have used here the theorem 
on an angle inscribed in a circle, a theorem on a tangent and a chord, 
a theorem on a tangent and a radius drawn to the point of tangency 
(namely, we have used the fact that the straight line J, is a tangent 
to the circle with centre at a point O of radius | OA |). Hence we 
can see that the solution of construction problems provides for an 
active mastering of the theoretical material. 

Let us consider one more simple construction problem based on 
the theorem on the similarity of triangles. 

Example 6. Given segments [4B] and [CD]. Construct a seg- 
ment [ MN} whose length is equal to the geometric mean of the lengths 


of the given segments, i.e. | MN | ="Y JAB ]-| CD |. 
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Construction (Fig. 3.7). The given relation between the lengths. 
of the segments can be written in the following equivalent form: 


|AB|  |MN | 
|\MN| |CD|’ 


and, therefore, this problem is sometimes called the problem on the: 
construction of the mean proportional of two given segments. 

(1) On some straight line J we lay off a segment {AB} and a segment 
[BK] which is congruent to [CD]. Assume that O is the midpoint of 
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the segment [AK]. We construct a circle with centre at O of radius. 
|OK |= |AK |/2 = (| AB | + | CD ))/2. 

(2) From the point B we erect a perpendicular to the straight line J. 
Assume that £ is one of the points of intersection of the perpendicular 
with the constructed circle. Then [BE] is the required segment. This. 
follows from the similarity of AABE and AEBK (present the argu- 
ments). 

Let us consider now some more complicated construction prob- 
lems which can be solved by certain standard techniques. 

Example 7. Construct a trapezoid from the given diagonals,. 
the angle between the diagonals, and one of the nonparallel sides. 

Construction (Fig. 3.8). Let us analyse the solution of this prob- 
lem. Assume that ABCD is the required trapezoid in which we are: 
given the diagonals [AC] and [BD], the angle AOD between the 
diagonals, and one of the nonparallel sides [CD]. We extend the side 
[AD] and lay off a segment [DD’] which is congruent to the segment 
[BC]. Then in the triangle ACD’ we know two sides [AC] and [CD’} 
(since [CD'] is congruent to [BD]) and the angle between them. 
Having constructed the triangle and knowing the segment [CD],. 
we can find the position of the point D on [AD‘}]. Then we draw 
through the point C a straight line parallel to the line (AD’). Having 
the segment [BD] and the point D € [AD’], we find the position of 
the point B. We have thus constructed the four vertices of the required. 
trapezoid. In analysing the problem, we have followed all the- 
main stages of the construction. It is now simple.enough to carry. 
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out the construction in detail. Note that in solving the problem we 
have used the technique known as a parallel displacement, or a trans- 
lation, of an element of a figure, namely, instead of [BD] we first 
considered [CD’] resulting from [BD) upon a parallel displacement. 

Example 8. Given an angle A and a point M lying in its interior. 
On the side of the angle A find points K and N such that the perimeter 
of the triangle KMN is the least. 

Construction (Fig. 3.9). Assume that the points M, and M, are 
symmetric with respect to the given point M about the sides of the 
given angle. For any choice of the points N’ and K’ on the sides of 
the angle the perimeter of the triangle K’ MN’ is equal to the length 
of the polygonal line M,N’K’'M,. This length is the least if the 


Fig. 3.9 Fig. 3.40 


points K’ and N’ lie on the straight line (/,.7,). Thus we must take 
the points of intersection of the line (M@,M,) with the sides of the 
angle as the points K and N. The corresponding constructions are 
simple enough. Note that, when solving this problem, we have used 
the technique of reflection of an element (a point in this case) with 
respect to a straight line. 

Example 9. Given an angle A and a point M lying in its interior. 
‘Construct a circle which passes through the given point V and touches 
the sides of the given angle. 

Construction (Fig. 3.10). Note that the centres of all circles which 
touch the sides of the given angle lie on the bisector of that angle. 
Assume that / is the bisector of 7A. We take a point O € l and 
‘construct a circle with centre at that point, which touches the sides 
of 7 A. Assume that M’ and M” are the points of intersection of that 
‘circle and the straight line (AM). We draw straight lines, parallel 
to the segments [OM"] and [(OM'], through the point M and assume 
that A, and K, are the points of intersection of those straight lines 
and the bisector of 7A. The points K, and K, are exactly the centres 
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of the required circles (carry out the complete proof and make the 
necessary constructions). When solving this problem, we have used 
the technique of a homothetic transformation with centre at a given 
point. 

In a triangle ABC the letters a, b, and c denote the sides lying 
opposite the angles A, B, and C respectively, mz, my, and m, are 
medians, h,, h,, and h, are altitudes, B,. B,, and B, are the bisectors 
drawn to the respective sides, P is a line segment whose length is 
equal to the perimeter of the given triangle ABC, R and r are the 
radii of the circumscribed and the inscribed circle. 


Construct AABC proceeding from the following elements* (1-40). 

1. a, ZA, ZB. 2. a, B, ZA. 3. a, ZB, hy. 4.a, ZA, hg. 

5. a, Z_A, hy. 6. a, ZB, hy. 7. a, hes hy. 8. a, hy, h.. 

9. a, b, mq. 10. a, b, m,. 11. a, ZA, mg. 12. a, ZA, mp. 

13. a, “~B, m,.. 14. a, ZB, my. 19. a, mg, mp. 

16. a, m,, m,. 17. mag, mp, me. 18. a, ZB, Be. 

19. a, ZB, By. 20. a, hy, hy. 

21. a, «A, and the point M €a through which 6, passes. 

22. P, 7A, ZB. 23. P, ZA, r. 24. a, hy, mg. 

25. a, m,, | 6 |/| ¢ |, where | b | is the length of the line segment b 
(i.e: it is assumed that some two line segments are given whose lengths 
are related as |b |: |c |). 

26. 4A, r, and the radius of one of the escribed circles. 

27. a, ZA, and a segment of length | | b |? —-Jc |? |. 

28. /A,h,, and the ratio of the lengths of the segments into which 
the altitude h, divides the base a. 

29. a, h,, and the angle which is equal to the difference between 
the angles B and C. 

30. h,, ma, and Ba. 

31. The vertex B, the centre of a circumscribed angle, and the 
céntre of gravity (i.e. the point of intersection of the medians). 

32. h,, h., and m,. 33. a, b+, and /.A. 34. a, b +c, and 
ZB. 35.a,b +c,and ZzB+ ZC. 36. a, b —c, and ZA. 37. a, b— 
c,and 7B. 38. Thecentreof gravity and the midpoints of two medians. 

39. The centre of gravity, the centre of a circumscribed circle, 
and one of the vertices. . 

40. The points of intersection of the altitudes with a circumscribed 
circle. 


41. Construct a right triangle from the hypotenuse and the sum 


of the legs. | | 
42. Construct a right triangle from the hypotenuse and the median 


of a leg. 


* It is assumed that the data given are such that the necessary conslruc- 
tions are possible. 
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43. Construct an isosceles right triangle from its perimeter. 

44, Construct a trapezoid, being given its bases and the non- 
parallel sides. 

45. Construct a parallelogram in which the midpoints of three 
sides lie at given points. 

46. Construct a square whose three vertices lie on three given 
parallel straight lines. 

47. Construct a quadrangle ABCD, being given all its sides and 
the angle between the extensions of the sides [AB] and [CD]. 

48. Inscribe a square in a given triangle. 

49. Inscribe a rectangle in a given triangle when (a) the diagonal 
of the rectangle is given; (b) the diagonal of the rectangle is the least. 

50. Inscribe a triangle in another triangle, the sides of the former 
being parallel to three given straight lines. 

51. Inscribe a parallelogram in a given convex quadrangle. (Show 
that the problem has infinitely many solutions.) 

52. Given an angle and a point M in its interior. Draw a straight 
line through the point M such that its segment lying between the 
sides of the angle is divided by that point in the ratio 2: 3. 

o3. Given an angle and a point M lying in its exterior. Draw a 
straight line through the point M such that it cuts off a triangle of 
a given perimeter from the given angle. 

94. Given a circle. Construct its centre. 

99. Given two circles. Construct their common tangents. 

06*. Construct a circle of a given radius, (1) which touches two 
given straight lines; (2) which touches a given straight line and a 
given circle; (3) which touches two given circles. 

07. Given two circles and their common external tangent. Find 
a point on the tangent such that the sum of the angles at which the 
circles can be seen from that point is equal to the given angle. 

08. Given line segments of lengths a and b. Construct line seg- 
ments whose lengths are (a) VY ab; (b) Ya? — ab + Bb; (c) 
V a? — 4ab + 70?. 

o9. Given a circle and a point in its interior. Draw a chord of 
a specified length through the given point. 

60*. Given two circles. Draw a common secant such that its parts 
lying in the interior of the circles are equal to a given segment. 

61. Inscribe a right triangle in a circle, being given the acute 
angle of the triangle and the point through which one of the legs 
passes. 

62. Given two concentric circles. Draw a circle through a given 
point which touches the given concentric circles. 

63*. Given three concentric circles. Construct an equilatera} 
triangle whose vertices belong to those circles. 


64. On a given circle find a point M such that the distances from 
M to the sides of the given angle are related as 2: 3. 
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65*. Draw a straight line through the point of intersection of two 
given circles so that the circles intercept equal chords on the given 
straight line. 

66*. Given a triangle and a point belonging to one of its sides. 
Draw two straight lines through the given point such that they 
divide the triangle into three parts of the same size. 

67. A. circle of radius R is inscribed in an angle of @ radians. 
Between the vertex of the angle and the centre of the circle a tangent 
is drawn to the circle such that the triangle it cuts off from the angle 
has the greatest area. Carry out the construction and calculate the 
area of the cut-off triangle. 

68. Given a triangle. Construct a square of the same size. 

69. In AABC draw a secant (DE) such that | AD | = | DE | = 
| EC | (D € [ABI], E €(BC)). 

70*. Given an acute triangle ABC. Inscribe in it a triangle whose 
sides are perpendicular to those of the given triangle. Prove that 
there are two triangles of that kind. 

71*. Cut a trapezoid by a straight line, which is parallel to the 
bases, such that its segment lying in the interior of the trapezoid is 
divided by the diagonals into three equal parts. 

72. Inscribe a square in a given segment so that one of its sides 
lies on the chord. 

73. Construct a square such that its two vertices lie on a given 
straight line and the other two, on a given circle. 

74. Given a straight line (CD) and two points A and B not lying 
on it. On the straight line find a point M such that (1) ZAMC = 
ZBMD; (2) 2 ZAMC = ZBMD. 

75. Circumscribe a square about an equilateral triangle so that 
the two figures should have a common vertex. 

76. Given three rays drawn from the same point. Draw a straight 
line, passing. through the given point, such that the lengths of the 
segments intercepted on it by the rays are related as 3: 9. 


-Perform the following constructions with limited possibilities 
(77-81). 

77. Using only a pair of compasses, divide a given segment in 
half. 

78. Given a triangle with the lengths of the sides equal to 3 cm, 
4m, and 5cm. Inscribe a circle in it using only a pair of compasses. 

79. Using only a two-sided rule, bisect a given angle. 

80. Given an angle of 19°. Using only a pair of compasses, con- 
struct an arc of 7”. _ . 

81. Using a pair of compasses and a rule, divide an angle of 54 
into three equal parts. 
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3.4. Plane Geometry. Calculation Problems 


In this section we present the fundamental “calculation” for- 
mulas and some statements often used in solving plane geometry 
problems (see also problems in Sec. 3.2). 

I. Assume that a, b, and c are the lengths of the sides of AABC 
which lie opposite the angles A, B, and C respectively, p = 
(a + b + c)/2 is half the perimeter, S is the area, R and r are the 
radii of the circles circumscribed about and inscribed in the triangle, 
h,, m,, and B, are the lengths of the altitude, the median, and the 
bisector drawn to the side which is opposite to 7 A. The following 
statements hold true. 

, a b ¢ 

(1) The sine rule: and ne ane =2R, 

(2) The cosine rule: a? = b? + c? — 2be cos A. In particular, if A 
is a right angle, then we obtain the Pythagorean theorem. 

(3) The formulas for calculating areas of triangles. 


S =—Lah,; S=+ab sinc; 


S=V p (p—a) (p—b) (p—c) — Hero's formula; 
. @_ abe 
S = pr, S = TR 2 

(4) Three medians of a triangle meet at one point which lies strictly 
in the interior of the triangle (the centre of gravity). The point of inter- 
Section divides the medians into segments whose lengths are related as 
2:1, reckoning from the corresponding vertex. 

ae a a 
n,= y= +c?—accos B; m,= os V 2c? 4-252 — a2. 

(9) Three bisectors of a triangle meet at one point which lies strictly in 
the interior of the triangle. The point of intersection of the bisectors is 
a at from the sides of the triangle (the centre of an inscribed 
circle). 

When a bisector cuts a side of a triangle, it divides it into segments 
which are proportional to the adjacent sides of the triangle. 


8 _  sinB ___@e 
a" sin (A/2) b+e° 


(6) Three altitudes of a triangle meet at one point (the orthocentre). 


— A ey 
ha=bsin C; hs ==-=—YV p(p—a) (p—b) (p—c). 


7) Three perpendiculars drawn to the midpoints of the sides of a 
triangle meet at one point. That point is equidistant from the vertices of 
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the triangle and is the centre of a circumscribed circle. 


be a b 
Ras = ae. 
4S.’ R 2sin A 2sinB 2sinC’ 


r=—=[ 4 (p—a)(p—b) (p—e)]” 


II. Assume that a and b are the lengths of the adjacent sides of 
a parallelogram ABCD, A is the magnitude of the angle between 
those sides, h, is the altitude dropped to the side of length a, d, and 
d, are the lengths of the diagonals, and S is the area of the parallel- 
ogram. The following statements hold true. 

(1) h, = bsin A. 

(2) S = ah, = ab sin A. 

(3) df = a® + b* — 2ab cos A. 

d? = a* + b* + 2abcos A. 
di + d? = 2 (a? + 62). 

(4) The point of intersection of the diagonals of a parallelogram is the 
centre of its symmetry. Hence it follows, in particular, that the diagonals 
are bisected by the point of intersection. 

— (5) A parallelogram can be inscribed in a circle if and only if it is a 
rectangle. 

(6) A circle can be inscribed in a parallelogram if and only if it is a 
rhombus. 

III. Assume that a and b are the lengths of the bases of a trapezoid, 
c and d are the lengths of its nonparallel sides, h is the altitude, and 
S is the area of the trapezoid. The following statements hold true. 

(1) S=+(a+d) h. 

(2) A circle can be inscribed in a trapezoid if and only ifa +b = 
ec -+ d. 

(3) A trapezoid can be inscribed ina circle if and only if it is isosceles. 

IV. Assume, finally, that R is the length of the radius of a circle, 
S is its area, and l is the length of the circumference which is the 
boundary of the circle. Then / = 2nR and S = aR’. 


1. The length of one of the legs of a right triangle exceeds the length 
of the other leg by 10 cm but is smaller than that of the hypotenuse 
by.10 cm. Find the length of the hypotenuse of the-triangle. _ 

2. In a triangle ABC, [BD] is a median, | BD | = | AB | V 3/4, 
and “DBC = n/2.. Find the magnitude of 7 ABD. 

3. The length of the base of a triangle is 4 cm smaller than the 
length of the altitude, and the area of the triangle is 96 cm’. Find 
the lengths of the base and the altitude of the triangle. 

4. The lengths of the sides of a triangle are 11 cm, 13 cm, and 
42 cm. Calculate the length of the median drawn to the larger side. 

5. The length of the base of an isosceles triangle is a and the 
vertex angle isa. Find the length of the bisector drawn toa lateral side. 
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6. In an isosceles triangle the vertex angle is equal to a and the 
area is S. Find the length of the base of the triangle. 
7. In aright triangle the lengths of the medians of the acute angles 


are Y 156 cm and ) 89 cm. Find the length of the hypotenuse of the 
triangle. 

8. The legs of a right triangle are a and b long. Find the length 
of the bisector of the right angle of the triangle. 

9. The bisector of the angle N of a triangle MNP divides the side 
[MP] into segments whose lengths are 28 and 12. Find the perimeter 
of the triangle MNP if | MN |—|NP | = 18. 

10. The ratios of the lengths of the sides [BC] and [AC] of a 
triangle ABC to the radius of a circumscribed circle are equal to 2 
and 1.5 respectively. Find the ratio of the lengths of the bisectors 
of the interior angles B and C. 

11. The side [AB] of a triangle ABC is 2 cm long. A median [BD], 
which is 1 cm long, is drawn from the vertex B to the side [AC]. 
Find the area of the triangle ABC if ~ZBDA = 30°. 

12. Find the angles of the triangle in which the altitude and the 
median drawn from the same vertex divide the angle at that vertex 
into three equal parts. 

13. The points M and NV in a rhombus ABCD are the midpoints of 
the sides [BC] and [CD] respectively. Find 7Z.MAN if 7 BAD = 60°. 

14. The perimeter of a rhombus is equal to 48, and the sum of the 
lengths of the diagonals is equal to 26. Find the area of the rhom- 
bus. 

15. Find the angle between the diagonals of a rectangle with 
perimeter 2p and area = p*. 

16. The point M ina square ABCD is the midpoint of [BC] and O 
is the point of intersection of [DV] and [1C). Find the angle MOC. 

17. The midline of a trapezoid is 10 cm and divides the area of 
the trapezoid in the ratio 3: 5. Find the lengths of the bases of the 
trapezoid. 

18. In an isosceles trapezoid ABCD the leg [AB] and the smaller 
base [BC] are 2 cm long, and [BD] | [AB]. Calculate the area of 
the trapezoid. 

19. In a paralleiogram ABCD the angle BAD is equal to n/3, 
and the side [AB] is 3 cm. The bisector of the angle A cuts the side 
[BC] at a point £. Find the area of the triangle ABE. 

20. A parallelogram with the perimeter of 44 cm is divided by 
the diagonals into four triangles. The difference between the perim- 
eters of two adjacent triangles is 6 cm. Find the lengths of the sides 
of the parallelogram. 

21. Giveni parallelogram whose acute angle is 60°. Find the ratio 
of the lengths of the sides of the parallelogram if the squares of the 
lengths of the diagonals are related as 4 cs 
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22. The lengths of the bases of a trapezoid are 5 cm and 15 cm, 
and those of the diagonals are 12 cm and 16 cm. Find the area of 
the trapezoid. 

23. The bases of a trapezoid are a and b long. Find the length of 
the segment of the straight line connecting the midpoints of its 
diagonals. 

24. Find the area of an isosceles trapezoid, being given the length of 
its diagonal / and the angle a between that diagonal and the larger base. 

25. In an isosceles trapezoid ABCD ({AD] || (BC]) the distance 
from the vertex A to the straight line (CD) is equal to the length of 
a leg. Find the angles of the trapezoid if | AD |:| BC | =5: 1. 

26*. The nonparallel sides of a trapezoid are extended to their 
intersection point and a straight line, which is parallel to the bases 
of the trapezoid, is drawn through that point. Find the length of the 
segment of that straight line which is bounded by the extensions of 
the diagonals if the bases of the trapezoid are a and b long. 

27. In a rectangular trapezoid the ratio of the lengths of the bases 
is 4 and that of the lengths of the diagonals is 2. Find the acute 
angle of the trapezoid. 

28. Given an isosceles trapezoid ABCD. It is known that | AD | = 
10 cm, | BC | = 2 cm, and | AB | = | CD | = 5 cm. The bisector 
of the angle BAD cuts the ray [BC) at a point K. Find the length 
of the bisector of the angle ABK in the triangle ABK. 

29. In aright triangle ABC the bisector [AD] of the acute angle A 
is divided by the centre O of the inscribed circle in the ratic 
|AO|:|O0D| =(V3 + 1): (V3 — 1). Find the acute angles of 
the triangle. 

30. In a triangle ABC the side [AB] is 3 m and the altitude [CD] 
drawn to the side [AB] is 3 m. The foot D of the altitude [CD] 
lies.on the side [AB], and the length of the segment [AD] is equal 
to that of the side [BC]. Find the length of the side [AC]. 

31. The length of the diagonal [BD] of a trapezoid ABCD is equal 
to m, and the length of the leg [AD] is equal to n. Find the length 
of the base [CD] if it is known that the lengths of the bases, the 
diagonal, and the lateral side drawn from the vertex C are equal. 

32. In a convex quadrangle MNLQ the vertex angles N and L 
are right angles and the vertex angle M is equal to arctan (2/3). 
Find the length of the diagonal [NQ] if it is known that the length 
of the side [LQ] is half that of the side [MN] and is longer than the 
side [LN] by 21 m. _ 

33. The area of a triangle ABC is equal to 15 3 m?. The angle 
BAC is 120°. The angle ABC is larger than the angle ACB. The 
distance from the vertex A to the centre of the circle inscribed in 
the triangle ABC is 2 m. Find the length of the median of the triangle 
ABC drawn from the vertex B. 

14-01208 
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34. Given a square ABCD with a side of length unity. A point K 
belongs to the side [CD], and | CK |/| KD | = 1/2. Find the distance 
from the vertex C to the straight line (A). ; 

35. The angles at one of the bases of a trapezoid are 20° and 70°, 
and the length of the segment connecting the midpoints of the bases 
is equal to 2. Find the lengths of the bases of the trapezoid if the 
length of the midline of the trapezoid is 4. 

36. One of the bases of a trapezoid serves as a diameter of a circle 
of radius R and the other base intercepts an arc of a radians on the 
circle (0< a <2). Find the area of the trapezoid. 

37. The base angle of an isosceles triangle is equal to g. Find the 
ratio of the length of the radius of the circle inscribed in the given 
triangle to that of the radius of the circumscribed circle. 

38. In an isosceles triangle the Jength of the base is 24 cm and 
that of a lateral side is 15 cm. Find the radii of the inscribed and the 
circumscribed circle. 

39. In a circle of radius equal to 12 cm the length of the chord 
[AB] is 6 cm and that of the chord [BC] is 4 cm. Find the length 
of the chord connecting the ends of the arc AC. 

40. Semicircles are constructed on the sides [AB] and |AC] of an 
angle BAC, equal to 2x/3, as diameters. A circle with the maximum 
radius is inscribed in the common part of the two resulting semi- 
circles. Find the radius of the circle if | AB | = 4 and | AC | = 2. 

41. Given a triangle ABC in which | AC | = 6 and ZABC = a. 
Find the radius of the circle which passes through the centre of the 
circle inscribed in the triangle ABC and the vertices A and C. 

42, A chord of length r/2 is drawn in a circle of radius r. A tan- 
gent to the circle is drawn through one end of the chord, and a secant, 
which is parallel to the tangent, is drawn through the other end. 
Find the distance between the tangent and the secant. 

43. Tangents are drawn through the ends of the arc of a circle 
equal to 120°, and a circle is inscribed in the figure bounded by the 
tangents and the given arc. Calculate the length of that circle if 
the radius of the initial circle is equal to 2. 

44. There is an external tangency at a point C hetween two circles 
of radii R and r. A common external tangent [4B], where A and B 
are the points of tangency, is drawn to them. Calculate the lengths 
of the sides of the triangle ABC. 

45. There is an external tangency between two circles: ofradii R 
and r (R >). Find the radii of the circles touching the two given 
circles and their common external tangent, 

46. There is an external tangency at a point A between two circles 
of radii R and r. A point B, which is diametrically opposite to the 
point A, is taken on the circle of radius r, and a tangent / is con- 
structed at that point. Find the radius of the circle which touches 
the two given circles and the straight line l. 
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47. Points O, and O, are the centres of the circles K, and K, 
which are externally tangent. The radii of the circles are r, and r, 
respectively. A circle- K, is constructed on the segment [0,0,] as 
a diameter. Calculate the radius of the circle which is externally 
tangent to the circles K, and K, and internally tangent to the 
circle K3. 

48. The angle QRP in a triangle PQR is equal to x/3. Find the 
distance between the points of tangency of a circle of radius 2 in- 
scribed in the triangle and a circle of radius 3 which touches the 
straight lines (PQ) and (PR) with the side [QR]. 

49. Given a triangle ABC whose sides are | AB | = 15,| BC |] = 
12, and | AC | = 18. The centre O of the inscribed circle divides 
the bisector of the angle C into two parts [CO] and [OD]. How many 
times is the length of [CO] larger than that of [OD]? 

90. A circle of radius A is inscribed in an angle of @ radians. 
A tangent, which is perpendicular to the bisector of the given angle, 
is drawn between the vertex of the angle and the centre of the circle. 
Find the area of the cut-off triangle. 

o1. Find the area of a right triangle if it is known that the radius 
of the circle inscribed in the triangle is r and that of the circum- 
scribed circle is R. 

o2. A circle touches the larger leg of a triangle, passes through 
the vertex of the opposite acute angle, and has a centre lying on the 
hypotenuse. Find its radius if the lengths of the legs of the triangle 
are 3 and 4. | 

53. Given a triangle with sides a, b, and c long and a semicircle 
inscribed in it, with its diameter lying on the side c. Find the radius 
of the semicircle. 

54. The base angle of an isosceles triangle is equal to x/6. The 
length of the altitude drawn to the base exceeds the radius 
of an inscribed circle by 2. Find the length of the base of the 
triangle. 

55. A right-angled trapezoid whose smaller side is equal to 3r/2 
is circumscribed about a circle of radius r. Calculate the area of the 
trapezoid. 

56. The area of an isosceles trapezoid circumscribed about a circle 
is S. Find the length of the midline of the trapezoid if the acute 
angle at its base is a. 

57. A trapezoid one of whose nonparalle] sides is congruent to 
the smaller base and the angular measure of the arc subtended by 
that base is a is inscribed in a circle of radius R. Find the area of 
the trapezoid. | 

58. A circle is inscribed in a regular triangle with a side of 10 cm. 
A regular triangle is again inscribed in that circle and a circle is 
again inscribed in that triangle and so on. Find the sum of the areas 
of all the circles resulting from the successive inscriptions. 
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59. The angles of a triangle are related as 2: 3:7. The length 
of the smallest side-is a. Find the radius of the circle circumscribed 
about the triangle. 

60. A circle of radius r is inscribed in an isosceles triangle. The 
altitude drawn to the base is divided by the circle in the ratio 1: 2. 
‘Find the area of the triangle. 

61. In a right triangle ABC the angle A is a right angle, the 
angle B is 30°, and the radius of the circumscribed circle is equal 


to / 3. Find the distance from the vertex C to the point of tangency 
of the inscribed circle and the leg [AB]. 

62. A circle inscribed in a square ABCD with side a touches the 
side [CD] at a point £. Find the length of the chord connecting the 
points at which the circle meets the straight line (A£). 

63. A circle is inscribed in a right triangle whose perimeter is 
equal to 36 cm. The point of tangency with the circle divides the 
hypotenuse in the ratio 2: 3. Find the lengths of the sides of the 
triangle. 

64. A circle is inscribed in a right triangle. The point of tangency 
with the circle divides one of the legs into segments 6 cm and 10 cm 
in length, reckoning from the vertex of the right angle. Find the 
area of the triangle. 

65. A semicircle is circumscribed on the larger leg as a diameter. 
Find its length if the smaller leg is 30 cm and the chord which con- 
nects the vertex of the right angle with the point of intersection of 
the hypotenuse and the semicircle is equal to 24 cm. 

66. In a parallelogram ABCD the diagonal [AC] is perpendicular 
to the side [AB]. A circle touches the side [BC] of the parallelogram 
ABCD at a point P and touches the straight line, which passes 
through the vertices A and B of the parallelogram, at a point A. 
A perpendicular [PQ] is drawn to the side [AB) through the point P 
(point Q is the foot of the perpendicular). Find the angle ABC if 
it is known that the area of the parallelogram ABCD is equal to 
1/2 and that of the pentagon QPCDA is S. 

67. A circle is circumscribed about a trapezoid whose altitude is 
H in length. The bases of the trapezoid can be seen from the centre 
of the circle at the angles a and ff. Find the radius of the circle and 
the area of the trapezoid. 

68. A circle of radius 13 cin touches two adjacent sides of a square 
the length of whose side is 18 cm. Into what two segments does the 
circle divide each of the other two sides of the square? 

69. Given a triangle ABC with 2BAC =a, Z BCA =f, and 
| AC | = b. A point D taken on the side [BC] is such that | BD | = 
3| DC |. A circle drawn through the points B and D touches the 
side [AC] or its extension beyond the point A. Find the radius of 
the circle. 
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70. Points C and D are taken on the side of an angle with vertex A 
(C is between A and D). These points are such that | AC | = 2| CD |. 
A circle is drawn through the points C and D, which touches the 
other side of the angle at a point B. A point Z is taken between A 
and B. It is known that 7DAE = a, 72 DEA = B, and| AE | =k. 
Find the radius of the circle. 

71. The lengths of the nonparallel sides of a trapezoid are equal 
to 6 and 10. It is known that a circle can be inscribed in the trapezoid. 
The midline divides the trapezoid into two parts whose areas are 
related as 5: 11. Find the lengths of the bases of the trapezoid. 

72. The length of the midline of an isosceles trapezoid is equal 
to 5. It is known that a circle can be inscribed in the trapezoid. The 
midline divides the trapezoid into two parts whose areas are related 
as 7:13. Finc the length of the altitude of the trapezoid. 

73. A circle of radius 3 inscribed in a triangle ABC touches the 
side {BC} at a point D. A circle of radius 4 touches the extensions of 
the sides [AB] and [AC], and also touches the side [BC] at a point E. 
Find | ED | if the angle BCA is equal to 2n/3. 

74. A triangle is defined by the coordinates of its vertices 
A (3, —2, 1), B (3, 1, 5), and C (4, 0, 3). Calculate the length of the 
median | BB, | and the magnitude of the angle B. 

79. Find the area of an isosceles trapezoid in which the bases are 
10 cm and 26 cm long and the diagonals are perpendicular to the 
nonparallel sides. . 

76.: Calculate the area of a rectangular trapezoid with the bases 
7 cm and 3 cm long and the acute angle equal to 60°. 

77. Given a trapezoid MNPQ with bases [MQ] and [NP]. The 
straight line which is parallel to the bases cuts the leg [MN] at a 
point A and the side [PQ] at a point B. Sanpg: Suarqg = 2:7. 
Find | AB | if | NP | = 4 and | MQ| = 6. 

78. A median is drawn to a lateral side, which is 4 cm long, of 
an isosceles triangle. Find the length of the base of the triangle if 

the median is 3 cm long. 
" 79. The legs of a right triangle are 12 cm and 5 cm long. Find 
the distance between the centres of the inscribed and the circum- 
scribed circle. 

80. A square inscribed in a right triangle with legs a and b has 
a common right angle with the triangle. Find the perimeter of the 
square. 
ary . The magnitudes of the angles A, B, and C in a triangle ABC 
form an arithmetic progression. The smallest side is a quarter of the 
largest side. Find the tangent of the smallest angle. 

82. The lengths of the sides of a triangle are proportional to the 
numbers 5, 12, and 13. The largest side of the triangle exceeds the 
smallest side by 1.6 m. Find the perimeter and the area of the tri- 
-angle. 
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83. In an isosceles triangle the sine of the base angle is three 
times as large as the cosine of the vertex angle. Find the sine of the 
base angle. 

84. Find the lengths of the sides of a right triangle if R = do cm 
and r — 6 cm, where RA andr are the radii of the circumscribed and 
the inscribed circle respectively. 

85. Given two sides b and c of a triangle and its area S = 2he/5. 
Find the third side of the triangle. 

86. Find the angle between the medians of the legs of an isosceles 
right triangle. 

87. In a triangle ABC a straight line is drawn from the point E 
of the side [BC] parallel to the altitude [BD] and cuts the side [AC] 
at a point F. A line segment [EF] divides the triangle ABC into two 
figures of the same area. Find the length of | EF | if | BD | =6cm 
and |AD|:|DC|=2:7. 

88. A semicircle is inscribed in a right triangle so that its diam- 
eter lies on the hypotenuse and the centre divides the hypotenuse 
into segments 15 cm and 20 cm long. Find the length: of the arc of 
i semicircle included between its points of tangency with the 
egs. 

89. Given a triangle whose sides are 10 cm, 12cm, and 18 cm long. 
A circle is drawn which touches the two smaller sides, whose centre 
is on the larger side. Find its radius. 

90. Two tangents 12 cm long are drawn to a circle from the same 
point, and the distance between the points of tangency is 14.4 cm. 
Find the radius of the circle. 

91. Two tangents drawn to a circle with its centre at NV from a 
point A touch that circle at points B and M. The chord [BM] cuts 
the segment [NA] at a point K. The length of the segment | NK | 


is 1 > times as small as the length of the segment | KA |;| AB} = 


4 cm. Find the area of the triangle BAK. 

92. An isosceles trapezoid is circumscribed about a circle, the 
midline of the trapezoid being 5 cm long. Find the perimeter and 
the length of the nonparallel sides of the trapezoid. 

93. The lengths of the bases | MF | and | PQ | of a trapezoid 
MPOQF are 24cm and 4cm respectively. The altitude of the trapezoid 
is 5 cm in length. A point N divides the side [A/P] into segments 
[MN}) and [NP]. The length of the segment | MN | is three. times 
as oe as that of the segment | NP |. Find the area of the triangle 
NQF. 

94. A circle of radius 2 cm long is inscribed in a rhombus which is 
divided by its diagonal into two equilateral triangles. Find the side 
of the rhombus. : 

95. Given a right triangle ABC. A circle is constructed on its 
altitude [CK] as a diameter which cuts the legs [CA] and [CB] at 


3.4. Plane Geometry. Calculation Problems 215 


points M and N respectively; | CM | = 12 cm and|CN | = 18cm. 
Find | CA | and | CB |. 

96. An isosceles triangle with an angle of 120° is circumscribed 
about a circle of radius R. Find the sides of the triangle. 

97. In an isosceles trapezoid ABUD the larger base [AD] is 12 cm 
and | AB | = 6 cm. Find the distance between the point O of inter- 
section of the diagonals and the point K of intersection of the exten- 
sions of the nonparallel sides if the altitude of the trapezoid is 1 cm. 

98. Find the diagonal and the nonparallel sides of an isosceles 
trapezoid with bases 20 cm and 412 cm long if the centre of a circum- 
scribed circle is known to lie on the larger base of the trapezoid. 

99. There is an internal tangency between a circle of radius r 
and two circles of radii R, and R,, the centres of the three circles 
lying on the same straight line. Find the radius of the circle which 
touches the three given circles. 

100. A point P chosen on the leg [AC] of an isosceles right triangle 
ABC is such that the semicircle constructed on the segment [PC] 
as a diameter touches the hypotenuse [AB]. In what ratio does 
the semicircle divide the segment {PB}? 

101. For what value of the length of the altitude does a right- 
angled trapezoid with an acute angle of 45° and perimeter equal to 
4 cm have the greatest area? 

102. The sum of the lengths of two sides of a triangle is equal to 
a and the angle between them is equal to 30°. What must be the 
lengths of the sides of the triangle for its area to be the greatest? 

103. The sum of the lengths of the diagonals of a parallelogram 
is 8 cm. Find the minimum sum of the squares of the lengths of all 
the sides of the parallelogram. 

104. A rectangle is inscribed in an isosceles triangle whose base is 
20 cm long and the altitude is 8 cm long, one- of.the sides of the 
rectangle lying on the base of the triangle. How long must be the 
altitude of the rectangle for the rectangle to have the greatest area? 

105. A rectangle of the greatest area is inscribed in an isosceles 
triangle with a vertex angle of 120° and a base 8 cm long, two vertices 
of the rectangle lying on the base of the triangle. Find the area of 
the rectangle. 

106. A rectangle of the greatest’ area is inscribed in a triangle 
whose base is a long and the altitude is h long (the base of the rec- 
tangle lies on the base of the triangle). Find the lengths of the sides 
of the rectangle. 

107. Two sides of a parallelogram lie on the sides of a given tri- 
angle, and one of its vertices belongs to the third side. Under what 
conditions is the area of the parallelogram the greatest? 

108. A leg of an isosceles trapezoid is congruent to tts smaller 
base whose length is a. How long must be the larger base of the 
trapezoid for its area to be the greatest? 
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109. A point A is given on a circle of radius R. At what distance 
from the point A must the chord [BC] be drawn, parallel to the 
tangent to the circle at the point A, for the area of the triangle ABC 
to be the greatest? 

410. The nonparallel sides of a trapezoid are perpendicular. What 
can be the maximum value of the area of the triangle, formed by the 
diagonals and the midline of the trapezoid, if the lengths of the bases 
of the trapezoid are known to be a and b? 

111. Among all the rectangles inscribed in a circle of radius R 
find that which has the greatest area. 

412. Among all the rectangles with the area equal to 9 dm? find 
that whose perimeter is the smallest. 

113. Given a right triangle with a hypotenuse equal to 24 cm 
and an angle of 60°, and a rectangle inscribed in it, whose base lies 
on the hypotenuse. How long must be the sides of the rectangle for 
its area to be the greatest? 

114. Find the lengths of the sides of a rectangle of the greatest 
area inscribed in a right-angled trapezoid with the lengths of the 
bases equal to 24 cm and 8 cm and the altitude equal to 12 cm. 

115. Find the lengths of the sides of a rectangle of the greatest 
area inscribed in a right triangle with sides 18 cm, 24 cm, and 30 cm 
long and having an angle in common with it. 

116. A parallelogram of the greatest area is inscribed in an isos- 
celes triangle with sides 15 cm, 15 cm, and 18 cm long so that they 
have a common base angle. Find the lengths of the sides of the 
parallelogram. 

117. In what circle can a rectangle of the greatest area with perim- 
eter equal to 56 cm be inscribed? 

118. The hypotenuse of a right triangle is equal to c. What must be 
the legs of the triangle for its area to be the greatest? 
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1. How many planes are there which are equidistant from four 
given points not lying in the same plane? 

2. Prove that if three straight lines in space possess the property 
that any two of them meet, then either they pass through a common 
point or they all Jie in the same plane. 

3. Points A, B, C, and D are given in space, with [AB] , [CD] 
and [AC] | [BD]. Prove that [AD] | (BC]. 

4. Two segments [A8] and [CD], not lying in the same plane, 
are considered in space. Assume that [MN] is a segment connecting 
their midpoints. Prove that |AC|+|BD|>2|MN |. 

9. An oblique line makes equal angles with three pairwise non- 
paralle] straight lines lying in the same plane. Prove that the oblique 
line is perpendicular to the plane. 
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6. Segments [AB] and [CD] lie on two parallel planes. The ter- 
minal points of the segments are the vertices of a triangular pyramid. 
Prove that the volume of the pyramid does not vary when the seg- 
ments are displaced in the planes parallel to themselves. 

7. Prove that the straight line which cuts two faces of a dihedral 
angle makes equal angles with them if and only ii the intersection 
points are equidistant from the edge. 

8. Prove that every convex tetrahedral angle can be cut by a 
plane so that a parallelogram results in the section. 

9. Can a trihedral angle be always cut by a.plane so that a regular 
triangle results in the section? 

10. Prove that if all the dihedral angles of a convex trihedral 
angle are acute, then all the plane angles are also acute. 

‘ 11. How many planes of symmetry can a triangular pyramid 
ave? 

12. Prove that two triangular pyramids are equal or symmetric 
if their respective edges are equal. 

13. Prove that the following four conditions are equivalent: 

(1) the lateral. edges of a pyramid are equal; 

(2) the lateral edges make the same angle with the plane of the 
base of a pyramid; 

(3) the lateral edges make the same angle with the altitude of 
a pyramid; 

(4) a circle can be circumscribed about the base of a pyramid, and 
the altitude of the pyramid passes through the centre of the circle. 
14. Prove that the following three conditions are equivalent: 
(1) the altitudes of the lateral faces of a pyramid are equal: 

(2) the altitude of a pyramid makes the same angle with the lateral 
faces; 

(3) the lateral faces of a pyramid make the same angle with the 
plane of the base (note that in that case the dihedral angles at the 
base of the pyramid may prove to be different). 

15. Prove that the dihedral angles at the base of a pyramid are 
equal if and only if a circle can be inscribed in the base of the pyra- 
mid, and the altitude of the pyramid passes through the centre of 
the circle. 

16. Prove that if all the dihedral angles of a certain triangular 
pyramid are equal, then all the edges of the pyramid are also equal. 

17. Prove that if in a triangular pyramid the sum of the lengths 
ef the opposite edges is the same for any pair of such edges, then the 
vertices of the pyramid are the centres of four spheres which are 
pairwise tangent. | 

18. Prove that in a triangular pyramid the altitude passes through 
the point of intersection of the altitudes of the triangle lying at the 
base if and only if the opposite edges of the pyramid are perpendic- 
ular. 
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49. All the edges of one pyramid are respectively smaller than 
those of another pyramid. Can we assert that the volume of the 
first pyramid is smaller than that of the second? 

20. Given a regular triangular pyramid. A perpendicular is drawn 
from an arbitrary point P of its base to the plane of the base. Prove 
that the sum of the lengths of the segments from the point P to the 
points of intersection of the perpendicular and the planes of the faces 
does not depend on the choice of the point P on the base. 

21. What regular polygons can result when a cube is cut by a 

lane? 

7 22. Prove that if all the diagonals of a parallelepiped are equal 
in length, then it is rectangular. 

23. Prove that if all the faces of a parallelepiped are equal paral- 
lelograms, then they are rhombi. 

24. Is there a polyhedron whose all faces are parallelograms and 
are pairwise parallel but which, however, is not a prism? 

25. Prove that the volume of a regular truncated pyramid is ¥ = 


H (S, + S, + VY S,S,), where H is its altitude, and S, and S, 


are the areas of the bases. 

26. Prove that all the tangents drawn to a sphere from the same 
point are equal in length. 

27. Prove that a triangular prism can be inscribed in a sphere 
if and only if the prism is right-angled. 

28. Prove that a sphere can be inscribed in every triangular pyr- 
amid and a sphere can be circumscribed about that pyramid. In that 
case (1) all the bisectors of the planes of the dihedral angles of the 
pyramid meet at one point, and that point is the centre of the 
inscribed sphere; (2) all the planes drawn through the midpoints of 
the edges of the given pyramid are perpendicular to those edges, 
meet at one point, and that point is the centre of the circumscribed 
sphere. 

29. Prove that if the opposite edges of a tetrahedron are pairwise 
equal, then the spheres inscribed in and circumscribed about the 
tetrahedron are concentric. 

30. Assume that ABCD is a triangulat pyramid, S,, S,, S3, and 
S, are the areas of its four faces, and r is the radius of the sphere 
inscribed in the pyramid. Prove that the volume V of the pyramid 


can be calculated by the formula V ==> r(S,;+ S$, + S3 + S,). 


34. A sphere is said to be escribed in a triangular pyramid if it 
touches one of the faces of the pyramid and the planes of all the 
other faces. Prove that every triangular pyramid has four escribed 
spheres. 

32*. Assume that r is the radius of the inscribed sphere and R,, Ro, 
R,, and R, are the radii of the spheres escribed in the triangular 
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pyramid. Prove that 


2 | 4 4 1 
Pom Ry Ry Ry 

33. Prove that to circumscribe a sphere about a pyramid, it is 
necessary and sufficient that a circle can be circumscribed about the 
base of the pyramid. 

34. A sphere with centre at a point O is inscribed in a trihedral 
angle with vertex S. Prove that the plane which passes through three 
points of tangency is perpendicular to the straight line (OS). 

35. Prove that in a rectangular parallelepiped ABCDA’B’C'D' 
the square of the sectional area A’BD is eight times smaller than 
the sum of the squares of the areas of the faces. 

36. Prove that if all the edges of a tetrahedron touch the same 
sphere, then the sums of the lengths of all the pairs of the opposite 
edges are the same. 

37. What is the greatest lateral area that a rectangular paral- 
lelepiped can possess if its diagonal is a long? Prove that a cube 
has the greatest lateral area. 

38. All the dihedral angles at the base of a pyramid area in mag- 
nitude. Prove that the lateral area and the base area of the pyramid 
are related aS Spase = Sja¢ COS &. 

39. Two planes @ and f intersect in space. A point A is given 
on the line of their intersection. Prove that of all the straight lines, 
which Jie in the plane a and pass through the point A, the straight 
line which is perpendicular to the line of intersection of the planes a 
and B makes the greatest angle with the plane f. What is that angle 
equal to? 

40. Given a triangular pyramid SABC and the plane angles at 
its vertex S: ZBSC = 90° and ZASC = ZASB = 60°. The ver- 
tices A and S and the midpoints of the edges [SB], [SC], [AB], 
and [AC] lie on the surface of a sphere. Prove that the edge [SA] 
is a diameter of the sphere. 

41. A sphere touches three sides of the base of a triangular pyr- 
amid at their midpoints and cuts the Jatcral edges at their midpoints. 
Prove that the pyramid is regular. 

42. A sphere touches all the lateral laces of a triangular pyramid 
at the centres of the circles circumscribed about them. The edge 
angles of the pyramid are equal. Prove that the pyramid is regu- 
Jar. 

43. Prove that if a sphere is inscribed in a prism (not necessarily 
a right prism), then (1) the altitude of the prism is equal to the 
diameter of the sphere; (2) the points of tangency of the sphere and 
the lateral faces lie on the section of the prism.by the plane which 
passes through the centre of the sphere at right angles to the lateral 
edges. 
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44. Prove that if a right circular cylinder can be inscribed in 
a prism, then it is a right prism, the length of its lateral edge is 
equal to that of the generatrix of the cylinder, and a circle can be 
inscribed in the base of the prism. 

45. If a prism is inscribed in:a right circular cylinder, then it 
is a right prism, its altitude is equal to the generatrix of the cylinder, 
and the base of the prism is an inscribed polygon. Prove these state- 
ments. 

46. A sphere is inscribed in a truncated cone. Prove that the sur- 
face area of the sphere is smaller than the lateral area of the cone. 

47, A tetragonal truncated pyramid is circumscribed about a 
sphere. Prove that the volumes of the pyramid and the sphere are 
related as their total surfaces. 


3.6. Solid Geometry. Calculation Problems 


Here are the formulas which will be of help in calculating the 
surface areas and the volumes of space figures. 


S, = S cosa, (1) 


where S is the area of a given plane figure, S, is the area of its orthog- 
onal projection onto another plane, and a is the angle between the 


planes. 
S = Pl, (2) 


where S is the lateral area of a prism, P is the length of the perimeter 
of the orthogonal section, and / is the length of the generatrix of 
the prism. 


S a? h2 


where S and S, are the areas of the parallel sections of a pyramid, @ 
and a, are the lengths of the corresponding elements of the section, 
h and h, are the distances of the sections from the vertex of the pyr- 
amid or the distances of some corresponding elements of the sections 
from the vertex of the pyramid. 


= (4) 


where S is the lateral area of a regular pyramid, P is the length of 
the perimeter of the base, and h is the apothem of a lateral face. 


S = 2nRh, S, = 2nR(R +h), (5) 


where S is the lateral area of a right cylinder, S, is the total surface 
area of the cylinder, R is the length of the radius of the circle of the 
base of the cylinder, and h is the length of the altitude of the cylin- 
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der. 
S=nRl, 8; =xnR(R+)), (6) 


where S is the lateral area of a right cone, S, is the total surface 
area of the cone, R is the length of the radius of the circle of the base 
of the cone, and 1 is the length of the generatrix of the cone. 


S=x(R+ r)1, (7) 


where S is the lateral area of a right truncated cone, R and r are the 
lengths of the radii of the bases of the truncated cone, and / is the 
length of the generatrix of the 

cone. R 


S = 2nra = 2nRh (Fig. 3.11), (8) 


where S is the area of the surface 
of revolution of the segment [AB] 
of length a (Fig. 3.11) about the 
axis (ab) which does not cut the 
segment, ris the distance between 
the midpoint of the segment and 
the axis of revolution, h is the 
length of the projection (ab] of the Fig. 3.44 Fig. 3.12 
segment [AB] onto the axis of 

revolution, Risthelength of the radius of the circle whose centre 
is on the axis of revolution and which touches the segment [AB] 
at its midpoint, and a is the length of the segment [AB]. 


= 2nRh (Fig. 3.12), (9) 
where S is the area of the surface of revolution of the arc AB of the 


circle with a radius of length R about the axis (ab) on which the 
centre of the circle lies (the point A or B or both can lie on the axis 


of revolution), and h is the length of the projection of the arc AB 
onto the axis of revolution. 


RS > 
| ra 
| 
| 
= 


= 4nR?, (10) 
where S is the surface area of a sphere and R is the length of the 
radius of the sphere. 

V = abe, (11) 


where V.is the volume of a rectangular parallelepiped and a, b,c 
are the lengths of its sides. 
V = Sh, (12) 


where V is the volume of a prism, S is the area of the polygon which 
is the base of the prism, and h is the length of the altitude of the 


prism. 
V = Sl, (13) 
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where V is the volume of an oblique prism, S is the area of the section 
perpendicular to the generatrix of the prism, and / is the length of 
a lateral edge of the prism. 


V=— Sh, (14) 


where V is the volume of a pyramid, S is the area of the polygon which 
is the base of the pyramid, and h is the length of the altitude of the 
pyramid. 


V=q(S+s+VSs)h, (15) 


where V is the volume of a truncated pyramid, S and s are the areas 
of its bases, and h is the length of the altitude of the truncated 


pyramid. 
V = nReh, (16) 
where V is the volume of a circular cylinder, R is the length of the 


radius of the base of the cylinder, and h is the length of the altitude 
of the cylinder. 


V=— xR, (17) 


where V is the volume of a circular cone, R is the length of the radius 
of the base of the cone, and h is the length of the altitude of the 
cone. 


V=-—n(R2+r2+ Rryh, (18) 


where V is the volume of a circular truncated cone, R and r are the 
lengths of the radii of the bases of the cone, and h is the length of 
the altitude of the cone. 


V=+nkh (Fig. 3.13), (19) 


where V is the volume of a spherical sector and centre on the axis 
of revolution (ab), R is the length of the radius of the spherical sector, 
and h is the length of the altitude of the spherical zone which serves 
as the base of the spherical sector (the point A or B or both can lie 
on the axis of revolution (ab)). Figure 3.13 shows only the section 
of the spherical sector by an axial half-plane. 


== aR}, (20) 


where V is the volume of a sphere and R is the length of the radius of 
the sphere. 


V=-—-nlth (Fig. 3.14), (21) 


where V is the volume of a ring with centre on the axis of revolution 
(ab), L is the length of the chord [AB] of the ring, and h is the length 
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of the projection [ab] of the chord [AB] onto the axis of revolution 
(the point A or B or both can lie on the axis of revolution (ab)). 
Figure 3.14 shows only the section of the ring by an axial half-plane. 


4 
Va— ah? 4+ n(r?+r2)h (Fig. 3.15), (22) 


where V is the volume of a spherical layer with centre on the axis 
of revolution (ab), r, and r, are the distances from the points A and B 
to the axis of revolution (ab) (r, and r, are the lengths of the radii 
of the circles bounding the layer), and / is the length of the altitude 


Fig. 3.13 Fig. 3.14 Fig. 3.45 


of the spherical zone which serves as the base of the spherical layer 
(the point A or B or both can lie on the axis of revolution). Figure 3.15 
shows only the section of the spherical layer by an axial half-plane. 


V=Zh(S+45,+8), (23) 


where V is (1) the volume of any polyhedron whose bases are various 
irregular polygons lying in parallel planes, and the lateral surface 
is formed by triangles or trapezoids whose vertices coincide with 
those of the polygons serving as the bases; (2) the volume of a cylin- 
der; (3) the volume of a cone; (4) the volume of a spherical layer; 
S and « are the areas of the figures lying in parallel planes (bases), 
S, is the area of the section of a body by a plane which is parallel 
to the bases and is equidistant from them; and h is the length of the 
altitude (the distance between the bases). 


{. Find the angle between two skew straight lines Z, and L, if the 
distance between the points A € L, and B € Lz, which are equidis- 
tant from the feet C € L, and D € L, of the commou perpendicular to 
those lines, is equal to 2/, and |DC | = | AC |] = |BD |= 1. 

2. Given two skew straight lines £, and L, which make an angle a 
with each other. The distance between the points A € L, and B € Le, 
which are equidistant from the feet C € L, and D € L, of the common 


m 
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perpendicular to those lines, is equal to m. Find the distance between 
the straight lines if | AC | = | BD | = l. 

3. The length of the altitude of a right triangle ABC, drawn to 
the hypotenuse [AB], is equal to 9.6. A perpendicular [CM] is drawn 
from the vertex C of the right angle to the plane of the triangle ABC 
and | CM | = 28. Find the distance from the point M to the hypot- 
enuse [AB]. 

4. Points A, B, and C, belonging to a circle, divide the length 


of the circle in the ratio 1:2:2 (AC = BC). Find the distance 
from the centre O of the circle to a plane y if it is known that the 
plane y is at the distance d from the points A and B and at the dis- 
tance b from the point C. 

9*. Given a rhombus ABCD and a plane f. Find the distance 
from the vertex D to the plane 8 which passes through the vertex A 
if the distances from the points B and C to the plane § are equal to b 
and c respectively. | | 

6. The planes drawn through each vertex of a unit cube are per- 
pendicular to the same diagonal. Into what parts is the diagonal 
divided by the planes? 

7. The centre of the upper base of a cube is connected with the 
midpoints of the sides of the lower base. Determine the lateral sur- 
face of the pyramid obtained if the edge of the cube is a long. 

8. The diagonals of the lateral faces of a rectangular parallelepiped 
make angles a and f with the plane of the base. Find the angle be- 
tween the diagonal of the parallelepiped and the plane of the base. 

9. A plane cuts a rectangular parallelepiped with a square base 
along a rhombus with an acute angle a. At what angle does the plane 
cut the lateral edges of the parallelepiped? 

10. In a rectangular parallelepiped A8CDA,B,C,D, the diagonals 
[AC] and [BD] of the base meet at a point M and ~AMB = a. 
Determine the lateral area of the parallelepiped if | B,M | = b and 
ZBMB, = B. 

11. The bases of a parallelepiped are squares with a side b and 
all the lateral faces are rhombi. One of the vertices of the upper base 
is equidistant from all the vertices of the lower base. Find the volume 
of the parallelepiped. 

12. Ina parallelepiped ABCDA,B,C,D, the face ABCD is a square 
with a side of 5 cm; the edge [A A,] is also 5 cm long and makes angles 
with the edges [AB] and [AD]. Find the length of the diagonal 

iJ. 

13. The diagonal of a rectangular parallelepiped is equal to 1 
and makes an angle a with the plane of the base. Find the lateral 
area of the parallelepiped if the area of its base is equal to S. 

14. Find the lateral area and the volume of a right parallelepiped, 
being given that its altitude is h, its diagonals make angles a and B 
with the base, and its base is a rhombus. 
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15. The base of a right parallelepiped is a rhombus. The areas of 
the diagonal sections are equal to S, and S,. Find the lateral area 
of the parallelepiped. 

16. The base of a right prism is a rhombus with an acute angle a. 
Find the volume of the prism if its larger diagonal is J in length 
and makes an angle 6 with the plane of the base. 

17. A plane drawn through a side of the lower base of a regular 
triangular prism and the opposite vertex of the upper base makes 
an angle a with the plane of the base. The area of the section of the 
prism by that plane is S. Find the volume of the cut-off pyramid. 

18. The base of a right prism is an equilateral triangle. A plane 
which passes through one of the sides of the lower base and the oppo- 
site vertex of the upper base makes an angle with the plane of the 
lower base. The area of the section is Q. Find the volume of the 
prism. 

19. The base of a right prism is an isosceles trapezoid with an 
acute angle a. The nonparallel sides of the trapezoid and its smaller 
base are equal in length. Find the volume of the prism if the diagonal 
of the prism is a and makes an angle 6 with the plane of the base. 

20. The base of a right prism is an isosceles trapezoid whose diag- 
onal is equal to a and the angle between the diagonal and the larger 
base is a. The diagonal of the prism makes an angle £ with the base. 
Find the volume of the prism. 

21. Find the volume of a right prism whose base is a right triangle 
with an acute angle a if a lateral edge of the prism is / in length 
and makes an angle Bf with the diagonal of the larger lateral 
face. 

22. The base of aright prism is a right triangle with a hypotenuse 
of length c and an acute angle of 30°. A plane drawn through the 
hypotenuse of the lower base and the vertex of the right angle of the 
upper base makes an angle of 45° with the plane of the base. Find 
the volume of the triangular pyramid cut off from the prism hy the 
plane. 

23. The base of a right prism is an equilateral triangle. The plane 
which passes through one of its sides at an angle @ to the plane of 
the base cuts off a triangular pyramid of volume V from the prism. 
Find the area of the section. 

24. Each edge of an oblique triangular prism is equal to 2, one of 
the lateral edges makes angles of 60° with the adjacent sides of the 
base. Find the total surface area of the prism. 

25. The base of a right prism is a right triangle with the perimeter 
2p and an acute angle a. Find the lateral area of the prism if it is 
known that a sphere can be inscribed in it. 

26. The length of the diagonal of a regular tetragonal prism is 
equal to / and the diagonal makes an.angle equal to a with the plane 
of the base. Find the volume of the prism. 
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27. In a regular tetragonal prism a plane is drawn through the 
midpoints of two adjacent sides of the base, which cuts that base at an 
angle a and also cuts three lateral edges of the prism. Find the area 
of the resulting section and its acute angle if a side of the base of the 
prism is equal to b. 

28. Find the volume of a regular tetragonal prism if its diagonal 
makes an angle a with a lateral face and the length of a side of the 
base is a. 

29. The base of a prism is a regular triangle whose side is 4 cm 
in length. One of the lateral faces, which is perpendicular to the 
plane of the base, is a rhombus whose diagonal is 6 cm long. Find 
the volume of .the prism. 

30. The base of a right prism is a rhombus with an acute angle a; 
the angle between the smaller diagonal of the rhombus and the small- 
er diagonal of the prism is f. Find the volume of the prism if the 
smaller diagonal of the rhombus is d. 

31. The base of a right prism is an isosceles triangle whose base 
is a in length and whose base angle is a. Find the volume of the 
prism if its lateral area is equal to the sum of the areas of the bases. 

32. The largest diagonal of a regular hexagonal prism, which is d 
in length, makes an angle a with a lateral edge. Find the volume 
of the prism. 

33. The base of a prism is an isosceles right triangle with a leg a 
cm in length. The lateral edge, which is opposite fo the hypotenuse, 
makes angles a~ and £ with the legs. The length of a lateral edge is 
6 cm. Find the volume of the prism. 

34. The total area of a regular triangular pyramid is S. Being 
given that the angle between a lateral face and the base of the pyr- 
amid is a, find a side of the base. 

30. In a regular triangular pyramid a side of the base is a and 
the edge angle is a. Find the volume of the pyramid. 

36. Find the angle between the apothem of a lateral face of a 
regular triangular pyramid and the plane of its base, being given 
that the difference between that angle and the angle which a lateral 
edge of the pyramid makes with the plane of the base is a. 

37. The length of a side of the base of a regular triangular pyr- 
amid is 10 cm and the dihedral angle at the base is 30°. Find the 
volume of the pyramid. 

38. A lateral edge of a regular triangular pyramid is / in length 
and makes an angle a with the plane of the base. Find the volume 
of the pyramid. 

39. Find the volume of a regular triangular pyramid whose edge 
angle is a and the shortest distance between a lateral edge and the 
opposite side of the base is d. 

40. Construct a section of a regular triangular pyramid by a 
plane passing through the centre of the base parallel to one of the 
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lateral faces of the pyramid. Find the area of the section if a lateral- 
face of the pyramid makes an angle @ with the base and a side of the 
base of the pyramid is equal to a. 

41. The base of a pyramid is a right triangle with a leg of length a 
and the opposite angle a. Each lateral edge makes an angle 6 with 
the plane of the base. Find the area of the lateral face which passes 
through the smaller leg of the base if tana = 3/2, tan B = 2/3, 
and a = 8 cm. 

42. The base of a pyramid is a right triangle ABC whose leg 
| AC |= band 7#B = B. The lateral faces of the pyramid, which 
pass through the legs [AC] and [BC], are perpendicular to the plane 
of the base, and the third lateral face makes an angle @ with the base. 
Find the volume of the pyramid. 

43. Given a pyramid SACB with vertex S whose base is a right 


triangle ACB in which [AB] is a hypotenuse 2 Y 3 cm in length. 
The lateral edge [SA] is perpendicular to the plane of the base. The 
dihedral angle formed by the lateral faces SAC and SAB is 30°. 
The altitude of the pyramid is 4 cm in length. Find the lateral 
area. 

44. Find the volume of a pyramid whose base is a right triangle 
with hypotenuse c in length and an acute angle a if the lateral edges 
make an angle 6 with the plane of the base. 

45. The base of the pyramid is an isosceles right triangle whose 
hypotenuse is 5 cm in length. Each lateral edge makes an angle a 
with the plane of the base. Find the total surface area of the pyramid. 

46. The base of a triangular pyramid is an isosceles triangle whose 
area is S and the vertex angle is a. Find the volume of the pyramid 
if the angle between each lateral edge and the altitude of the pyr- 
amid is 6. 

47. The base of a pyramid is an isosceles triangle in which the 
angle between the equal sides is @ and the side opposite to it is a 
in length. Each lateral face of the pyramid makes an angle B with 
the base. Find the total surface area of the pyramid. 

48. Find the volume of a pyramid whose base is a triangle two 
angles of which are equal to a and f and the radius of the circle 
circumscribed about the base is R. Each lateral edge makes an angle 
@ with the plane of the base. 

49. In a regular triangular pyramid, a side of the base is a in 
length and the dihedral angle between.the lateral faces is a. Find 
the volume of the pyramid. 

50. The angle between the altitude of a regular triangular pyramid 
and the apothem is a, and the length of a lateral edge of the pyramid 
is 1. Find the volume of the pyramid. 

51. The edge angle of a regular triangular pyramid is a and the 
radius of the circle inscribed in a lateral face is r. Find the lateral 
area of the pyramid. 


15° 


4 


228 3. Geometry and Vector Algebra 


52. A side of the base of a regular triangular pyramid is @ and 
the dihedral angle at the base is 45°. Find the volume of the pyra- 
mid. 

53. Find the altitude of a regular tetrahedron whose volume is 
equal to V. 

"54. Find the volume of a regular tetrahedron whose altitude is 
equal to H. 

55. In a regular triangular pyramid, whose volume is V, each 
lateral face makes an angle a with the plane of the base. Find the total 
surface area of the pyramid. 

56. Find the volume and the lateral surface of a regular triangular 
pyramid, being given that the plane, which passes through a side of 
the base and the midpoint of the altitude of the pyramid, makes an 
angle @ with the base, and a side of the base is a. 

57. Find the volume of a regular triangular pyramid whose lateral 
edge makes an angle a with the plane of the base and is at the dis- 
tance d from the midpoint of the opposite side. 

98. A regular triangular pyramid is cut by a plane which is per- 
pendicular to the base and bisects two sides of the base. Find the area 
of the section of the pyramid by that plane if it is known that a side 
of the base is a and the altitude of the pyramid is H. 

59. In a regular triangular pyramid, a side of whose base is a 
and a lateral edge is 2a, a plane is drawn through the midpoint of 
a lateral edge at right angles to it. Find the area of the resulting 
section. 

60. A plane is drawn through the vertex C of the base of a regular 
triangular pyramid SABC at right angles to the lateral edge [SA]. 
The plane makes an angle with the plane of the base whose cosine is 
equal to 2/3. Find the cosine of the angle between the lateral faces 
of the pyramid. 

61. A section is drawn through the vertex of a regular triangular 
pyramid and the midpoints of two sides of the base. Find the area 
of the section and the volume of the pyramid, being given the length 
ie a side of the base and the angle a between the section and the 

ase. 

62. The altitude of a regular triangular prism is H. A plane is 
drawn through one of the edges of the lower base and the vertex 
of the upper base which is opposite to it. Find the area of the section 
if the angle of the resulting triangle at the given vertex of:the prism 
is a. 

63. Find the volume of a regular triangular pyramid if the edge 
angle is a and the radius of the circle circumscribed about a lateral 
face is R. 

64. A lateral edge of a regular triangular pyramid is a and the 


edge angle is 20. Find the surface area of the sphere circumscribed 
about the pyramid. 
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65. The lateral edges and two sides of the base of a triangular 

pyramid are equal to each other and to J. The angle between the 
equal sides of the triangle serving as the base is a. Find the volume 
of the pyramid. 
66. The base of a pyramid is an isosceles triangle whose lateral 
side is a and the vertex angle is a. Each lateral edge of the pyramid 
makes an angle § with the plane of the base. Find the volume of the 
pyramid. 

67. A lateral face of a regular triangular pyramid makes an angle 
a with the plane of the base, the sum of the lengths of the altitude 
of the pyramid and the radius of the circle inscribed in the base of 
the pyramid is equal to a. Find the volume of the pyramid. 

68. The lateral edges of a triangular pyramid are mutually per- 
pendicular and each of them is equal to b. Find the volume of the 
pyramid. 

69. In a tetrahedron ABCD find the angle between the straight 
lines (AD) and (BC) if | AB |= |AC | and ZDAB = ZDAC. 

70. The sides of the triangle which serves as the base of a pyramid 
are equal to 13 cm, 14 cm, and 15 cm. The dihedral angles at the 
base of the pyramid are 45° each. Find the lateral surface of the 
pyramid. 

71. The lateral edges of a triangular pyramid are equal and the 
pase is a right triangle whose altitude dropped from the vertex of 
the right angle is kh. The dihedral angles formed by the faces of the 
pyramid, which intersect along the legs of the base, are equal to x 
and £. Find the volume of the pyramid. 

72. The base of a pyramid is an isosceles triangle with the vertex 
angle @. All the lateral edges of the pyramid are equal to a in length. 
Find the volume of the pyramid if the length of the radius of the 
circle insgribed in the base is r. 

73. The base of a pyramid is an isosceles triangle with the vertex 
angle a in magnitude. All the dihedral angles at the base of the 
pyramid are equal to f. Find the volume of the pyramid if the radius 
of the circle circumscribed about the base is R. 

74. The base of a pyramid is an isosceles triangle whose equal 
sides are b in length and form an angle a. Each lateral edge of the 
pyramid makes an angle B with the altitude of the pyramid. Find 
the volume of the pyramid. | 

75..In a triangular pyramid SABC two equal lateral faces ASB 
and BSC are perpendicular to the plane of the base and the face 
ASC makes an angle f with the plane of the base. Find the radius 
of the sphere circumscribed about the pyramid if the radius of the 
circle circumscribed about the base isr and ZABC = a. 

76. A side of the base of a regular triangular pyramid is m and 
the dihedral angle between the Jateral faces of the pyramid is 2a. 
A plane drawn through one of the sides of the base is perpendicular 
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to a lateral edge. Find the volume of the part of the pyramid which 
lies below the plane. 

77. The lateral surface of a triangular pyramid is S and each of 
the lateral edges is /. Find the edge angles of the pyramid, being 
given that they form an arithmetic progression with the difference 
m/4, 

78. The faces of a triangular pyramid are equal isosceles triangles. 
The base and the angle opposite to it of each triangle are equal to a 
and a respectively. Find the volume of the pyramid. 

79*. The base of a pyramid is a regular triangle with side a. 
One of the lateral faces is perpendicular to the base and the areas 
of the other two are equal to P and Q respectively. In what ratio 
does the altitude of the pyramid divide a side of the base? 

80*. The base of a pyramid is an isosceles right triangle. The 
lateral face, which rests on the hypotenuse, is perpendicular to the 
plane of the base. The areas of the other two faces are equal to S 
and T respectively. Find the length of the hypotenuse of the base if 
it is known that the altitude divides it in the ratio 1: p. 

81. Find. the radius of a sphere inscribed in a triangular pyramid 
if all the vertex angles of the pyramid are right angles and the lengths 
of the lateral edges are equal to a, b, and c. 

82*. Find the volume of a triangular pyramid if the areas of its 
faces are equal to S,, S,, S,, and S, and the dihedral angles at the 
face with the area S, are equal to each other. 

83*. SABC is a regular tetrahedron with an edge of length unity 


and O is the centre of a sphere of radius VY 2, which touches the 
edges (AS), (AC), and (AB) (or their extensions). Find the length 
of the segment [OK], where K is the midpoint. of the edge [SC]. 

84*. In a tetrahedron ABCD the edges [AC], [BC], and [DC] are 
mutually perpendicular. A point M lies in the plane ABC and is 
equidistant from the edges [4B], [BC], and {CD]. A point N lies 
in the plane BCD and is equidistant from the same edges. Find 
|MN | if |BC|=|CD|=YV3 and | AC | =3. 

85. In a regular tetragonal pyramid the altitude is 3 cm long 
and a lateral edge is 5 cm long. Find the volume of the pyramid. 

86. Find the volume of a regular tetragonal pyramid if a side 
of its base is a long and the base dihedral angle is x. 

87. The edge angle of a lateral face of a regular tetragonal pyramid 
is @ in magnitude. Find the angle between a lateral edge and the 
plane of the base. 

88. In a regular tetragonal pyramid the dihedral angle at a lateral 
edge is a. Find the edge angle of the pyramid. 

89. The base of a pyramid is a rectangle, its two lateral faces are 
perpendicular to the base, and the other two faces make angles a 
and f with the base respectively. Find the volume of the pyramid 
if the largest lateral edge is / in length. 
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90. The altitude of a regular tetragonal pyramid is H and the base 
dihedral angle is g. Find the radius of the sphere inscribed in the 
pyramid. 

91. The angle between a lateral edge and the base of a regular 
tetragonal pyramid is 60° and the lateral edge is a long. A plane is 
drawn through the midpoint of one of the lateral edges at right 
angles to it. Find the area of the section. 

92. The altitude of a regular tetragonal pyramid is h and makes 
an angle a with a lateral face. A plane is drawn through a side of 
the base of the pyramid at right angles to the opposite face. Find 
the volume of the pyramid cut off by that plane from the given 
pyramid. 

93. A side of the base of a regular tetragonal pyramid is a and 
the base dihedral angle is a. Find the area of the section of the pyr- 
amid by a plane which divides the base dihedral angle in half. 

94. The length of each edge of a regular tetragonal pyramid 
SABCD is unity. A point M lies in the base ABCD of the pyramid 
and is equidistant from the edges [AS] and [DS], and | MS | = 
TMC |. A point N lies on the face BSC and is also equidistant from 
the same edges, with | NS | = | NC |. Find the area of the triangle 
BMN. 

95. The base of a pyramid is a rhombus whose diagonals are 6 m 
and 8 m long. The altitude of the pyramid passes through the point 
of intersection of the diagonals of the rhombus and is 1 m long. 
Find the lateral area of the pyramid. 

96. The base of a pyramid is a rhombus with a side a and an acute 
angle a. Two lateral faces are perpendicular to the base and the other 
two make an angle 6 with it. Find the volume of the pyramid and its 
Jateral area. 

97. The base of a pyramid is an isosceles trapezoid whose non- 
parallel sides are equal to a each and the acute angle is a. Each 
lateral face makes an angle B with the base of the pyramid. Find 
the volume of the pyramid. 

98. The base of a pyramid is a rectangle with an angle a between 
the diagonals. Each lateral edge makes an angle f with the plane of 
the base. Find the volume of the pyramid if the radius of the sphere 
circumscribed about itis equal to: R. 

99. Find the volume of a regular tetragonal pyramid if the angle 
at the base of a lateral face is a and the radius of the circle inscribed 
in that face is 2. 

100. The altitude of a regular truncated tetragonal pyramid is 
H, and a lateral edge and the diagonal of a lateral face of the pyr- 
amid make angles a and f with the plane of the base. Find the lateral 
area of the pyramid. 

101. In a regular hexagonal pyramid the angle between a lateral 
edge and the adjacent edge of the base is a, and the sum of the radii 
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of the circles inscribed in the base and circumscribed about the base 
is equal to m. Find the lateral area of the pyramid. 

102. The apothem of a regular hexagonal pyramid is m. The base 
dihedral angle is «. Find the total surface area of the pyramid. 

103. The altitude of a regular truncated tetragonal pyramid is 
3 cm, its volume is 38 cm*, and the areas of the bases are related 
as 9: 4. Find the lateral area of the truncated pyramid. 

104. The areas of the bases of a truncated pyramid are equal to 
S, and S,. Find the area S of the section of the pyramid by a plane 
which is parallel to the bases and is equidistant from them 

105. The total surface area of a regular tetragonal pyramid is S, 
and the plane angle of a lateral face at the vertex is a. Find the 
altitude of tie pyramid. 

106. The cifference between the length of the apothem and that 
of the altitude of a regular tetragonal pyramid is equal to m, and 
the angle between them is a. Find the volume of the pyramid. 

107. The altitude of a regular tetragonal pyramid is h long. A sec- 
tion, which is drawn through the diagonal of the base of the pyramid 
and the midpoint of the opposite edge, makes an angle a with the 
diagonal plane drawn through the same diagonal of the base. Find 
the area of the section. 

108. Find the edge angle of a regular tetragonal pyramid if that 
angle is equal to the angle between. a lateral edge and the plane 
of the base of the pyramid. 

109. The base of a pyramid is a rectangle whose area is 12 cm?. 
Two lateral faces of the pyramid are perpendicular to the base and 
the other two make angles of 30° and 60° with the base. Find the total 
surface area of the pyramid. 

110. The base of a tetragonal pyramid is a rhombus with a side a 
long and an acute angle f. Each lateral face makes an angle y with 
the plane of the base. Find the total surface area of the pyramid. 

1411. The base of a tetragonal pyramid is a rhombus whose smaller 
diagonal is d long and the acute angle is equal to a. Each lateral 
face makes an angle B with the plane of the base. Calculate the total 
surface area of the pyramid. 

112. The base of a pyramid is a parallelogram with an obtuse 
angle a. Two lateral faces are perpendicular to the plane of the base 
and the other two make angles B and y with the plane of the base. 
Find the area of the smaller lateral face if the smaller lateral edge is 
8 cm long, sin Bf = 1/3, sin y = 3/5, and tang = —1/3. 

113. A side of the base of a regular tetragonal pyramid is a long 
and a lateral face makes an angle @ with the plane of the base. Find 
the radius of the circumscribed sphere. 

114. A side of the base of a regular triangular pyramid is a long 
and the edge angle of the pyramid is a. Find the length of the radius 
of the sphere inscribed in the pyramid. 
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419. Find the radius of the sphere inscribed in a regular triangular 
pyramid whose altitude is H in length and the angle between a 
Jateral edge and the plane of the base is a. 

116. Given a cone and a regular triangular pyramid inscribed in 
it whose lateral edge makes an angle a with the plane of the base. 
Find the volume of the cone if a side of the base of the pyramid is a 
in length. 

117. A pyramid is inscribed in a cone whose generatrix is | in 
length and makes an angle @ with the plane of the base. The base of 
the pyramid is a rectangle with an acute angle 2a between the diag- 
onals. Find the distance from the foot of the altitude to the lateral 
face which passes through the smaller side of the base. 

418. A sphere of radius along is inscribed in a truncated cone. 
The generatrix of the cone makes an angle @ with the plane of the 
base. Find the volume of the truncated cone. 

119. The volume of the cone is V. A pyramid is inscribed in the 
cone whose base is an isosceles triangle with an angle a between the 
lateral sides. Find the volume of the pyramid. 

120. The altitude of the cylinder inscribed in a cone is equal to 
the radius of the base of the cone. Find the angle between the axis 
of the cone and its generatrix, being given that the total surface 
area of the cylinder is related to the area of the base of the cone as 
ot 2: 

121. Find the volume and the total surface area of a cone if in its 
base a chord of length a subtends an arc a, and the angle between 
the altitude and the generatrix of the cone is B. 

122. Find the total surface area of a cylinder whose axial section 
is a square and the lateral surface is S. 

123. A plane is drawn through the vertex of a cone at an angle a 
to the base of the cone. The plane cuts the base of the cone along a 
chord of length a which subtends an arc fp. Find the volume and the 
lateral surface of the cone. 

124. A plane is drawn through two generatrices of a cone, which 
cuts an arc of 120° from the base. Find the area of the section if the 
radius of the base of the cone is A in length and the plane of the 
section makes an angle @ with the plane of the base. 

125. A triangle ABC rotates about the side [BC] and 7A = 120°. 
Find the area of the surface which results from the rotation of the 
polygonal line formed by the sides [CA] and [AB] if |AB | = 2 V3 
and | BC | = 35. 

126. A cone is inscribed in a sphere. The area of the axial section 
of the cone is S. The angle between its altitude and generatrix 1s a. 
Find the volume of the sphere. 

127. A cone and a cylinder have a common base, and the vertex 
of the cone is at the centre of the other base of the cylinder. Find 
the angle between the axis of the cone and its generatrix if it is 
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known that the ratio of the total surface area of the cylinder to the 
total surface area of the cone is 7: 4. 

128. The generatrix of a cone makes an angle @ with the plane 
of the base of the cone. The area of the section of the cone by the 
plane which passes through the centre of the sphere inscribed in the 
cone parallel to the base is equal to Q. Find the volume of the cone. 

129. A cylinder is inscribed in a right cone whose axial section is 
a right triangle (the lower base of the cylinder lies in the plane of 
the base of the cone). The ratio of the lateral area of the cone to that 


of the cylinder is equal to 4 V 2. Find the angle between the plane 
of the base of the cone and the straight line passing through the 
centre of the upper base of the cylinder and an arbitrary point of the 
circle which is the base of the cone. 

130. Find the lateral surface of the cone. being given the length 
of the radius A of the sphere circumscribed about it and the angle a 
at which the generatrix of the cone can be seen from the centre of 
the sphere. 

131. A cylinder is inscribed in a cone, the altitude of the cylinder 
being equal to the diameter of the base of the cone. The total surface 
area of the cylinder is equal to the area of the base of the cone. Find 
the angle between the generatrix of the cone and the plane of the base. 

132. Given a sphere of radius R and a right circular cone circum- 
scribed about it in which the angle between the generatrix and the 
plane of the base is x. Find the total surface area and the volume 
of the cone. 

133. Given a sphere of radius R and a cone inscribed in it. A cylin- 
der with a square axial section is inscribed in the cone. Find the 
total surface area of the cylinder if the angle between the generatrix 
of the cone and the plane of the base is a. 

134. A sphere is inscribed in a cone. The radius of the circle of 
tangency of the surface of the sphere and the lateral surface of the 
cone is equal to r in length. The straight line which connects the 
centre of the sphere and an arbitrary point of the circle serving as 
the base of the cone makes an angle ~ with the altitude of the cone. 
Find the volume of the cone. 

135. The radius of the base of the cylinder is 26 cm and the length 
of the generatrix is 48 cm. At what distance from the axis of the 
cylinder must a section be drawn, parallel to the axis of the cylinder, 
for that section to be shaped as a square? 

136. A plane is drawn in a cylinder, parallel to its axis, at the 
distance a from it, which cuts off an arc of @ radians from the circle 
of the hase. The area of the section is S. Find the volume of the 
cylinder. 

137. A plane drawn parallel to the axis of a cylinder divides the 
circle of the base in the ratio m:n. The area of the section is S. 
Find the lateral surface area of the cylinder. 
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138. The altitude of a cone, equal to h, is a diameter of a sphere 
which divides the lateral area of the cone in the ratio m : n (reckon- 
ing from the vertex). Find the radius of the base of the cone. 

139*. Two equal cones with a common vertex A lie on different 
sides of the plane P so that only one generatrix of each cone ([AB] for 
one cone and [AC] for the other) belongs to the plane P. It is known 
that 7 BAC = f and the angle between the altitude and the gener- 
atrix of each cone is g. Find the angle between the line of inter- 
section of the planes of the bases of the cones and the plane P. 

140*. Point O is a common vertex of two congruent cones which 
lie on the same side of the plane @ so that only one generatrix of each 
cone ({OA] for one cone and [OB] for the other) belongs to the plane a. 
It is known that the angle between the altitudes of the cones is B, 
and the angle between the altitude and the generatrix of each cone 
is g, with 29 < f. Find the angle between the generatrix (OA) 
and the plane of the base of the other cone to which the point B 
belongs. 

141. The diagonals of the axial section of a truncated cone are 
divided by their point of intersection in the ratio 2: 1, reckoning 
from the larger base. The angle between the diagonals facing the 
bases of the cone is a. The diagonal is / long. Find the volume of the 
truncated cone. 

142. A sphere of radius equal to 3/2 cm is of the same volume as 
a right cone whose lateral surface is three times as large as the area 
of the base. Find the altitude of the cone. 

143. In a sphere of radius R three equal chords are drawn from a 
point of its surface at an angle a@ to each other. Find their length. 

144*. Four spheres of radius r lie so that each of them touches the 
other three. Find the radius of the sphere which touches each of the 
given ones. 

145*. Four spheres lie on a plane: two spheres of radius a and 
two similar spheres of an unknown radius z lie so that each sphere 
touches the other three and the plane. Find the radius -z. 

146. A sphere whose centre is at the vertex of a cone touches its 
base. Find the vertex angle in the axial section of the cone if the 
sphere divides the cone into parts of equal volumes. 

147. A sphere with centre at the vertex of a cone divides the cone 
into two parts of the same volume. Find the radius of the sphere if 
the radius of the base of the cone is a and the vertex angle of its 
axial section is a. 

148*. A sphere of radius R is inscribed in a cone whose axial. 
section vertex angle is a. Find the volume of the part of the cone 
which lies above the sphere. 

149. The distance from the centre of a sphere inscribed in a cone 
to the vertex of the cone is a. The angle between the generatrix and 
the plane of the base of the cone is a. Find the volume of the cone. 
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150. A sphere the area of whose larger circle !s Q is inscribed in 
a cone. Find the total surface area of the cone if the vertex angle of 
its axial section is 2a. 

151*. A sphere is inscribed in a right circular cone with an angle 
a at the vertex of the axial section. A cone with the same axial 
section vertex angle is inscribed in the sphere. Find the angle a 
if the ratio of the volume of the first cone to that of the second is 
equal to 27. 

152. The centre of a sphere coincides with the centre of the base 
of a cone, and its radius is equal to the radius of the base of the 
cone. The altitude of the cone is larger than the radius of the base 
of the cone. A plane is drawn through the circle along which the 
sphere cuts the Jateral surface of the cone. What must be the axial 
section vertex angle of the cone for the plane to divide the cone into 
two parts equal in volume? 

153. A sphere touches all the faces of a cube. Find the ratio of the 
surface areas and the ratio of the volumes of the figures. 

154. The surface area of a sphere inscribed in a cone is Q. Find 
the total surface area of the cone if tHe largest angle between its 
generatrices is @. 

155. Find the ratio of the total surface area of a right circular 
cone inscribed in a sphere to the surface area of the sphere if it is 
known that the vertex angle of the axial section of the cone is a and 
a> n/2. 

156. Three identical spheres of radius r are inserted into a right 
circular cone with an angle of 60° at the vertex of the axial section. 
Each: inserted sphere touches the other two spheres, the base, and the 
lateral surface of the cone. Find the radius of the base of the cone. 

157. A sphere of radius r is inscribed in a cone. Find the volume 
of the cone if it is known that the plane which touches the sphere 
and is perpendicular to one of: the generatrices of the cone is at the 
distance d from the vertex of the cone. 

158. Find the ratio of the volume of a sphere to that of a right 
circular cylinder inscribed in the sphere if it is known that the small- 
er angle between the diagonals of the axial section of the cylinder 
isa, and the diameter of the base exceeds the altitude of the cylinder. 

159. A cone is inserted into a cylinder so that the base of the cone 
coincides with the lower base of the cylinder, and the vertex of the 
cone coincides with the centre of the upper base of the cylinder. The 
generatrix of the cone makes an angle a with the plane of the base. 
es the volume of the cylinder if the total surface area of the cone 
is S. 

160. A cylinder is inscribed in a cone the radius of whose base 
is r and the angle which the altitude makes with the generatrix is a. 
The cylinder is inscribed so that its lateral surface is related to that 
of the cone as m:n. Find the volume of the cylinder. 
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{61. A hemisphere is inscribed in a cone so that the larger circle 
of the hemisphere lies in the plane of the base of the cone, and the 
circular surface touches the surface of the cone. Find the total surface 
area of the hemisphere and its volume if the generatrix of the cone 
is / and makes an angle § with the plane of the base. 

162. A triangular pyramid which has a right triangle with an 
acute angle @ as its base is inscribed in a cone whose lateral area is 
S and the angle the generatrix makes with the plane of the base is 9. 
Find the volume of the pyramid. 

163. The angle between the plane of the base and a lateral face 
of a regular tetragonal pyramid is @. The surface area of a sphere 
inscribed in the pyramid is S. Find the lateral area of the pyra- 
mid. 

164*. A sphere is inscribed in a triangular pyramid whose all edges 
are a in length. A sphere is again inscribed in one of the trihedral 
angles of the pyramid so that it touches the first sphere. Find the vol- 
ume of the second sphere. 

165. The altitude of a regular tetragonal pyramid and the radius 
of the circumscribed sphere are equal to h and r respectively (r < h). 
Find the area of the base of the pyramid. 

166. A sphere is inscribed in a regular tetragonal pyramid. The 
distance from the centre of the sphere to the vertex of the pyramid is 
a and the angle a lateral face of the pyramid makes with the plane 
of the base is ~. Find the lateral area and the volume of the pyramid. 

167. A side of the base of a regular tetragonal pyramid is a and 
the base dihedral angie is a. A sphere is inscribed in the pyramid and 
a tangent plane is drawn to the sphere, parallel to the base of the 
pyramid. Find the lateral area of the resulting truncated pyramid. 

168. A pyramid is inscribed in a cone whose generatrix makes an 
angle a with the plane of the base. The base of the pyramid is a 
right triangle with legs a and b. Find the volume of the pyramid. 

169. A right cone is inscribed in a regular hexagonal pyramid and 
a right cone is circumscribed about the pyramid. The altitude of 
the pyramid is H long and the radius of the base of the circumscribed 
cone is A. Find the difference between the volumes of the circum- 
scribed and the inscribed cone. 

170. The radius of the base of a cone is 7 and the generatrix makes 
an angle @ with the plane of the base. A pyramid whose base is a 
right triangle with an acute angle 2m is circumscribed about the 
cene. Find the volume of the pyramid. 

171. Find the lateral area of a cone inscribed in a regular tri- 
angular pyramid if the length of a lateral edge of the pyramid is/ 
and a lateral face of the pyramid makes an angle a with the plane 
of the base. 

172. A cylinder with radius r of the base is inscribed in a regular 
tetragonal pyramid. The altitude of the cylinder is half that of the 
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pyramid. The edge angle of the pyramid is a. Find the volume of the 
pyramid. 

173. A parallelepiped is inscribed in a cylinder. The diagonal of 
the parallelepiped makes an angle @ with the plane of the base and 
an angle ® with the larger lateral face. Find the volume of the cylin- 
der if a side of the base of the larger tateral face of the parallelepiped 
is a. 

174. The hase of a right prism is a rhombus with an acute angle & 
and the smaller diagonal d. The plane which passes through that 
diagonal and a vertex of the second base of the prism makes an angle 
B with the plane of the base. Find the volume of the cylinder in- 
scribed in the prism. 

175*. A triangle whose vertices are the midpoints of the edges of 
the base of a regular pyramid is the base of a regular prism. What 
part of the volume of the prism is not in the pyramid if the altitude 
of the pyramid is known to be three times smaller than that of the 

rism? 
, 176*. SABC is a regular unit tetrahedron. A sphere touches the 
edges [AS], [AC], and [AB] and passes through the midpoint of the 
edge [BC]. Find the radius of the sphere if its centre is known to lie 
gn the interior of the tetrahedron. 

177°. A sphere touches the lateral edge [AA’] and the nomparallel 
edges {AB] and [A’D’) of the bases of a unit cube ABCDA’B'C'D’ 
and passes through a point M of the edg2{CC’], with | CM | = 1/3. 
Find the radius of the sphere. 

178*. Three identical spheres of radius a are inserted into a cylin- 
der with altitude 3a so that each sphere touches the other two gpheres 
and the lateral surface of the cylinder, with two spheres touching the 
lower base and the third sphere, the upper base. Find the radius of 
the base of the cylinder. 

179. The generatrix of a cone is / and makes an angle q with the 
plane of the base. For what value of o is the volume of the cone the 
greatest? -What is the volume equal to?: 

180. A cone is inscribed in a hemisphere of radius R so that the 
vertex of the cone is at the centre of the hemisphere. Find the radius 
of the base of the cone for which the volume of the cone is the great- 
est. 

181. The base of a pyramid is a right triangle with area Q and an 
acute angle a. The lateral face passing through a leg, which is op- 
posite to the given angle, is perpendicular to the plane of the base, 
and the other two faces make angles equal to 6 with the base. Find 
the volume of the pyramid. For what value of a is the volume the 
greatest? . 

182. Find the ratio of the altitude to the radius of the base 
of hs cylinder which has the least total surface area for a given 
volume. 
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183. A cylinder is inscribed in a hemisphere of radius R so that 
the plane of the base of the cylinder coincides with the plane bound- 
ing the hemisphere. Find the altitude of the cylinder of the greatest 
volume. : 

184. A cylindrical tank must hold V litres of water. What must be 
its dimensions for the surface without the lid to be the least? 

185. A cone of volume V is circumscribed about a sphere. The 
angle between the generatrix of the cone and the plane of the base 
isa. Find the volume of the sphere. For what value of @ is the volume 
the greatest? 

186. Circumscribe a cone of the least volume about a cylinder 
(the radius of whose base is r and the altitude is #) if the plane of 
the base of the cylinder and that of the base of the cone coincide. 
Find the volume of the cone. 

187. A plane section with the least perimeter is drawn through 
the edge [AB] of a regular pyramid SABC with the vertex S. Find 
the area of the section if the altitudeofthe pyramidish and | AB | = 
a. 

188. The base of a pyramid SABC is a triangle ABC in which 
Z.ABC = 90°, Z BAC = g, and | AC | = b. The lateral edges of 
the pyramid make the same angle with the plane of the base, and 
the angle hetween the face SBC and the plane of the base is a. Find 
the volume of the pyramid. For what value of @ is the volume of the 
pyramid the greatest? — 

189. A sphere of radius r is inscribed in a right circular cone of 
radius R. A plane which cuts the sphere is drawn through the vertex 
of the cone. Find the area of the section of the cone by that plane if 
that area is known to have the greatest of all possible values. 

190. A cone is inscribed in a regular tetragonal pyramid whose 
altitude is H in length and, whose lateral edge makes an angle 6 with 
the plane of the base. A plane which cuts the surface of the cone is 
drawn through the apothem of a lateral face of the pyramid. Find 
the area of the section of the cone by that plane if it is known that 
the area has the greatest of all possible values. 

191. Find the ratio of the surface area resulting from the rotation 
of a rhombus about the larger diagonal to the surface area resulting 
from the rotation of the rhombus about the smaller diagonal if it 
‘is known that. the smaller angle between the sides of the rhombus 
is a. 

192. Find the ratio of the volume of the body resulting from the 
rotation of a rectangle about the larger side to that of the budy result- 
ing from the rotation of that rectangle about the smaller side if it 
is known that the smaller angle between the diagonals of the rect- 
angle is a. 

193. A right triangle with a leg a long and an adjacent acute angle 
a rotates about a straight line which passes through the vertex of the 
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given angle and is perpendicular to the bisector of that angle. Find 
the volume of the body of ‘revolution. 

194. The length of the smaller side of a parallelogram is a, the 
acute angle of the parallelogram is a, and the angle between the 
smaller diagonal and the larger side is 8. Find the volume. of the 
body resulting from the rotation of the parallelogram about its larger 
side. 

195. Given a triangle ABC, with | BC | =a, Z ABC =a, and 
Z.ACB = 90° + a. Find the volume of the body resulting from the 
rotation of the triangle about its altitude drawn from the vertex A. 

196. The area of a rectangular trapezoid ABCD is S, the length 
of the altitude [AB] is h, and the acute angle ADC is equal to «. 
Find the volume of the body resulting from the rotation of the 
quadrangle ABED about the straight line (AB) if the point £ is 
the midpoint of the segment [CD]. 

197. The base of a pyramid is a rhombus with an acute angle a. 
All the lateral faces make the same angle 6 with the plane of the 
base. Find the radius of the sphere inscribed in the pyramid if the 
volume of the pyramid is equal to V. For what values of f is the 
radius of the sphere the greatest? 

198. A cone is circumscribed about a hemisphere of radius R 
so that the centre of the hase of the cone lies at the centre of the 
sphere. The vertex angle of the axial section of the cone is x. Find 
the volume of the cone. For what value of a is the volume the least? 


Part 4 


ORAL EXAMINATION 
PROBLEMS AND QUESTIONS 


The oral examinations set by all the educational establishments 
of the USSR may only cover the mathematics outlined in the pro- 
gramme for entrance-candidates. Each examination paper includes 
two or three theoretical questions, formulated as is usual at school, 
and two or three problems. In what follows we present sample oral 
examinations set at some Soviet higher schools and more than four 
hundred problems of various kinds. 


4.1. Sample Examination Papers 
I 


1. Natural numbers. Prime and composite numbers. The divisor 
and the multiple. Common divisors. The least common multiple. 
The criteria for divisibility by 2, 3, 5, 10. 

2. The criterion of parallelism of planes. 

II 

4. The concept of an antiderivative. The theorem on the general 
form of all the antiderivatives of a given function. The integral. 

2. The existence of a circle circumscribed about a triangle. 

Il 

4. The properties of the function y = k/z and its graph. 

2. The formula for the area of a regular polygon (in terms of the 
radius of a circle circumscribed about it). 

Additional questions 

3. Find the domain of the function y = log (z? — 6z + 6). 

4. If the given function is periodic, find the least period 7: f (x) = 
10 sin 3z. 

5. Can a composition of two rotations with different centres be 
a parallel displacement? 
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IV 
1. Number functions. The graph of a number function. An in 


crease and a decrease of a function; periodicity, evenness, oddness. 
2. Vectors. Operations on vectors. Collinear vectors. Coplanar 


vectors. 
3. The derivative of the sum of two functions. 


V 
{. Vectors. Operations on vectors. Collinear vectors. Coplanar 


vectors. 

2. A composition including seven bodies must be formed from 
three pyramids and ten cubes. In how many ways can the composi- 
tion be formed if at least one pyramid must enter into it? 

3. Calculate the area of the figure on the interval [0, nx] bounded 
by the Oy axis, the straight line zx = n, and the curves y = sing 
and y = |cosz |. 

VI 

1. Express a side of a regular polygon in terms of the radius of the 
circle inscribed in it. 

2. Solve the equation sin x + sin 3z = OU. 

3. Vectors and operations on them. 

Problem. Calculate the length of the vector 4a + 3b if a = 
(14,1, —1) and b = (2, 0, 1). 

VII 

1. The surface area and the volume of a cylinder. 

2. Trigonometric functions of half the argument. 

3. The derivative of the function y = log, z. 

VIII 

{. The cosine rule. 

2. Factoring a quadratic trinomial into linear factors. 


IX 

{. The formula for an mth term and the sum of the first n terms 
of an arithmetic progression. 

2. The property of the midpoint of a diagonal of a parallelepiped. 

3. The derivative of the function y = tan gz. 


X 
1. The logarithm of a product, of ‘a power, and of a quotient. 


2. The criterion of parallelism of planes. 
; es es : x?—1r+-{ 

3. Find the limit lim tr? 2 

XI 


1. The derivative of the product of two functions. 
2. The sum of the angles of a triangle. 
; . In (x — 4)? 
3. Solve the inequality 3 ae > 9: 
4. Find the greatest and the least value of the function y = 


2x — VY x on the interval [0, 4]. 
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XII 

1. The properties of an exponential function. 

2. The formulas for the surface area and the volume of a cylinder. 

3. Solve the equation sin z sin 3x = sin 2z sin 4z. 

4. Find the least and the greatest value of the function y = 
zx* — 3x7 + 3 on the interval [1, 3]. 

XIII 

1. Trigonometric functions of double the argument and of half 
the argument. 

2. The existence of a circle circumscribed about a triangle. 

3. Find the intervals of monotonicity of the function y = x? — 3z. 

4. Solve the inequality log, x < log, 2’. 

XIV 

1. The derivative of the function y = cosz. 

2. Solve the inequality log,., (xz? — 1) > 0. 

3. Factoring a quadratic trinomial into linear factors. 

4. The theorem on three perpendiculars. 

XV 

4. The properties: of the function y =: az? + bx +c and its 
graph. 

2. The criterion of parallelism of a straight line and a plane. 

3. Solve the equation 5**! + 5* = 150. 


‘ ‘ : b 2 b 
4. Simplify the expression (asa sar tater) (¢- 
, a 
ate. 
XVI 


1. The sufficient condition for an extremum of a function. (Prove.) 

2. The property of a median of a trapezoid. (Prove.) 

3. Solve the.inequality log, , (z + 1) > —1. 

4. Using the definition, calculate the derivative of the function 
y= Vr+. 

XVII 

1. A logarithmic function, its properties, and its graph. 

2. The pyramid. The formulas for the surface and the volume of 


a pyramid. 
3. Solve the inequality log (3x? + 1) — log (82 — 2) < 1. 
n __. 97FNP? ine ° 
4. Simplify the expression ore (a2) | ee ; 


Snap) 7! «= costa — 90 * 


5A. Find the greatest and the least value of the function y= 
z4e on the interval [1, 6). 


5B. Solve the equation — —3cot?7+1=—0. 
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XVIII 

1. The function. Its definition. The ways of defining a function. 

2. The criterion of perpendicularity of two planes. 

3. Find the derivative of the function y = cot? z. 

XIX 

1. The sum of an infinitely decreasing geometric progression. 

2. The properties of points which are equidistant from the ter- 
minal points of a line segment. 


3. sin (2a-Z)=—, a€[3n/2, 2x]. Find tan 2a. 

XX 

1. The properties of the function y = k/zx and its graph. 

2. Derive a formula for calculating the area of a sphere. 

3. Calculate arctan 1 + arccos (—1/2) + arcsin (—1/2). 

XXI 

1. The derivatives of the functions y = sinz, y = cosz, y = 
tan z, y = a*, and y = log, z. 

2. The property of points which are equidistant from the terminal 
points of a line segment. 


3. Find the limit lim 372 
XXII 


1. The derivative of the function y = sin z. 

2. The existence of a circle circumscribed about a triangle. 

3. Solve the equation sin x + cos 2r = 1. 

XXIII 

1. Solving equations of the form sinz = a, coszx =a, and 
tan z = a. 

2. The properties of an exponential function. 

3. The centre of symmetry of a parallelogram. 

4. Solve the equation cos z + sin 2r = 0. 


4.2. Problems Set at an Oral Examination 


4. Prove that the fraction (14n 4- 3)/(21n + 4) is in its lowest 
terms (n € Z). 

2. Can the number rn‘ 7 4 (n € NV) be prime? If it can, find the 
prime numbers. 

3. Assume that p and q ure two successive prime numbers. Can 
their sum be a prime number? 

4. Show that every odd number can be represented as a difference 
of the squares of two integers. 

3. Find the sum of all even numbers from 12 to 82. 
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Compare the following numbers (6-7). 
6. (a) sin3 and cos3; (b) V3 and 3. 
a ) 5) 7 6 


8. Prove that V2 + 3 is an irrational number. 
9. Prove that 3< n < 4. 


10. Reduce the fraction a a 
Simplify the following expressions (41-13). 
ui, Acet8 _ ste 

ita?  a—1 

2. Va VaVa..."Va. 
re z+ 2x24 323-4. , .+nz". 


Prove that the following equations hold for any natural n (14-16). 
ta (1-4) (1-4) (1-8). (1a) at 

15. aatastaz + tape Saat 

16. 124 2274-324... pone Bernt 


17. How many different odd five-digit numbers with unrepeated 
digits can be formed from the digits 0, 1, 3, 4, 5? 

18. How many telephone numbers are there which contain the 
combination 12 if the number consists of 5 digits? 

19. How many five-digit numbers are there in whose notation 
each successive digit exceeds its predecessor? 

20. How many diagonals are there in a convex n-gon? 

21. The straight lines l,, 2,, and 1, are parallel and lie in the 
same plane. A total of m points are taken on the line /,, » points 
on /,, and k points on 1,. How many triangies are there whose vertices 
are at these points? 


22. Prove that (C8)? |- (Ci)? + ...+(Ch)2=Cy, 


Construct the graphs of the following functions (23-67). 
23. ee 

24.y=]zr—1|/— 

29. y=le—4/ +] z—2) 42. 

26. y = | 2? mbar 

27. y=2z|zr—3 |. 

28. y = (x + 1)§ — (x — 1)°. 
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29. y= Y (274+ 1)?— 422. 
30. y= V1—|zI. 
31. y= 2? —2/|7+4+1] —1. 
32. y= 2z|2x|— 42 — 5. 
33. y = (| 1 — x] + 2) (x + 1). 
34. y = | 22? — 3x + J x — 1 I. 
35. y= 121 (22 4 3). 
36. y = z (x — 3)?. 
37. y = 1/| z |. 
38. y = (x + 3)/(x — 1). 
39. y = (2x + 1)/(x — 1). 
a0. y = Bl z|— tile 9) 
44. y= 2iel4+1 
42. y= QU x l+x)/x 
43. y = | sin z |/sin z. 
44, y = —2-1*!, 
45. y = 2) 1-=!, 
46. y = 3-2* — 2. 
4l.y= Qi logs x]. 
48. y = log, |z—1]—1 
49. y = | logy, (2/4) |. 
50. y = log. Vz. 
o1. y = log | x | — log 2’. 
02. y = log, (4x — 2”). 
o3. y = log, (2 — 2). 
4. y = logy. (4 — 2). 
9. y = | log, z |/log, x 
56. y = log, va — 22 + 1). 
—i1 
57. y= logi;. = 
_ 2 tan (2/2) 
98. Y= Tran? 5) * 
99. y = sin | 2z | 
60. y = sin’ z. 
64. y=2+sinz 
62 y = cos { | z|+5 )/sin x 
63. y = log,,, sin z. 
64. y = log tan x + log cot z. 
65. y = log; sin x | (1/2). 
66. y = 4* -—~ 1 if z< 0; 


V 4c—2? if z>0. 
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67. v=} 1—V1i—2z? if z<1; 
1+ logy. z if z>1. 


Represent the following sets of points on the plane (z, y) (68-73). 
68. {(z, y) | 227+ y? — dz — 2y + 1 = O}. 

69. {(z, y) | (@—| 21? + Wy —ly |)? <4}. 

70. {(z yJ}2+yltiy—zl1<4). 

71. {(z, y) | logy x )-0.5) (2? + y?) < logy x1-0.5)4}. 

72. {(z, y) | cos (z + y) = cos (z — y)}. 

73. {(z, y) | sin 2x = sin 2y}. 


Linear and Quadratic Equations and Inequalities 


74, For what values of z does the function y= |2—1|+ 
{| x — 3| possess the least value? Find that value. 

75. Solve the equation z|2z|-+2zr+1=0. 

76. Find the least value assumed by z if z = 2? + 2zy + 3y?+ 
22 + 6y + 4. 


Solve the following inequalities (77-80). 
77. 92 — 14 — z? > 0. 

78. 2?7—S5/x)/+4< 0. 

79. | x? — 4c | >1. 

80. 2x7 — 5/zr4{/+3>0. 


81. Prove that the roots of the quadratic equations az? + bx + 
ec = 0 and cz? + br + a = O are mutually inverse. 

82. Prove that if the value of the quadratic trinomial az? — br + 
c is an integer for z, = 0, z, = 1, and z, = 2, then the value of the 
given trinomial is an integer for any integral z. 

83. Prove that if az? + br +c €Z for allz €Z; thena, b,c €Z. 

84. Find a in the equation az? — 5z + 6 = 0 if the ratio of its 
roots is z,/zx, = 2/3. 

85. The inequalities y (—1) > —4, y (1) <0, and y (3) > 0 are 
known to hold for y = az? + bx +c. Determine the sign of the 
coefficient a. 


Higher-Degree Equations. Bezout’s Theorem. Rational 
Inequalities. Solving Inequalities by the Method of 
intervals 


Solve the following equations (86-87). 
86. (x? —. 6x)? — 2 (x — 3)? = 81. 
87. 624 — 1323 + 1227? — 13z + 6 = 0. 
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88. Find the remainder of the division of the polynomial 2° + 
22* — 2x + 5 by x? — 1 without performing the division. 

89. How many roots does the equation z* = 5z + 2a possess depend- 
ing on a? 

90. How many roots does the equation z* + ax + 2 = 0 possess 
depending on a? 

91. Prove that the polynomial P (z) = az® + bx? + cx + d can- 
not have all integral roots if P (0) and P (—1) are odd. 

92. Solve the equation /f’ (z) = g’ (z) if f (x) = 3 + 22? and 
g (x) = 32? — (54 — 3) (2 — 2). 


Solve the following inequalities (93-99). 
93. r++ <0. 


2—5z 
94, E> 2. 


xt4+4 

%. app <O. 
z 1 

96. z+6 pe — 


22—4 
97. |S |>2. 
gg,. SEER 50. 


(2z—1)?2 
99, Ga <0. 


irrational Equations and Inequalities 


Solve the following equations (100-101). 
100. Vz—Vr—3=1. 


z Zz 
Via Via 


Solve the following inequalities (102-106). 
102. VY 4—2?>1/z. 

103. Vi—z+Y 2z+3<5. 

104. 2+1<YV 11—z. 


1— V 1—8z3 
105. ors emma 


106. VY 522+ a2> —3r. 
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Systems of Equations and Inequalities 


| 


| 


Solve the following systems of equations (107-112). 
107. { [z+y|=1, 
[2}+ly|=1. 

zty+z=0, 
2zy — 22 = 4, 
22 4-3y=5, 

x— y=2, 

z+ 4y=a. 


| 
ee 
| 
| 


108. 


109. 


110. ax—4y= — 
t+y=1. 
Z+ry= 9, 
111. 7/3 - 4 y/3 = 5 


112. [\YeR a VE 
Lf -+y = 12. 


1443. How many solutions does the system of 
lz|+]yl= 
x? + y? = a2 
414. For what values of a@ does the system of 
r—y=a(1+ zy), 

Peli dang yliat possess 


" possess? 


only one solution? 


Logarithmic and Exponential Equations, 
inequalities, and Systems 


Simplify the following expressions (115-120). 

115. log, /, (log, 3-logs 4). 

116. (a) 510% 5/8. (b) log, log 100. 

117. log, 64-log, (1/27). | 

118. (log, 4 + log, 9)? — (logs 4 — log, 9). 

119. 0.8-(1 + 928 8y8* 

120. log tan 3°-log tan 6° -log tan 9° ... log tan 87°. 
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equations 


equations 


Determine the signs of the following numbers (121-122). 


121. log, 4 — log, 3. 
122. logi/3 0.4 — logy, 0.4. 
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123. Calculate log, 9.8 if log 2 = a and log7 = b. 
124. Calculate log, 40 if log 15 = a and log,, 50 = b. 


Find the domains of definition of the following functions (125-131). 
125. y=V 2*—3*. 
126. y= a 


arcsin (x —93)° 
127. f(z) = V 9—22 + log(x—1)— Yr. 
128. y = 108 logy. Z. 
129. f (xz) = log.._, (x? — 3x — 10). 
130. y= log (V 22 —5xz—24—2z—2). 
131. y = log, sin z. 


Solve the following equations (132-154). 
132. STS" 2. 
133. 6 -99.5%-2 4 2 .3x-6 — 56. 


134. (0.25)2-* = —! 


~ 9x+3 ° 
135. log (5 — z) + log (3 — x) = 
136. log, log, log, x = 0 
137. log, |x —1]=1 


138. log (32 —- 2) —2 = + log (x + 2) — log 50. 
139. log (3 + 2 log (4 + x)) = 0. 


140. log VY x—3 + log Y 22—1 = log Y 3z-+ 3. 
144. 32%" — 2 .3xt+xt+6 4 32%x+6).— 0), 
142. 2Qsint'x 4+ 4.Qcos*x — 6, 
log, (2z-+ 3) 3 
143;, 2. as = 
- Wea, (2z-+-3) © 5—log, (22-43) 0. 
- log, (4* +- 4) — log. (2**2 — 3) = 
145. logy z | log?z +- logiz +... = 
146. log, cos x -|- log,,, (1 — sin x). = 0. 
147. log, sin x -+ log,;, (—cos z) = 0. 


148. otan («- A 7) 9.9958" (x- +.) /cos 2x 


i 
{ 


i. 


+1=0. 

_ 149. log, sin x ~— logs cos z — log, (4 — tan xr) — log, (4 + tan z) 
150. logos x — logg: x + log, x = 0.75. 
fof. 2! x-3 0.04, 
192 so RR ee TOE, 
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153. (7/2) ee 41. 
154, 5'8* — 50 — glee 5, 


155. For what a does the equation 3x log r = 1 + a log z possess 
{a) one solution; (b) two solutions? 

156. How many roots does the equation r2e2~!*! = 4a possess 
depending on a? 


Solve the following systems of equations (157-160). 
log, xz 4- log, y= 1, 
rty=3. 
logs (zy) = 3, 
logis (2/y) = 1. 
(32 + y)*¥ =9, 
ad *-4/ 324 = 1822 + 12zy + 2y?. 
160. geV = VY 81, 
log VY zy =1 + log 3. 


157. 


se, { 


Solve the following inequalities (161-186). 
161. 2* + 3* > 2. 

162. 2-27 < 3™"". 

163. 4> — 5-2* — 1>0. 

164. log,., ((2 — x)/3) < 0. 

165. log,;, (2 — 22 + 4) > —2. 
166. log,, (xc + 4) <2. 

167. log,/3 (c — 1) — logy/s (22 — 3) < 0. 
168. log,., (3z.— 1) > logy., (3 — 2). 
169. log, |x| <3. 

170. | log, z|<z. 

171. 

Os z 

472. log,/, log; (1 — z) > —1}. 

(735 2 

174. log,/; log, (z? — 8) > —1. 

175. log, 2:log,, 2-log, 4z > 1. 

176. log (6/x) > log (x + »°). 

177. log._3 (x — 4) < 2. 

178. log,_3 (ce — 1) <2. 

179. log,: (2 + 2) <1. 


180. log, >. 20, 0<a<l. 


Zt 


; logs = 


: aes @- *— 100 sin x) <x. 
. log, (4 — z*) > 1. 


e |z— 
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. logx+o.2 2< logs 4. 


logex+3 2° <i. 
ate >. 


y) | 108 (x+2)—108s% _- 4. 


. Solve the system of inequalities log,,;, cos z< log,;, tan z, 


Ox rt<n. 


188. 


For what values of a does the equation z In | z | = a possess 


one root? 


Transformation of Trigonometric Expressions 


Find which of the following given numbers is greater (189-191). 


189. 
190. 


191. 


sin 1980° or cos 1980°? 
tan 1 or arctan 1? 
sin 2 or cos 3? 


Calculate (192-214). 


192. 
193. 


194. 
195. 


196. 
» Sin (2 arctan 2), 

. sin ((1/2) arccos (7/32)). 

. sin ((1/2) arctan (4/3)). 

» arcsin (sin 3). 

. arccos (cos (8n/7)). 

. arctan (tan (8x/7)). 

. Sing if sin (@/2) + cos (a/2) = 7/5. 
. Sin 2a if sina + cosa = b 

- sin2a if cota = —7. 


212. 


* sin'a+3cos3 a 
. tan?a + cot? a if tana + cota =a. 

. cot (a/2) if sina = —3/5. 

. tan (a/2) if cosa = —3/5, n/2<a<cn. 
. tan (a@/2) if sin 2a = 06,0<a< n/4. 


arcsin (—1) + 2 arctan (—Y 3). 

sin (arcsin (3/5) — arccos (3/5)). 

tan (arccos (1/2) + arcsin (Y 3/2)). 
arctan 1 + arcsin (1/3) + arccos (1/3). 
arctan VY 2 — arccot (1/Y 2). 


cos‘ a-+ sin? a cos a 
sin? 2a 
sin a 


if tana = 3. 


if tang = 2. 


65 cos (B — A) if sin A = —4/5, 3n/2 << A < 2n: cos B = 


9/13, O< B< n/2. 


213. 
214. 


215. 


216. 


217 
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sina, cosa, and cota if tang = 12/5, n<a< 3n/2. 
sin 2a and sin (a/2) if tang, = 5/12, n<ca < 3n/2. 


sin (—a) 
en Se 
sin (-+a)—1 


Prove that ifa + B = n/4, then (1+ tan a) (1-+tan B) =2. 
Prove that if a, B, and y are angles of a triangle, then sina x 


Transform 14 --+ into a product. 


sin B — cos y = cosa cos B. 


218. 


219. 


Simplify the expression 
sin a+ sin 2a —sin (xn-+- 3a) 


2cosa-+1 
Prove the following identities (219-223). 
‘ 4 4 1 1 
‘ Dee Be ene Dg ae ie oe 
sin‘ @ cos? @ = 7 — gz COS 2a — F_ CoS 4a + ay COS 6a. 
2 (sin® a + cos* ~) — 3 (sinta + costa) +1 =0. 


220 


221. 
222. 


223. 


tan? a — sin? a = tan’ a sin’ a. 
sin 2a cosa a 
1+cos2a 1+cosa pel ae 
(1-+cosz)(i-+--cos2z)  1—-sinz 
(4+sinz)(1—cos2z)~ 1—cosz ‘ 


Trigonometric Equations and Inequalities 
Solve the following equations (224-234). 


224. 
229. 


226. 


227. 
228. 
229. 
230. 
231. 
232. 
233. 
234. 


235. 
236. 
237. 


sin 5a — sin 3x = 0. 

sin'z + sin?z =1+ sing. 

Y 3sinz+cosz=1. 

sin a = sin 2a. 

cos £ — cos 2x + cos dz = 0. 

tan? 33z = cos 2x — 1.. 

6 cos? x + 11 sinz — 10 = 0. 

sin 3x + cos 4x — 4 sin 7x = cos 10 xz + sin 17x. 


sin‘ x + cos! z = cos* 2x + 0.25. 
sin zr cos « cos 22 = —1/2. 
tan |z| = |tanz |. 


Does the equation 4 sin 2x + cos‘z = 5 have a solution: 
Solve the equation f’ (0) = f’ (x) iff (z) = Dsinz + 3cosz. 
For what a does the equation 1 + sin* az = cos % possess 


a unique solution? 
238. How many roots does the equation logysx/2) x = cos x pos- 


sess? 


4 
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Solve the following inequalities (239-240). 


239. sin (-—2) <4. 


240. 2 sin? (z—+) — 5sin (z—- +) +2>0. 
241. Find the maximum value of the functionf (x) = 3sinz + 
4 cos z. 


Progressions 


242. The numbers e 62, c2 form an eee progression. Prove 
4 


Ter : eas at also form an arithmetic 


that the numbers 
progression. 


243. The sum of an infinitely decreasing geometric progression is 
{2 and the sum of the squares of its terms is 48. Find the sum of the 
first ten terms of the progression. 


Limits 


244, Is the sequerce a, ee deel Ca 


———— , n€N, monotonic? 
nit nt ’ € 9 


Calculate me following limits (245-266). 
245. lim ——_, , n€N. 


re Nae Tom 


, 10n+14 
V/ cereus) Naeem een 
246. lim TEPCERIET RSE neN. 


: 3nt--2n?=- 3 
247. lim 5 n€N. 


| re a n 


248. lim C.etnts ’ n€N 

249. lim (=+3+ +>), nen 
cae na ne eee ne 9 ° 
amt 5n 

290. He san P n€N. 


: 5M+1 1 3n__g2n 
291. lim Sapp gant n€N. 


950. Vin 


x3 zr—3 


253. lim ——2—— 
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2782+ 415 
eo es A ea ee) 


255. lim 7 t°Z—6 


x} r—zx? 
, oer 
256. lim £2526 


x-— 2/3 dz*?—x—2 ° 


257. lim —2t3_ 
x+-3 Vz+4—4_ 


258. lim V6+2—Vb-2 
= 


x~0 
. 2—Vzr—3 
259. lim a= 
260. lim V2+3=1 
x>-1 V5+2-2 
261. lim VB ain V st +2—3 
x-+2 x?—4 


262. lim 2-8 


263. lim 
: cos 4z — cos 6z 

264. lim sass 

Yitsinzg —y1—sinz 

a 


: 2* + 28-* —6 
266. lim ———_—_ 
aes V 2-*—Qi-x 


265. lim 


267. Two rays are drawn through a point A at the angle of 30°. 
A point B is taken on one of them at the distance a from the point A. 
A perpendicular is drawn from the point B to the other ray, another 
perpendicular is drawn from its foot to [AB], and so on. Find the 
length of the resulting infinite polygonal line. 


The Derivative. Investigation of a Function 
with the Aid of the Derivative 
Find the derivatives of the following functions (268-271) 


268. (a) cot? z; (b) sin Vz. 
269. log, (22? — 3x + 1). 


4 
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270. (2x3 — 5) tanz. 

271. (a) Vinz; (b) Vsin2z; (c) (sin 2z +8)3. 

Find the derivatives of the following functions at the indicated 
points (272-275). 

272. y=In(2—YV 2z+1), y’(0)=? 

273. y = (4x + 5)*, y’ (0) = ? 

274. f(z) =—Vet! poy =? 


Vz+i+4 

2795. f (x) = sin 4x cos 4z, f' (n/3) = ? 

Find the intervals of increase and decrease of the following func- 
tions (276-280). 

276. f (x) =2x--2. 

277. f (cz) = z + In (1 — 42). 

278. f (xz) = x’e-*. 

279. f (x) = z/In x. 

280. y = 34 8x + 4z'. 


Prove that the following functions are increasing (281-283). 
281. y= —++42 for c>0 


282. f (a) = 5 2° — 28 4 223 — 322 + 62 —1 for ER. 
283. y = 2x + sinzx for xz € R. 


Find the values of a for which the following functions increase 
throughout the number axis (284-286). 
284. f (x) =" 284 (a—1) 224 Qe +4. 
289. f (z) = 2e* — ae* + (2a + 1) x — 3. 


286. y=sinz—asin 2c — 5 sin dz + 2az. 


287. For what values of a does the function y = (a + 2) 23 — 
gaz’? + Yax — 1 decrease monotonically throughout the number 
axis? 


Find the critical points of the following functions (288-289). 
288. f (x) = (zx? — 4)?°. 


289. y= 5-4 2252+ 4, 


290. Find the extremum of the function y = 2? — In (4 + 2z). 


42. Problems Set at an Oral Examination 257 


. 291. For what values of a do the points of extremum of the func- 
tion y = 2° — 3azx* + 3 (a? — 1) z + 1 lie in the interval (—2, 4)? 


Find the greatest and the least values of the following functions 
(292-296). 


292. f (x) = cos? x + cosz + 3. 
293. f (x)= 422+ on (1/4, 1]. 


294. f(z) =Vzr—2Yz on (0, 100). 
295. f (x) = e*?-4+3 on [—5, 5). 
296. y=2x—Yx on [0, 4). 


297. For what values of a@ does the _ function f (z) = 2? + 
3 (a — 7) x? + 3 (a? — 9) e — 1 have a positive point of maximum? 

298. Assume that z, and z, are a point of maximum and a point 
of minimum of the function f (z) = 227°? — 9ax* + 12a’x 4+. 1. re- 
spectively. For what a does the equality z? = z, hold true? 

299. For what a does the function f (x) = (a/3) 23 + (a + 2) 2? + 
(a — 1) x + 2 possess a nogative point of minimum? 

300. Find all the values of the parameter a for which the points 
of minimum of the function y = 1 + a’z — 2° satisfy the inequality 
z*+r+2 <0 
zoz+6 

301. At what point of the interval (0, 1/2) does the function y = 
(tan z + 1)?/tan z assume the least value? 

302. Find the number which, being added to its square, yields 
the least sum. 

303. Find the positive number which, being added to its inverse, 
yields the least sum. 

304. Among isosceles triangles with a given length a of a lateral 
side find the triangle with the greatest area. 

305. Find the vertex angle of an isosceles triangle of the greatest 
area inscribed in a circle of radius R. 


Tangents to Curves 


306. Find the slope of the tangent drawn to the graph of the 
function y = tanz at the point with abscissa zy = .1/4. 

307. On the curve y = 4z? — 6x + 3 find the point at which 
the tangent is parallel to the straight line y = 2z. 

308. At what angle does the sine curve y = (1/) 3) sin 3z cut the 
abscissa axis at the origin? 

309. Construct a tangent to the graph of the function y = In 2’, 
parallel to the straight line y = —z. 


17-O1208 


r 
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Write the equation of a tangent to the graphs of the following 
curves at the indicated points (310-315). 

310. y = sin 2z at the point z = m/12. 

311. y = x® at the point xz = 2. 

312. y = z*e* at the point z = 1. 

313. y = sinz +1 at the point z = n/2. 

314. y = xz* — 4 at the point of its intersection with the axis of 
ordinates. 

315. y = 227 — 4x at the points of intersection of this graph 
with the abscissa axis. 


316. Write the equation of the tangent to the curvey = 2? -:- 7z + 
3 which is parallel to the straight line 5x + y —3 = 0. | 

317. Prov> that the tangent to the hyperbola y = a*/z forms a 
triangle of constant area with the coordinate axes. 


Miscellaneous Problems 


318. Differentiating the identity sin 2x = 2 sinzcosz term-by- 
term, prove the identity cos 2z = cos? z — sin? z. 

319. At what points does the derivative of the function y = z° 
coincide with the value of the function itself? 

320. Does the straight line z -+ 4y — 4 = O touch the hyperbola 
y = 1/z? 

321. Onto what interval does the derivative of the function y = 
y x* map the interval [4/16, 84]? 

322. Are the following functions even or odd: (a) f (x) = 2° -'- 2; 
(b) f (2) =Vitzte—VYt—a27a (c) f (2) = log $2, 

323. Find f (g (z)) and g (f (r)) if f (x) = 2° and g (z) = 2°. 

324. Find the quadratic function f (x) if f (0) = 1, f (1) = 0, and 
f (3) = 9. 

329. Mind the inverse of the function y -- x? — 1, r € (—c, O]. 

326. Through what point A on the curve y =: -—x? -+ 2z must 
the tangent to that curve pass for the trapezoid formed by the tangent 
and the straight linesx = 0, y=(Q,andx -- 1 tohave the least area? 


The Antiderivative. The Integral 


327. Find the antiderivative of the function y = 2/sin? 3z whose 
graph passes through the point (m/412, 4). 

328. Find the antiderivative # (x) of the function f (r) — cos 4r 
if fF (n/24) = 1. 

329. For what values of x docs the antiderivative of the function 
f(r) = a sinar |} 2x — 4 which has the value 3 for x = 1 vanish? 

330. Find the antiderivative of the function (sin (7/2) + cos (r/))?. 
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Calculate the following integrals (331-338). 
u/2 


331. \ sin 2z dz. 
332. 8 cos 3z dz. 


333. 


ue 


dz 
0.52-+1 ° 


cos? x dz. 


w 


sin COS z dz. 


336. 


= 
Seo oly Hd Ot, 


bs | 
~~ 
tw] 


337. j | sin x | dz. 


1/2 
4 
338, | sin zoos 3z dz, 
D 
Find the area of the figure bounded by the following curves (339-349). 


339. y= 2z?, y=0, r= 9. 
340. y= 2? —27+5, y=0, r= 2. 2=4. 


BAN gee y = OT es 
342. y= 23, y> =z. 
343. y = sinz, y = 2z/n. 
344. y= sing, y = 2z/n, O<zr<_az/2. 
2 
345. y= 7-—1, y=2—z. 
346. y = (x — 1)?, y= 0, ex=2, r= 3. 
347. y=24+sinz, y= 1+ cos*z, r=0, 2=N. 
348. y = —327?7—|r/+2, y= 
349. |y | = 1— 2’. 


350. Is it true that the area of the figure bounded by the curves 
y =e}, y= 0, z = 2, and zx = 0 is smaller than 2? 

351. Calculate the area of the figure bounded by the graph of the 
function y = xz? + 1 and the tangents drawn to that graph at the 
points with abscissas zr = 0 and z = 2. 


17* 
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352. Through the origin of coordinates draw a straight line-which 
divides the curvilinear triangle with vertex at the origin, bounded 
by the curves y = 2x — x’, y = O, and x = 1, into two parts of the 
same size. 

393. For what & is the area of the figure bounded by the curves 
y = z* — 3 and y = kx + 2 the least? Calculate that area. 

354. Calculate the volume of a space figure resulting from the 
rotation of a plane figure, bounded by the graph of the function y = 
1 + cos*® x, about the straight line y = 1 on the interval [—x/2, n/2] 
and that straight line. 

309. Find all positive a@ which satisfy the condition 


(327 + 42 — 5) dx = a® — 2. 


Se 


a 


396. Find all values of a for which the inequality \ rdr<a+4 
0 
is satisfied. 


Vector Algebra 


307. Calculate the length of the vector 2a — 3b if a = (1, 4, —1) 
and b = (2, 0, 0). | 

358. For what value of / is the length of the vector a = (—2,2, 4k) 
half that of the vector b -= (3, 3h, 0)? 

399. Calculate the length of the vector a if b = (3, —2. 1) and 
a-b = 7, a|| b. 

360. Find the angle between the vectors a = (3, 1, —2) and b = 
(--2, 3, 4). 

361. Find the value of m for which the vectors a = 2i + mj — 3k 
and b= i — 2) +k are perpendicular. 

JO2. For what value of @ is the angle between the vectors x — 
i-- J--k ond y == ai-> j —k equal to arccos (1/2 Y 3)? 

363. The vector a is coronal: to the ae b V Hi 2, 3) 
and ¢ = (—2, 4, 1) and satisfies the condition a (i — 2j +-k) = 
—6. Find a. 

364. Find the length of the diagonals of the parallelogram con- 


Structed on the vectors a» Sp + 2q and b = p — 3q if it is known 
= 7 
that | p|=2 oe q | = 3, and (p, q) = x/4. 
360. Ttis known that [a] s+ [b] = l}e|=fanda+bte= 
o. Prove that ab -+- be -t- ea = —3/2 | 


366. Use vectors to prove that the midline of a triangle is parallel 
to the third side, and its length is equal to half the length of the 
third side. 
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367. Given a triangle ABC and an arbitrary point M on the 
side AB. The straight line drawn through the point M is parallel 
to the median CC,, cuts (CA) at a point P and (CB) at a point O. 


— —> _— 
Prove that PM + OM = 2CC,. 
368. Prove that the relation MP = + (AD + BC) holds true 


in any quadrangle ABCD, where M and P are the midpoints of the 
segments AB and CD respectively. 


Plane Geometry 


369. Construct a right triangle from its hypotenuse and the alti- 
tude dropped onto the hypotenuse. 

370. Construct circles externally tangent to each other with 
centres at the vertices of a given triangle. 

371. Given an angle and a point A in its exterior. Construct a 
straight line which passes through the point A and cuts off a triangle 
with a given perimeter p from the angle. 

372. Given a circumference C and a point A which lies outside 
the circle bounded by the circumference C. Construct straight lines 
which pass through the point A and are tangent to the circumfer- 
ence C. 

373. Can a triangle be constructed from the segments which are 
equal to the medians of the triangle? 

374. Two trapezoids with parallel respective sides are inscribed 
in a circle. Prove that the diagonals of the trapezoids are equal. 

375. Prove that by connecting the midpoints of the sides of a 
convex quadrangle we get a parallelogram. When is that parallelo- 
gram a rhombus? A square? 

376. Prove that if a circle can be inscribed in a polygon, then 
r = S/p, where r is the radius of the circle, S is the area, and p 
‘is half the perimeter of the polygon. 

377. Prove that any point of a convex quadrangle belongs to at 
least one of the circles whose diameters are the sides of the quad- 
rangle. 

378. Prove that the ratio of the sum of the squares of the lengths 
of the medians of a triangle to the sui of the squares of the lengths 
of its sides is 3/4. 

379. Prove that the area of a triangle is smaller than unity if 
the lengths of all the bisectors are smaller than unity. 

380. Prove that the sum of the squares of the lengths of all sides 
and all diagonals of a regular polygon is equal to n?r?, where n is 
the number of the sides of the polygon and r is the radius of the 
circumscribed circle. 


" 
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381. The straight line, which is parallel to the base of a triangle, 
divides its area in half. In what ratio does it divide its lateral sides? 

382. Find the angles of a rhombus whose diagonal is equal toaside. 

383. Find the lengths of the sides of a triangle if they are ex- 
pressed by integers, form an arithmetic progression, and the perime- 
ter of the triangle is equal to 10. 

384. Find the angles of a triangle in which the centres of the 
inscribed and the circumscribed circle are symmetric about one of 
the sides of the triangle. 

385. Find the acute angle between the medians of an isosceles 
right triangle which are drawn from the vertices of its acute angles. 

386. Calculate the area of an isosceles trapezoid if its altitude is 
h, and a lateral side can be seen from the centre of the circumscribed 
circle at an angle a. 

387. A square with side a is revolved about the centre through 
4). Find the area of the common part of the “old” and the “new” 
square, 

388. Given a square and a circle of the same area. What is larger, 
the length of the circle or the perimeter of the square? 

389. Is there a triangle whose all altitudes are smaller than 1 cm 
and the area is larger than or equal to 10 cm?? 

390. Find the radius of the sector if its area is 144 cm?* and the 
arc contains 4/9 radians. 

391. The perimeter of a circular sector is 4 Find the central angle 
of the sector for which the area of the sector is the greatest. 


Solid Geometry 


392. The radius of a sphere increased by 50 percent. By how many 
per cent did the surface area of the sphere increase? 

393. Find the volume of a parallelepiped with edges a, b, and c 
making angles n/2, a, and @ with each other. 

394. The total surface area of a regular tetragonal pyramid is S$ 
and the edge angle of a lateral face is a. Find the altitude of the 
pyramid. 

395. The volume of a regular tetragonal pyramid is V and its 
altitude is #. Find the length of the apothem of the pyramid. 

396. The edge angle of a regular tetragonal pyramid is a. Find 
the dihedral angle between a lateral face and the base of the pyramid. 

397. Find the angle between the nonintersecting edges of a regu- 
lar triangular pyramid. 

398. A cube with an edge a is cut from the angles by planes so that 
a regular octagon remains froin each face. Find the volume of the 
polygon obtained. 

399. A cylinder with the altitude hk is inscribed in a cone with the 
altitude H and the radius of the base AR. Find the radius of the base 
of the cylinder. 
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400. A regular triangular pyramid with an edge angle @ is in- 
scribed in a sphere. Find the ratio of the volume of the sphere to that 
of the pyramid. 


Miscellaneous Problems 


401. Assume f (2) =In ==. For what a and b is the equality 


f(a)-+ f(b) =F (oa) satisfied? 


402. Calculate z{ + 2}, where z, and z, are the roots of the equa- 
tion 37? — 5r§ —1 = 0. 

Solve the following equations (403-409). 

403. 3% +1— | 3*—1| =2log,{6—2z |. 

404. | x—1 |!08? =~ log x9? — | x—1 |8. 

405. 2ncosxr =[{zr[—|zr—a1|. . 

406. log (2% + xz — 41) = x (1 — log 5). 

407. cos x + cos 2x + cos 3z + cos 4x + cos dr = 0. 
-408.- V5 — log, z = 3 — log, z. 


409. cos 3zx+ sin (22—-*) = —2, 


410. How many roots of the equation cos? r+ Vo+tein xr— 


lie in the interval [—1x, x]? 


V3 4_ 
4-—1=0 


How many roots do the following equations possess? * (411-413) 
4ii. x* + 2? = 10. 

412. 3lz=t | 2—|2] | = 1. 

413. x? — 2z — log, |1—zi =3. 


414. For what values of a does the equation z* + az +2 =0 


possess three roots? 
415. For what values of a does the equation x?e*= a possess three 


roots? 
416. For what values of a does the equation | Inz|— ar = 0 


possess three roots? 
447. Find the solution of the equation cos? z = 1 for which 


z*? < 20. 
448. Find sin 2a if cosa satisfies the equation 25 cos’? a + 


5cosa — 12 =0 and n/2<a<cn. 


Solve the following inequalities (419-423). 
419. V 25—2?<12/z. | 

420. logs 4xay2ixj (5 — 2?) 20. 

421. 0.14 !08s(4x- 1/3242) s> 4, 
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(22. SV Geo te 403, SS 


r+5 z—1 x°*-+4z-4 ° 
Find the following limits (424-425). 
424. lim ee 
x-g i—cossz 


425. lim cos 2— cos 2z 


9 
x~—-i1 ami Fc 


Find the intervals of monotonicity and the points of extremum 
of the following functions (426-427). 
426. y = ze". 427. y = z/ln gz. 


428. Prove that the function y = 3x24 — 4x3 + 627? + az + b has 
only one point of extremum for any a and b. 

429. For what values of a does the function y == (V 3cot x — a?)® x 
tan z attain its least value on the interval (0, x/2) at the point 
x = n/3? 

430. For what values of a does the minimum value of the function 
y = x” — 4ax — a* assume the greatest value? 

431. Using the geometrical meaning of the integral, calculate 
; . 


V 2x — 2x? dz. 


3 


432. Calculate the integral \ (32 — x”) dz and give its geometrical 
0 
interpretation. 

433. A particle moves according to the law s (t) = —2t? + 8t + 
7 until its velocity vanishes. Find the path traversed. 

434. Find the greatest volume of a triangular pyramid .\fABC 
whose base is an isosceles right triangle ABC (| AB | = | BC }) if 
[MB] 1 (ABC) and | MA | = V3. 

435. Calculate the volume of the figure resulting from the rota- 
tion, about the abscissa axis, of a plane figure bounded by the curve 
y = cos x and the abscissa axis, x € [—n/2, n/2]. 

436. If the point (x, y, z) lies on the plane x +- y + z = 3, then 
xz? +. y*? + 2% > 3. Prove this fact. 

437. The pyramid is defined by the coordinates of the vertices 
S (0,0, 2), A (0, 0, 0), B (1, 0, 0), and C (0, 1, 0). Find the coordi- 
nates of the point AJ which lies on the Oz axis, and the coordinates 
of the point N which lies in the plane (SBC) if it is known that 


MN == (4/3, 473, 0). 
438. Given points A (2, 1, —1), B (3, 2. —1), and C (3, 4, 0). 
— — 


Find the angle between the vectors AB and AC. 


HINTS AND ANSWERS 


Part | 
Sec. 1.1 


1. 24. Solution. Assume that z is the number of tens in the required number. 
Then the required number can be written in the form 10z + y. Under these 
assumptions the problem reduces to the solution of the system of equations 


z+y=—6, 
{ 10z+y+18=10y-+-2z, 


solving which we get xz = 2, y = 4. 

2.45. Solution. We write the required number in the form 10z + y, where x 
is the tens digit and y is the units digit in the decimal notation of the number. 
We write the hypothesis as a system of equations 


{ (10z + y) (z+ y) = 405, 
(10y-+ z) (z+ y)= 486, 


whence we get (10z + y)/(10y + zr) = 5/6, or x = 4y/5. Substituting this value 
of z into the first equation of the system, we get y? = 25, y = 5 (y = ~—5 does 
not satisfy the hypothesis). Then we find that x = 4. 

& 8.5, 10, 11.5. 4. 3, 12. 5. 49, 1. 6. 6, 54. 7. 24. 8. 63. 

9. 24. Solution. We write the required number in the form 10z + y, where 
z is the tens digit and y is the units digit in the decimal notation of the number. 


By the hypothesis 
10z-+ y= 3zy, 
10z + y4-18= 10y+ 2. 


Solving the system of equations and neglecting the extraneous solution (z = 
—1/3, y = 5/3), we get 24. 

10. 32. it. 27. 

12. 64. Hint. Assume that z is the tens digit and y is the units digit in the 


decimal notation of the required number. By the hypothesis, 


10z-+ y= 2?-+ y? + 12, 
10z-+ y= 2zry-+ 16. 


Subtracting the second equation from the first equation of the system, we get 
(zc — y)? = 4, whencez — y = 2, x — y = —2. Solving each of these equations 
simultaneously, say, with the second equation of the system and neglecting 
the extraneous solutions, we get z = 6, y = 4. 
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13. 13, 31. Solution. We write the fequired number in the form 10z -+ y, 
where z, y € N. By the hypothesis 


z* “y* = 10, 
(10x +-y) (40y-++ z) = 403. 


We can rewrite the second equation of the system, with due regard for the first 
equation, in the form zy = 3. The system of equatious assumes the form 


z*-+ y? = 10, (z+ y)? = 16, 
{ zy= 3, = { zy =3. 


The last system is equivalent to two systems 


{ z+y=4, { r+y=—4, 
zy = 3, zy=3. 


The first system has the following solutions: (1) z = 1, y = 3 and (2) r= 3, 
y = 1. The second system has the following solutions: (3) z = —1,y = —3 and 
(4) 2 = —3, y = —1. Only the solutions of the first system serve as solutions of 
the problem in the set of integral nonnegative number. 

14. 23. Hint. We write the required number in the form 10x + y, where z 
is the tens digit and y is the units digit. By the hypothesis 


{ 10z-+ y= 4(x+ y) +3, 
10z + y==32ry+-5. 
Solving the system, we get r = 2, y = 


y = 3. 
15. 91. 16. 64. 17. 72. 18. 71. 19. 32. 20. 15, 95. 24. 7, 8. 22. The denominator 
of the fraction is equal to 9. 23. 3/5. 


_ 24. 4/15. Hint. We write the required fraction in the form n/(n? — 1), where n 
is an integer, n ~ 0. By the hypothesis 


n+2 4 

is a 
n—3 4 

0 <4: 


Solving this system of inequalities and taking into account that n is an integer, 
n+ 0, we get n = 4. 


20. 13, 63. Hint. Assume that z is the tens digit and y is the units digit. By 
the hypothesis 102+ y=22?+ 2zy+y?, 10(24+ 5) ty = (zx + 5)? + 
(x + 9) y + y?, or 

{ 102+ y= 224 zry+ y?, 
29 — 4y= 2? ry+ y?. 
Solving iS system of equations and neglecting the extraneous solutions, we 
get r= 1, y = 3. 

26. 1210. Solution. We can write the number in the form 4n + 1, where 
n— 3, 4,5, ..., 24 (there are 22 numbers of this kind). These numbers form 
an arithmetic progression, whose first term is 13 and the last term is 97. Thesum 


6 All Awmbors is = eat 22 = 110-44 = 1240. 
27. 99270. 28. 676. 29. 49500. 30. 45, 54. 


3h. (7, 2), (9, 6), (28, 22). Solution. Assume that n and m are the required 
natural numbers. By the hypothesis n? — m? = 45 = 1-3-3-5, or 


(n — m) (r+ m) = 1-3-3-5. (1) 


Hints and Answers to Part I 267 


Since n and m are natural numbers, n -+ m> 0, the right-hand side of the equa- 
tion is a positive number, it follows that n — m is a natural number, and n -++ 
m>n— m,n — mand n-+ mare the divisors of the right-hand side of equa- 
nen oe pera all this into account, we get the following systems of equations 
or nm and m: 


{ n—m=1t, n—m=3, { n—m=5), 
n-+m= 45, n+m= 15, n+m=9. 


Solving these systems, we get pairs of numbers (23, 22), (9, 6), (7, 2). 

32. 156. 33. 34, 54. 34. 5 and 105, 15 and 35. 

35. 144 and 864. Solution. Assume that x and y are the required numbers. By 
the hypothesis z/y = 6k, where k € N. Since z and y are three-digit numbers, it 
follows that the equation z/y = 6k is possible only for k = 1 and, therefore, 
x = 6y. Next, by the hypothesis, z + y = 504m, where m€N, and m can 
only assume the values 1, 2, 3 since 504m < 2000. Solving the system of equa- 
tions z — y = 504m, rz = 6y, we get y = 72m. For m = 1, y = 72and z = 432 
do not satisfy the condition of the problem; for m = 2, y = 144 and x = 864 is 
a solution of the problem; for m = 3, y = 216 and z = 1296 do not satisfy the 
condition of the problem. 

36. 19 = 33 — 23. Hint. Factoring the left-hand side of the equation m* — 
n3 = 19 and using the fact that 19 is a prime number, we can prove that this 
representation is unique. —_ _ 

37. (2, 373, V9), 1/7/72, —V' 9/2, 1/ 3/2). Hint. Assume that z, y, z are the 
required numbers. By the hypothesis 23 = zyz + 2, y3 = ryz — 3, 23 = xyz + 
3. Multiplying the left-hand‘’and right-hand sides of these equations together and 
designating zyz as ¢t, we get an equation 2¢? — 9t — 18 = 0 for t. 

38. 52. Solution. We write the required number in the form 10z + y, where z 
is the tens digit and y is the units digit. By the hypothesis 


zrt+y>i7, (1) 
z+ y? < 30, (2) 
10z + y >2 (10y + 2), 
or 
8z > 19y. (3) 


It follows from (3) that y can assume the values 0, 1, 2; 3 (since x < 9). Ify= 
Q, then (1) yields x > 7. These numbers do not satisfy inequality (2). Ify= 1, 
then (1) yields z > 6. These numbers do not satisfy inequality (2). If y = 2, 
then z > 5. The numbers z = 5 and y = 2 satisfy all the inequalities. For y = 
2 and z > 5 inequality (2) is not satisfied. Assume y = 3. It follows from (3) 
that z > 8. Such numbers do not satisfy inequality (2). Thus there are no more 
solutions. 

39, 2573. Solution. We write the required number in the form 1000z + 
100y + 102 + t, where z, y, z, ¢ are the thousands, hundreds, tens, and units di- 
gits, respectively, with z # 0. By the hypothesis 


z+tyt+z=14, 
ytz+t=15, 
z=t-+4, 


nd, therefore, =z+1,2=2z+ 5,y = 9 — 2z. By the hypothesis we must 
find the values of z, y, z, and ¢ such that 2? + y? + 27-4 0 = 27+ (z + 1)? + 
(x + 5)? + (9 — 2x)? = f (z) assumes the least value. Since r < 9, it follows 
from the equation z = z + 95 that z can only assume the values 1, 2, 3, 4. Cal- 
culating f (1), f (2), f (3), fA’) and comparing them, we obtain f (2) < f (4), 
ft (2) < f (3), f (2) <} (4). Therefore, z = 2, y= 9,2 = 1. t=3: 
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40. 1738. 41. Proof. Assume that a = n? + (n + m)?, where n, m are natu- 
ral numbers. Then 2a = 2n? 4+ 2 (n? 4- 2mn 4- m®) = (2n + m)? + mi’. 
42. 300. 


a {3 8 7B BD) wi. 


See. 1.2 


1. 413/15. 2. 2111/990. 3. 1. 4. z = 30. 5. 8. 6. 6. 7. 7. 8. 1. 


9. 0. Solution. 1+ sec 20°—V 3 cot 40° = sec 20? + _sin 40°— V3 cos 40° = 


sin 40° 
; : 2 (sin 60° cos 40°— cos 60° sin 40°) __ , sin 20° _ 
cee -2 sin 20° cos 20° erecta =r sin 20° cos 20° 


sec 20° — sec 20°= 0. 


10. 100. 1441. 4. 12. 1/4. 13. —3/2. 14. 4. 15.1. 16.0. 17.2. 18. VY 6/2. 19. 


V 3. 20. 10.21. VW 2/2. 22. 1. 23. 3/2. 24. 1. 25. 5. 26. —9}”2. 27. 10. 28. 4. 29. 
1. Hint. Reduce the given expression to the form a — 6. 30. 0. 31. —10. Hint. 


If a€ Z, then a? € Z.°32. (2+ V2 — V 6)/4. 
33. ua VOVILV IVA 3A V 2V 43 04.38 3. Shwe. 
35. Proof. Since b'<c, it follows that 


2b< b+e. (1) 
Since 
a ae es ae (2) 
it follows from (1) and (2), in accordance with the law of transitivity, that 
2o<at1, (3) 
Since 1 < a, it follows that 
1+ a< 2a. (4) 


According to the law of transitivity we have from (3) and (4) that 2b < 2a, 
ie. b< a. ; 
36. logs 108 > log, 375. Solution. 
log, 108 = 3+ log, 4 > 4; (1) 
log, 3/5 = 3+ log, 3 < 4. (2) 
From (1) and (2) it follows that log, 108 > log, 375. 37. 0, In (7/5), V0.8, 
0.9186. 38. 0.37, tan 33°, 1, 65/63, 61/59, tan (--314°). Hint. tan (—314°9) = 
1+tan1° 1+ tan (1/180) 1+1/60 ° 61 
{—tan1°  4—tan (7/180) 4—1/60 59° 
—cos 571°, V 3/2, V 0.762, 1. 40. Hint. Prove that the last digits of the decimal 


notation of the numbers 53°? and 33%" are equal to 3. 41. (n? + 2n + 2) x 
(n? — 2n + 2). 


42. (1 + n+ n®) (tf —n+ n®) (14+ V3n+ n®) (1 — V3n + n?). 
5 is 
43. (1-+ 2) (eae: 223] (1+ Pe rts), 


tan 46° — 39. 0.02, 0.85. 
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ey 


Solution. 1-28 =(1+2)4—24 2-284 2-4 2)22 (2+ 
(2+- +1} = (14-2) 2 ((2+— )° = (2+) —1] =: (142) 2? x 


(14 PE) (or EAP an (oy) 
—1 


(2+- +1). 

44. ae + b). 45. 0. 46. —a*/(a? + b?). 47. 4 (a — b)/ab. 48. 2/(a + b), 
49. m —n. 50. 1. 54. V 2. 52. 1/2be. 53. a(a —b —c)/2, 54. 1.55. —14. 

anaes 57. 12/(a4-2). 58. —3a/(a—1). 59. 2a +3. 60. V2. 64. ab. 
62. (a — b/(a + 6). 63. t/a. 64. a~169/604-31/90, 65. 1/)/a2b. 66. 1. 67. 1. 68. 
2/(1—z). 69. 2. 70. Va. 71. V1 —a. 72. 2. 73. («© —1)V x. 74. 1. 75. —4. 
76. 2/(a — 1). 77. 0. 78. 1. 79. x — 1. 80. 2—3Y 2 yt/5 + 9y2. 81. —2y. 
82.1, ifa > 0 and b >0; —1, if a<0, b<0. 83. V bz/(V b+ V 2). 84. 1. 85. 1. 
86. 2ab. 87. VY a® — 1+a? — 1. 88. 1/10. 89. 4/(Vz+Vy). 90. (1 — a)/Va. 


91. V a/(V a—Y Bb). 92. 1.93. 1. 94. 2 (WatYVb). 95. — 


97. 1. 98. a(jati1).99. YatyYo. 100. a@ + 1. 104. 02/3, 


102. 2b/V a?@—6?. 103. 4/a omen 104. 2/(1—a). 105. 0. 106. /b—3/a- 
107. 2. 108. —4. 109. a? + ab+ b 


(x(z@—aNP4 1) | ( 2—(z*—02)1/4 —_ 
(z+V 2?—a?) Vz—a (z--V 22a) — (z?—(z?—)) 
Vzi—a? (at+(z—a)) a Vz+a = (@Fa)-z-a? eae * 


After this transformation, the initial expression reduces to the form 


(==)7" (sepap tt taz)-1) — (=a) (t+) | (asa tices) = 


110. (x—a)/x. Solution. 


z?— q? 2 z(x+a)° x(rt+a) 
(z—a) (t+4)-2_ r--a 
2z (z—a) xz ° 

ae ei): 1/2,1/2 \ —4 3/2__},3/2 
112. 3 V 6. Solution. (Sas) (a 7 oF) 

__3Va_ WV a—(VI_ ys yy 

= aVaavt (VaVa—V 

_  3Va atYabt+b |-- : 

‘as a 

__ 8Va_ at Vab+b—a+V ab 

~ 2V¥at+V6 Va 


_ 8Va2VatVOVE aie 
sal a7 
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413, 0. 114. 0. 115. 1, ifa>0, b>0, a #5; —1,ifa@<0,b<0,a 6. 


116. a?. 
 (Ve—-Vay ty Vy tee: Vz, 3 zy—3y 
117. 3. Solution. arena ale I—y 
_ 8 Vin 32 Vit3V yy VtyVIt%VE | 3VI(VE-V 9) 
zVztyVy or oe 
_ 8c Vi-3eVi+HV2,  3VI 
zVatyVy Vz+Vy 
32 Ve—32 Vy t3yViet+3 Vy (z—Vayty) 32 Vet+3y Vy _ 
= zrVit+yVy a VartyVy 


418. —Yx. 119. 4. 120. (4-4.02/3)2/(44—a1/3). 124. 4/(4—2%). 122) zy. 
123, 4. 124. 3(Va—Vd)(VYa+ Yb). 125. Yal(Va+1). 126. 24%b/a?. 
127. 4. 128. 1/(z2—1). 129. /fm—Yn 130. 2. 131. Ya, if fa>yb 20; 


—Va, if V/i>Va>o0. 


3 b—b-? 1—b-? 

3, Se = a ld ese PS 

132, 2/Y b%. Solution. aaa, geese bi/ 
b3 — b2— = 
4 1 Vi 


~ bVbb—1) BV O+1) 


= Et ee 
—_ — 


bY b bVb 
a UE OOF 3 oe 
bVYb bYdb-* 


133. 2(a+4)/a. 134. 2. 135. 1. 136. Ve+tYV5. 137.4. 138. —3/2. 
139. /b. 140. 1/7/a. 144. —}/a%. 142. (a+4)/4. 143. 2. 144. 7 a+ VY 5. 
145. (Va+YV b)/2. 146. 3. 147. 2%. 148. Vab. 149. —25, if a>0, Jal > 
{[d|>0; 25, ifa<0, Ja]> /b|>0. 150. 1. 154. 6~—4a for ac [0, Y 3]; 
2(a—1)2 for a€ (V2, + oo). 152, —4. 153. 4. 


— 4+Vi—z 4—Vitx \22%—4 
154. 1—z?. Solution. (| ———__—— + —_ 
Viera Sie (AS VES) ae a 
_{ 1+Vi-z 1—-V1—z 2 224 
= (aye ye Vee) tt 
1 1 zi—{ (VY 14+2—Vi—z) z3?#—{ 
(7S vrs) a (Vv 4—23)? a 
2—2Vi—-zx 


yer ers Peers 


1-155. a + b. 156. t/n. 157, —2b. 158. (4) 2b (a — b); (2) 2b (a — 8). 159. 
¥2,if fa] <1; —V¥2> if4<fal < V2. 160.144+V de. 161. t/ad’/a%. 162. 
—2/(a + Va); (V5 — 5)/10. 163, a? + ab + 0%, 2.52. 164. a (b — a)/(a + b), 


15/4. 165. f(z, y) =y + V zy, f (9, 0.04) = 0.64. 167. D (y) = (—4, 0 
if eas (y) = ( ) U 
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168. Proof. V 224 Yaris V 424-9 ay 
=V VR (VBL P4V VRS PLD) 
=VVALYR(VALY BP) =(V BLY VP? =a. 


Hence it follows that 22/8 + y2/8 = q?2/3, 
169. n?/m?. 170. The domain of definition is a>0, b>0,a~b; A=O 


ora>b; A = Va—YV bd fora< b. 


Sec. 1.3 


2. Proof. (4) Let us verify the truth of the proposition forn = 4:44 + 15-1 — 
= 18 = 9-2, and, consequently, A (1) is true. (2) Let us assume that for 
= k, where k is a natural number, we have 


4h + 15k —1 = 9m, (1) 


where m is a natural number, i.e. A (k) is true. For n = k-+1, taking (1) into 
account, we have 


4h4l 4.415 (k + 1) —1 = 4-48 + 60k — 4 — (45k — 18) = 4 (44 + 15k — 4) 
— 9 (5k — 2) = 4-9m — 9 (5k — 2) 
= 9.(4m — 5k + 2) = 9p, 


4 
n 


where p = 4m — 5k + 2 is a natural number. We have carried out both parts 
of the proof and, therefore, we can prove by induction that the assumption is 
true for al] natural n. a 

4. Remark. This problem can be easily proved without resort to induction. 
Let us factor the given expression: n* — n = (n — 1) n(n + 1). By the hypo- 
thesis, n is an Bad author and, consequently, n — 1 and n + 1 are even num- 
bers; out of two successive even numbers one number is divisible by 2 and the 
other by 4; in addition, out of three successive integers n — 1, n,n -+ 1 at least 
one number is divisible by 3. Thus n? — n is divisible by 2-4-3 == 24. 


6. Proof. (4) For n=1 the proposition is true 1p te i.e. 
—3= —5. : 
(2) Let us assume that the equality holds for n = k, where k € N, i.e. 
4 4 4 _ 142k 
(1~+-) (Gaara ae (1— oa) = 1—2k ° (1) 


For n=k-+1, taking (1) into account, we have 


(1) (1-5) (aa) (eet) 


142k /, 4 es (2k-+4)9—4 

=a ( ~ (2k+4)8/7 4—2k  (2k4+14)3 
(2e—1) (2k+-3)  142(k+4) 142 (4-4) 

= 43k) (2k4+4). —4—2k ~ 1—2(k+14)° 


We have carried out both parts of the proof and, therefore, by induction, the 
proposition is true for all n € NV. Remark. The proofcan be also carried out with- 
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out resort to induction. Indeed, for any k € N we have 
i— 4 _ (2k—1)?—4 — (2k —3) (2k + 1) (2) 
~~ «(2k—1)®? (2k—1)2 : 


and therefore, assigning to & the values 1, 2, ..., a in formula (2) and multi- 
plying the results, we have 


(4) (1H) (8) (a) 


= (—1-3) (1-5) (3-7) ... ((2n—3) (2n + 1)) 

—e, 1-32-52 1... (2n —1)? 

_ —1-4-32-5% 22. (Qn —3)?-(2n—1) (2n+4)  —41-(2n-++41)  142n 
“on 4-32-52 ...°(2n — 1)? ai 2n—1 ~— 1—2n° 


44.2 = 4.12. x= 11. 13. r= 5. 14.2 = 7. 15. 1 ="8. 16. r= 4. 
17,2 = 5. 18.2 = 10. 19. ce - 8. 20.7 = 1. 24. vw -= 3. 22. 8 6) ms 3. 

23.2 = 7. Hint. Solving the problem, we get an equation (x -+- 3) (r -{- 2) X 
(x + 1) = 720. On the set of natural numbers the function f (2) (c -j- 3) X 
(x + 2) (z + 1) is increasing. It is easy to find by selection the natural root of 
the equation obtained. 

24. 2 = sr es Solving the problem, we get an equation 6 (zr -}- 3) — 
z(x+1) = z13" x €N. Since for z€N the right-hand side of the equation is 


positive, we have 6 (z+ 3)—rxr(r+141)EN, 6 (r+ 3) —(r-+ 1) r>0 
and, consequently, 1 << « < 8, x € V. In this case 120 must be exactly divisible 


by x + 2 and, therefore, c + 5, x # 7. Therefore we must seck the roots of the 
equation obtained among the numbers 1, 2, 3, 4, 6 


» oy 
13. 26. 10. 27. (n -+ 2) 2"-'. Solution. We designate the given expression 
as S: 


S = CE + 2CP-+ BCR... + (a + 1) CB (1) 
taking into account Cy = Cyh-r, We weite expression (1) in the form 

S= (n+ 1) CR + nCP+ (n—1)CR4 2... +208, +08 9 2) 
Adding equations (1) and (2) together, we get 

25 = (n+ 2) (CR+ CR+ CR+... +8) = (n+ 2) 2", 


whence it follows that S = (n + 2) 27-1, 


28. {0, 1, 2, 3, 4, 5}. 29. (11, 12, 13, 14, 15, 16, 17, 18}. 30. (6, 7, 8.1 
3i.n > 14, n€N. 32. {5, 6, 7, 8, 9, 10}. (6, 7, 8,19). 


33. 2 >2, z€N. Solution. Since C3+}|—cxt! a, the given 


inequality has the form eee 3 or z?+2r—3>0, ic. 26 (—o, 
— 43 ey 2) U ((¥/ 13 —1)/2, -++oo), but by the hypothesis +¢€N and, 


war ine ee z > 2 is an integer. 

. {1, 2, 3, 4, 5}. 35. (12, 13, 14, .. .}. 36. (2,3, 4,5,6.7, 8. 9}. 37. 

9,10, .. .}. 38. Three. 39. Four. 40. 2, = —63/4: x, = 23/8. ae . 
42. In 2 (P,)? = 2-(120)" ways. Solution. There is only one way to seat the 

children alternately girl and boy. The girls can be seated in P. ways and the 


boys in P, ways. In addition, the boys and girl . 
thorefore, "9. (P,)3 wave: y girls can change places. There are, 
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43. In 2-(P,)? = 2-720* ways. 44. In Aj}® ways. 45. (a) A$ = 40-39 = 
1560; (b) 40C3*. 46. In C2 = 126 ways. 47. Ct"-! ways. 


48. 26250 distributions. Hint. Either there are 3 balls in some urn and one 
ball in each of the other nine urns, or there are 2 balls in each of some two urns 
and one ball in each. of the other eight urns. 

49. In (C3 — 6) PsP, = 36 000 ways. 50. In 2187 ways. 51. 31. 52. A$-A§ = 
720. 53. 125. 54. 5274. 55. A? = 15.120. 56. 576. 

57. 45-10°. Solution. Let us consider 10 successive sevenedigit numbers 


€124050,0,060, 
Q343250,4,0,1, 


e¢ ee ee ee @ 


where a, @3, 23, @4; 45, @g are some digits. As we see, half of these 10 numbers, 
i.e. five numbers have an even sum of digits. The first digit, a,, can assume 9 
different values; each of the digits a,, as, a4, 2,, ag can assume 10 different values; 
the last digit, 2,, can assume only 5 different values for which the sum of all the 
digits is even. Thus there are 9-105-5 = 45-105 seven-digit numbers the sum of 
whose digits is even. 

58. 4-78 = 1372. Solution. By the hypothesis there is always a unity in 
the notation of a four-digit number and it occurs only once. The other three di- 

its can assume any of the following 7 values: 2, 3, 4, 5, 6, 7, 8. The assigned 
Figit 4 can occupy the first, the second, the third, or the fourth place. Conse- 

uently, there are 4-7-7-7 = 4-75 = 1372 digits all in all that satisfy the eon- 
ditions of the problem. 

59. C?-2§ = 672. 

60. C2 (C$Py-4 + CIC§CEP.) + Ch (C3Pst+5-3C3P, + CHICEP, + 5-3C§C}) 
= 294840 numbers. Hint. Either there is no zero among the digits or there 
isa zero. In the first case either some digit occupies three places or there are 
two “duplicates”. Inthe second case there can be four variants: either 
the zero occupies three places, or some other digit occupies three places, or the 
zero occupies one place and there are two “duplicates”, or the zero occupies two 
places and there is one “duplicate”. 

61. 4373. Thus 12, 24, ..., 199999992 are the required numbers. To make 
the calculations more convenient, we assume all of them to be nine-digit and 
designate 


212 gQ 98 40,2,0708 580, 


writing the necessary number of zeros in front of the given number. We write 
three successive nine-digit numbers 


@;24254,2,4,2,2,0, 
@125052,0,2,2,0,1, 
@149050 4052407062, 


a, can assume one of the two values 0 or 1 and each of the digits ay, as, 
ete 2 , @o, @, can assume any of the three values 0, 1, 2. We must then -eli- 
minate the number for which 0 = a, = a, = as = a, = ay = ag = a, = ay = 
a, from these numbers. For the nine-digit number permissible by the hypothesis 
to be divisible by 3, the sum of its digits a, + a, + a + a, + ag + ag + 
a, -+ a, + a, must be divisible by 3. Thesum of the first eight digits can be equal 
to 3n — 2, or to 3n — 1, or to 3n. In each case a, can be chosen from 0, 1, 2 
in only one way such that the sum of ail the nine digits is equal to 3n. Thus there 
are 2-37-14 — 14 = 4374 — 1 = 4373 numbers which satisfy the hypothesis. 

62. 576. Solution. The hypothesis is satisfied in the case when a four-digit num- 
ber is written, by means of one digit. There are C? numbers of that kind since 0 


18-01208 
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eannot be that digit. The hypothesis is also satisfied in the case when a four-di- 
git number is written by means of two difforent digits. Let us assume that 0 is 
one of them. Then the other digit can be chosen in C? = 9 ways. Zero cannot oc- 
cupy the first place since that place is occupied by the second chosen digit; con- 
sequently, if 0 occurs only once in the notation of the number, then there are C? 
numbers of that kind, if 0 occurs twice in the notation of the number, then there 
are C3 numbers of that kind, and, finally, if 0 occurs three times, then there are 
C3 numbers. Thus there are C? (C? + C3 + C$) = 9-(3 + 3 + 1) = 63 numbers 
which satisfy the hypothesis and whose notation includes at least one zero. 
The last possibility: the number is written by means of two different digits with 
no zero among them. There are C8 ways of choosing two digits out of line. If the 
digits have been chosen, then in the notation of the number the first digit can 
occur once, the second digit, three times, and there are C4 numbers of that kind; 
the first digit can occur twice and the second digit also twice, there are C$ num- 
bers of that kind; and, finally, the first digit can occur three times and the second 
digit can occur once, there are C4 digits of that kind. Consequently, there are 
ce (c# + C4 + C4) = 36-(4 + 6 4- 4) = 36-14 = 504 different four-digit num- 
bers written by means of only two different digits with no zero among them. Thus 
the hypothesis is satished by C? + C%(C? + C3 + C3) + C3 (C$ + C$4+ CS) 
= § + 63 + 506 = 576 numbers. 

63. 261972. Solution. The bouquet can be formed from 3, 4, ..., 18 differ- 
ent flowers. That can be done in A=C}®+ C}®+ ... Cl different ways. 
Taking into account that C}®§-+ Cj§+ cl8+ cCi+ ... + CH§ = 238, ive. 


1+ 18 + 153 + A = 262144, 


we obtain A = 262144 — 172 = 261972. 

64. 766. Solution. Thus, 1, 2, 11, 12, 21, 22, .. ., 122222222 are the required 
numbers. Let us calculate this number. There are C? = 2 onedigit numbers 
written by means of the digits 1 and 2. There are C2? + C20? = 2+1-2=4 
two-digit numbers written by means of two digits 1 and 2, and there are C? +- 
C3 (Ci + C3) = 24+ 1-(3 -+ 3) = 8 three-digit numbers written by means of 
two digits 1 and 2. There are C? + C3 (Cf#+ C+ C4) = CE+ (24 — Ch — 
Ci) = 2+ 24 — 2 = 24 = 16 four-digit numbers written by means of two di- 
gits 1 and 2, and there are C7 + C3 (C8 + C8 + C8 + C$) = 2+ (28—c§ — 
Ch) = 2+ 2° — 2=2°=32 five-digit numbers written by means of two digits 1 
and 2. There are C}? + C3 «Ci 4+ C3 + C$+ CE + Ch) = 2° = 64 six-digit 
numbers written by means of the digits.1 and 2, and there are C? + C2 (C7 + 
Ch-+ CE -+ CU -+ CE + CQ) = 27 = 128 seven-digit numbers written by means 
of the digits 1 and 2. There are 28 = 256 eight-digit numbers written by means 
of the digits 1 and 2. Since all the required numbers are smaller than 2-108, all 
the nine-digit numbers begin with 1 and, consequently, there are as many of 
them as the cight-digit mimbers, i.e. 256. Thus there are 2+ 4+ 8 + 16+ 
32 1 54 + 128 -}- 256 +- 256 = 766 numbers which are smaller than 2-108 and 
are written by means of two digits 1 and 2. 

fabs (CPC tb C3. C8 CF C8 CR CEC?) (CP 1 CHC? Che ChC8) + 

: §-C8-C3 + C8-C8-C€3-C2) (Ch + CE-C38 + CE-C3 + CE-C3-C2 

. b¢8C3 a C8CBCRC2) rrwerate r Cabacey 2 2 ‘1 i) ae 

1400-46 -+- 950-61 +- 950-36 -= 87400 -} 57950 -+ 3420 = 179550. Hint. 
The iollowing cases are possible when we choose three odd digits: (I) the three 
chosen odd digits are the same, (II) two of the chosen odd digits are the same and 
the third one differs from them, (III) the three chosen odd digits are different. 
There are two possibilities when we choose three even digits: (1) there is no zero 
among the even digits, (2) there is a zero among the cven digits. Case 1 branches 
into three possible subcases: (a) the three chosen digits are the same, (b) two of 
the chosen digits are the same and the third one differs from them, (c) the three 
chosen digits are different. Case 2 branches into four subcases: (d) the three chosen 
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even digits are zeros, (e) two of the chosen even digits are 0 and the third even 
digit is different from 0, (f) one of the chosen even digits is 0 and the other two 
are the same and different from 0, (g) one of the chosen even digits is 0 and the 
other two are different even digits different from 0. Each case (I), (II), (1H) 
can be combined with each of the cases (a), (b), (d), (e), (f), (g). Im cases (a), (b) 
(c):we can put the odd digits into any of the 6 places of the six-digit number, an 
in cases (d), (e), (f), (g) we must either put one of the odd digits in the first place 
and the other two into any of the remaining five places, or put one even digit, 
sae is different from zero, in the first place and place all the other digits arbi- 
trarily. 

66. 840. 67. 45-10*. Hint. See the solution of problem 50. There is an equal 
number of six-digit numbers with an even sum of digits and an odd sum of di- 
gits. There are 9-10° six-digit numbers all in all. 

68. 13 participants, 156 games. 

69.~ Cj? =924. 70. 20zr-3/2. 


71, n= 11. Solution. C2? — Ci? =4, ie. 


n, = —8. The hypothesis is satisfied by n = 11. 
72. T, = 70. Solution. T;, = C}x*- (1/z)k is the required term of the expan- 


me) nat, whence n,=14, 


sion; 28-kr-k = x°, whence 8 — 2k = 0, k= 4, Ty = a = 70. 

73. T, = C;’. it 

. 74. T, = 3523. Solution. T, = Ch (x-*/8) "=" = Cz* is the required term 
of the expansion, whence a + k= 2,k = 4; T, + Cj? = 352%. 

75. T, = 14a7/2. ; 

76. T, = 165214. Solution. CQ + CP +.... CR =_2" = 2048 = 24, n= 
41; Ts = C$ (2?)® (z-7/9)8 = 165z1*. 


Cz (21/3)=-8 (3-1/3) { 


— ; — =—_——- —4, 3— 1 : 
77, 2=9. Solution. x (a6 (aye 6° or 6-4.6*/3 = 6-1, whence 


z= J. 
78. The sixth. 79. The third. 80. T, = 5005. 
24 
81. n=32. Solution. Chea =3t, 2) =3t, n,=32, n,=—31. The 


hypothesis is satisfied by n= 32. 
vF39. T, = 11202. Solution. CM — 2CM+4 47 = 97, 1 — 2m + m+ 
2m (m — 1) = 97, m, = 8, my = —6. The hypothesis is satished by m = 8. 
Next, 2(8 —k) —k=4, whence k= 4, Ty= Cj (x?)4 (—2/xz)4 = 1120z4. 
83. 380. 


m\(m— 


1 

84. z,=—1, 2z2=2. Solution. Chat CR + Cm = Mt m+ 1==22, 

8. 2, = 1074, 2, 10. Solution. 13 = C$x3/2(log x+1). 71/4 = 200, 

+ aoceeT { 3 

4 1) SS = 4° = — = f° 
o0r% log +1) — 900, ( 4 = 2 (log = 4-1) ) logr=1; logz 4, logz=‘4; 
z,= 10-4, 2, RI 

86. 2 = —1/3. 

87. z = 1. Solution. m (m — 1)/2 — 20 = m, m? — 3m — 40 = 0, m, = 8, 
m, = —5. The hypothesis is satisfied by m = 8. Furthermore, 7, — T, = 56, 


18° 
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or 56 (2* — 2-2-*) = 56, or 2%* — 2% — 2 = 0; 2%1 = 2, 2, = 1; 2%2 = —1, 
rE SD. 

88. z, = 1078/2, z, = 10.. Solution. T, = Cbxr3x? '08 * — 106, 2372 108 = — 405. 
(2 lo z+ 3) logz = 5, 2log?zr+3logr —5=0; logzr = —5/2, z= 
40-6 ee = 1, zy = 10. 


89. = 1, r, = 2. Solution. The sixth term of the expansion of the power 
of the binonifal is the fifth term of the binomial (see formula (2) on p. 30). 
o7 x-1 
pe oqo? tone V 947 goes (3141) _ 9," 
x—1 7 x1 
76 log9* +7) ,—log a3 +1) _ gy 
1-2 ° 
FAUT og (3x-1)2_ 4.9814 3a 
14 4 =4, (3*-1)2?— 4.3%-14 30, 


(32-1 — 4) (32-1 — 3) = 0; 34-1 =4, z,=1, 37-1=3, z,=2. 


90. Hint. The given inequality is equivalent to the inequality (1+ =) "< Rn. 

Prove that (1+—)"<s, 
: z 2\n | 

91. n=13. Hint. Since (2+ =} =n (z+2)", the problem must be 
solved for (z-+2)". 

92. 715 = Ch3b5°31* is oe in the absolute value. Solution. The ratio 
oat =(4t-1) 2 =< 

Tr-} k Y 3 
k < 18 and | Tp! Tras | > 1 for k > 18. Consequently, k = 18 and Tig is the 


~m of the expansion which is she grestest in absolute value. 
go. 2 = 6; 2 = 41/2. 94. (x/2 — 2-1/8)9, 7) = CIO. 95. T, = B84. 


It is easy to verify that |7./Tp-;| >41 for 
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4. {4/3}. 2. {—9/2, 13/4}. 3. All z € [2, +00). Solution. Let us consider 
three cases: (1) r << 0; (2) 0 < zx < 2; (3) t > 2. 
1st case: tr < 0. In this case the equation is equivalent to the system 


2<0 
—z+(z—2)=2, 


whose set of solutions is empty. 
2nd case: 0 < z < 2. In this case the equation is equivalent to the system 


(a, 
z+ (r—2)=2, 


whose set of solutions is empty. 
8rd case: x > 2. In this case the equation is equivalent to the system 


{ £>2. 
t—(z—2)=2, 


> set of solutions is constituted by all x € (2, +0). 
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4. {—1}. 
5. (—oo, —3] UI—V 3/3, 1/2]. Hint. The given equation is equivalent to 
the equation 


| az-+i1t+ | a+ a'r] = az + 1 — (a3 + a2). 


The equation | u| + | v| = u —p is equivalent to the system 
{ u>0, 
v<0. 
For a * 0 consider the cases O<_a<1, —1<a<0,a= —1 anda< —1. 


6. (2, 3). Solution. The given inequality is equivalent to the inequality 
| 22 — 5| <1, which is equivalent to the two-sided inequality —1 << 2z — 
-9< 1, of 4< 2z <6, or 2< 2 < 3. 

7. (—oo, 1/6] UY (3/2, +00). Hint. The given inequality is equivalent to the 
collection of two inequalities 3r — 2.5 << —2 and 3r — 2.5< 2. 

8. [1, +o). Hint. Consider the following three cases: (1) r > 2, (2) -4< 
xz < 2; (3) (3) z < —4. The inequality can also be solved by graphical means, 
by constructing the graphs of the functions y= | z+ 4] andy=|zr—2]. 
' 9. (5/3, 3). Hint. The given inequality is equivalent to the system of inequa- 
ities 

{ z—i>0, 
1—z2< 2r—-4< r—1. 

Fe ams =) U (2, +00). Hint. Consider the following two cases: (1) z< 
—1, (2) z> —1. 

11. (9/2, +00). Hint. Consider the following three cases: (1) z < —2; 
(2) —2<27< 1; (3) z>1. 

12. (—o, —2) U (5, +0), z= 6. 13. r= —1. 14. 6 = —50. 

15. {—4}. Solution. We write the given equation in the form| z |? — 2| z| — 
8 = 0, or (j z| — 4) (| z| 4+ 2) = 0. Taking into account that | z| + 2 <0, 
we obtain | z| = 4, whence we find that z, = —4, zz, = 4. Only x; = —4 be 
longs to the domain of definition of the function y = Y 5 — 2z. 

16. {—2, —1/9}. 17. {1}. 18. {—5/3}. Hint. When solving the equation, 
take into account that z? = | z |?. 

19. {—2, 1}. Solution. (1) If 2? + 4z + 2 > 0, then the equation is equiva- 
lent to the system 

234+-47+2>0, 
323+ 7z —10=0, 


solving which we find z = 1. 
(2) If z2 + 4x + 2 < 0, then the equation is equivalent to the system 


z?34+-47+2<0, 
{ 323 + 17z-+- 22=0, 


solving which we find zr, = —2. . 
The graphical solution consists in constructing the graphs of the functions 
yo {z?4+474+2| and y= ete and finding the coordinates z, and Zs 


of the intersection points of these graphs, which are exactly the roots of the given 


equation. 
20. (1, 4}. 21. {2, 5}. 22. {3, 6}. 23. (0, 1}. Solution. Let us consider twe 
1 


cases: (1) z 21, (2)7 <1. 
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1st case. For z > 1 the equation is equivalent to the system 
{ 2 > 1, 
z?-+2z—2=0, 
solving which we find z, = 1. 
2nd case. For x < 1 the equatic:: is equivalent to the system 


eae 


z?3—z=—0, 


solving which we find z, = 0. 

24. {—20.5, 10}. Hint. When simplifying the equation, take into account 
that the coefficients in z in the quadratic trinomials form an arithmetic progres- 
sion with the common difference equal to1, and the free terms form an arith- 
metic progression with the common difference equal to 2. 


25. (2+V4—aj}ifa << —4; (2-V4+4,2+ V¥44+0,2+ V4 —a2} 
if—4< a<0; (0,4) ifa = 0; {2-—-VY4+ a}ifa>0. 26.4 = 20+ 6Y 5. 
27. ky, = —22/3, ky = 2. 28. a = 4. 29. For all m€ (1/4, +00). 30. For all 
m € (—oo, —1/2) U (4/2, +00). 31. For all m€ (—oo, —1/7) YU (1, +00). 
82. For all ¢ € (2, 4). 33. k = 13. 34.a = +2. 35. a = +10. 36.k = +4. 
37. 2822 — 20z + 1= 0. Solution. Let us write the required equation in 


the form 
z?+ pr+q= 0. (1) 
Its roots are 
ee 1 104+ V72_ 5543 V2 
 40— V 72 28 = 44 
z _ 1 10-6V2_ 5-3 V2 . 
“reve 8 | | 
, o 5+3V%2 5-3V2 1 
p=-—(z .Lo)=—- oe Saree Se re ee 
Para C28 14 4 28° 


uperituting the values obtained for p and g into equation (1), we find the re- 
quired equation. 

38. (—3, 5). 39. (0,1/2). 40.4 = 3. 44. k= 3. 42. a, = —2, a, = 1. 
43. For all a € (—o0, —2) Y (0, +0). 

44. For all a € (—6, 3). Hint. We must find the values of a for which the 
equation (a — 6) z? — 2 = 2ar + 1 does not have real roots. 

45. {—4, —3, 3, 4}. 
_ 46. a = —4. Solution. By the hypothesis, the roots z, and x, of the equa- 
tion are related as z, = 2z,. Applying the Vieta theorem to define z,, we obtain 
a system of equations 


{ 2,+22,=1—2a, 


223=a!+2, 
from which we obtain a? + 8a + 16 = 0 to define a. Hence.a = —4. 
47. a, = —3/2, a, = 6. 48. a, = 2, a, = 9/2. 49. (2, 18} for a = 6, {2/19, 
18/19} for a = —6/19. 50. a, = —1295/8, a, = 27/8. 54. p= +7. 52, k = 


+3Y 5. 53. a, = 3/2, ag = 3. 54. b = —13. 
59. p = 0. Solution. Assume that r, and zr, are roots of the given equation. 
By the hypothesis and the Vieta theorem 
2-22 = 16. 
%,+2,=4. 
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Squaring the second equation of the system and taking the first equation into 
account, we get 2,2, = 0 and p = 2,7, = 0. 

56. a = 2. Solution. Assume that z, and x, are roots of the given equation. 
Applying the Vieta theorem to define z, and z,, we obtain a system of equations 


fy — 2%, = (a — 1)/2, 
fe + 2, = (2 + 1)/2, 


whence z, = a/2, rz = 1/2. Substituting any one of the roots obtained into the 
equation, we find the value of a. 

57. a= 1/2, ag = 4. 58. P1 > 0, a= 0; Ps = 1, Qo = a4. 

59. a = —2. Solution. The first equation has real roots if a2 — 4 >0Q, i.e. 
if a € (—oo, —2) U [2, +00). The second equation has real roots if 1 — 4a > 0, 
i.e. if a € (—oo, 1/4]..Thus the given equations may have a common root if 
a € (—o, —2]. Assume that z, is a common root. Then the numerical equations 


zi+ aro +1=0 and ri +2,+a=0 (1) 
hold true. Subtracting the second equation from the first, we obtain (a—1) ry + 
(1 — a) = 0, or x9 = (a — 1)/(a — 1) = 1 (in the domain [—oo, —2] the di- 
vision by a — 1 is legitimate). Substituting z) into any equation (1), we find 


60. m = —2. Solution. Let us find the roots of the first equation 
<i pe eee , and the roots of the second equation 


1—V 1—12m z ro aoe . The roots are real under the 


ee ee a 
condition m < 1/12. If O< m<1/12, then V1 —12m< Yi —4m<1: 


and, aaa ones Be all the four roots are positive, with (m # 0)0 <2, <23< 
1, <z,. It can be seen that z, “ 2x, and xz, ~ 2z,. We must investigate the 
two remaining possibilities: (a) z3 = 2z,, or (b) zg = 22), i.e. 


42 Vi — im 1 Yimin => 14 V1—1im =2—2 Vi—4m 


= 2 V1—4m=1F V1—12m 


=> 4(4 —4m)==14F2V1—12m+1—12m = 1—82m= F V 1— 12m. 

The left-hand side of the equation includes 1 — 2m > 0, and, consequently, 
the right-hand side must contain a positive number, i.e. +Y1— 12m, i.e. 
possibility (b) must be excluded. Hence z, # 2z,. Let us square the left-hand 
and right-hand sides of the equation 1 — 2m = V1 — 12m. Then, after trans- 
formations, we get m? + 2m = 0, whence m = 2 since m + 0. But we consi- 
der the case 0 <_ m < 1/12, i.e. we have arrived at a contradiction in case (a) 
as well, i.e. zy 27}. 

Let us consider the case m < 0; then 1 < V1—4m< V1 — 12m, and, 
consequently, z; << 0, 75 <0, 4, > 0, zg > 0, with z3 << zyx 0<2,< 6: 
It can be seen that z, ~ 2z, and z, ~ 2z,. We must investigate the two remain- 
ing possibilities: (a) z, = 2z, and (b) z3 = 2z,. Then 


ft VO ot + Vt—anm 314 Vi—1om=242 Vt—4m 


=> tYi—im=14+2Vi—4m. (A) 
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In the case of the upper signs (case (a)), we square the left-hand and right-hand 
sides: 1 —12m=1+4V1 —4m-+ 4 (1 —4m) > m—1 = V1 — 4m. Here 
m—1<0is on the left and Y1— 4m > 0 on the right; we have arrived at 
a contradiction: Consequently, z, 34 2z,. In the case of the lower signs in (1) 
(case (b)), we carry out the following transformation: 


2 1—4m=1+- VY 1—12m 


=> 4(1—4m)=14+2V 1 — 12m+1—12m 
= 1—2nm=V 1—12m => 1—4m+ 4m? =1—12m => m= —2m 


and, since m + 0, it follows that m = —2. Consequently, z, = 2z, for m = —2, 
61. ¢ <0. Solution. The trinomial f (x) = az? + bz + ¢ does not possess 
real roots and, consequently, f (z) has the same sign for any z € R, but f (1) = 
a+ b-+c¢< 0; therefore, 0 > f (0) = ce. 
62. 23 + 23 = 3pqg — p®. 63. 23 + 23 = a (a® — 18a + 9)/27. 64. 245/27. 


3 
65. - += ee . Solution. On the basis of the Vieta theorem 
1 2 
we have z,-+ z,= 32/2, 21z7,= —1; then 
(2, -+2,)8 = 2743/8 => x3-- 23+ 32,24 (24+ 22) = 2703/8 


2703 


3a Ta? +- 36a 
= t= 3(-1). a pagar 


We calculate p+ Atk _ at + ha 


4 
ee: or rn 

66. For all.a € (2, 17/4). 67. For all p € [3, 15/4]. 68. For all a € (—co, —6). 
69. For all a € (6,'-+-0o). 70. For all a € (5/3, +00). 71. k = 5. 

72. (—oo, —(a+ V a — 4a)/2) U (V a®—4a —a)/2, +o) for all ae€ 
(—oo, 0] U [4, -+-00); (—oo, +00) for all a € (0, 4). 

73. For all m € (1, +00). 74. For all a € (11/9, +00). 75. x8 — (a? +°4) x + 
4= 0. 76. 4x7 — 8s — 4a? —11 = 0. 77. For all a € [1/2, +00). 78. For 
all a € (0, 1) U (4, 6/5). 79. For all a € (—1/2, 0) Y (0, Y'5/5). 

or all a € (0, 1/3). Solution. Let us consider two possibilities: (1) 3a < 
a+ 3, (2) 3a >a+ 3. 

(4) 3a xc a+3>a< 3/2. In this case the misen inequality is satisfied on 
the interval (3a, a + 3). For this inequality to hold for all z € (1, 3], it is neces- 
‘ sary and sufficient that the system of inequalities 


3a <i, a<1/3 
at+3>3, a>0 
should have a nonempty set of solutions. Since in this case a< 3/2, the problem 
has a solution for all a € (0, 4/3). : 
(2) 3a >a+3->a > 3/2. In this case the given inequality is satisfied on 


. the interval a + 3, 3a). For the inequality to hold for all x € [4, 3), it is neces- 
sary and sufficient that the system of inequalities 


a+3< i, { a<=—2, 
3a > 3, a> i, 


<> { o> 0<a<1/3. 


should have a nonempty set of solutions. We have arrived at a contradictory 
system and, therefore, in this case the problem does not have a solution. 
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81. k € (—oo, 0] y {1}. Solution. Let us rewrite the inequalities in the form 
(z — 3k)? > 4 (k — 1)? and (x — 2k)? > k. Wecan see from the second inequal- 
ity that for k € (—oo, 0} it holds for any real z. It remains to investigate the 
case where k € (0, -+ 00). From the first inequality we obtain. 
z€ (—oo, 3k—2/k—14]) UGk+ 21k —1], +00). 


From the second inequality we obtain 


z€ (—oo, 2k — Vk] Ul2k+ Vk, +0). 
If there are positive values of * such that the inequality 


3k+2|k—1| < 2k — Vik, 1) 
or the inequality ( 


2k+ Vk < 3k —2|k—1] (2) 


is satisfied, then for these values of k any real z is a solution of at least one of the 
given inequalities. Inequality (1) can be rewritten ask+Vk+2|/k—1/1< 
0, where k >0, Vk >0,|k —1| >0, and, consequently, inequality (1) is 
contradictory. We rewrite inequality (2) in the form 


Vk <k—2|k—-1 |. (3) 


Let us consider two cases: k € [1, +00) and k € (0, 1). In the first case inequali- 
ty (3) can be rewritten as 7 k< 2—k, and, consequently, if it is satisfied, them 
it holds only for some & € [1, 2). For these &, after squaring the left-hand and: 
right-hand sides, we obtain, after transformations, an inequality k? — 5k + 
4 > 0. This inequality is valid only for k € (—oo, 1] UY [4, +00). Out of all 
these values, only the value * = 1 satisfies the condition k € [1, 2). Let us now 
consider the case k€ (0,1). In this case we can rewrite inequality (3) as Vk< 
3k — 2, and, consequently, if it is satisfied, then it holds only for some k€ 
(2/3, 1). For these, after squaring the left-hand and right-hand sides, we obtain,. 
after transformations, an inequality 942 — 13k + 4>0. It is valid only for: 
k € (—o, 4/9] U [1, +00). Since 4/9 < 2/3, none of these values of & satisfies. 
the condition & € (2/3, 1). Combining all the results obtained, we find that the- 
problem has a solution only for k € (—oo, 0] U {1}. 
82. a € (—1/4, 1). Solution. We find the roots of the equation 


zw? — 2x7 —a*+i1t = 0; (1) 


they arez, = 1 —$al,z,=1-+1a|, 2, < 2x2. Next we find the roots of the- 
equation 
z?—2(a+ 1)2+a4(a—1) = 0; (2) 


they arez,=a+1—Vi+ 3a, ~=a+t1itVi1i+ 3a, z3< 24. The 
roots of equation (2) are real provided that —1/3 < a. We must also find a such 
that the inequalities 


ati—Vit3a<i1—lal<i+tfal<a+1i+Vit3¢ §) 
hold. Let us consider the case a < 0; then inequalities (3) assume the form @¢ -+ 
1—Vi+3a<it+e<x1—a<a+1+Y1-+ 3a. In this case we must 
only satisfy the inequality 1—a<a+i1i+ V1 + 3a, or —2a <Vi + 3a, 
where —2a > 0; squaring the right-hand and left-hand sides of the inequality, 
we get, after the requisite transformations, an inequality 4a* — 3a —1< 0, 
which is satisfied for a € (—1/4, 1). Since we have a < 0, the problem has a solu- 
tion for a € (—1/4, 0). Assume now that a > 0; then inequality (3) can be re- 


writtenasa + 1—VYit+t 3a<1—ae<it+t+a<a+1+YV1 + 3a. In this 
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case we must only satisfy the inequality @+ 1 — Vi+ 3ea<1—a, or 
2a << Y 1 + 3a, where 2a > 0; squaring the right-hand and left-hand sides of 
the inequality, wé get, after the requisite transformations, an inequality 4a? — 
3a — 1 < 0, which holds for a € (—1/4, 1). Since in this case a > 0, the problem 
has a solution for a € [0, 1). Thus the roots of the first equatidn lie between the 
roots of the second equation if a € (—1/4, 1). 

83. @. 84. [1, 4/3/}. 85. @. 86. (—2/3, 3). 87. (—oo, ++ 00). 88. (—oo, —1) YU 
(15, +oo). 89. [—2, 4]. ; 

90. (—3, 2) U (2, 3). Solution. The given inequality is equivalent to the in- 
equality (| z| — 2) ([z| — 3) <0, whence2 <|z|< 3. Forz >0 we get 
2<z< 3, and for zr < 0 we get 2 << —2z <3, or —3 <2 < —2. 

91. (—oo, —2)]U[2, +00). Solution. The given inequality is equivalent 
to the inequality (| z| + 1) (|z{— 2) >0, which is equivalent to the in- 
equality | z | > 2 (since| z| + 1 > 0 for all z € AR). Finding the absolute value, 
we get z > 2 forz >0Oand —z > 20rz < —2 forz < 0. 

92. (—1, 5). Hint. The inequality | 22 — 2z| <5 is equivalent to the two- 
‘sided inequality —5 < 2? — 4x < 5, which is equivalent to the system of in- 
equalities 

{ z?§—4r—5 <0, 
z*#—4r+5>0, 


‘solving which we get —1 << z < 5. 
93. (—(1 + V 24)/2, (Vv 21 — 1)/2). 94. (—4, 2) Y (3, 6). 
OP (1, 3). Hint. The given inequality is equivalent to the system of inequa- 
lities 
{ z>0, 
—zr<2z?*—2r <2. 
96. (2, 5). 97. 4 —V3, 2 ~ V2). 
98. (2, 4). Solution. We must consider two cases: (1) x > 4, 2) z< 4. 
(1) For z > 4 the given inequality is equivalent to the system o inequalities 
z>4, 
(x — 4)? < 0, 
which has an empty set of solutions. 
(2) For z < 4 the given inequality is equivalent to the system of inequali- 


‘ties 
{ z2<4, 
z?—6z4+8<0, 
‘solving which we get 2< 2 < 4, 
99. (—5, 3+ 2Y 2). 100. (1, 3). 101. (—oo, 1) Uf (3, foo). 
102. (—oo, (4 — V 2)/2] U[(5+ V3)/2, +00). 
103. (—oo, (4 — ¥'19)/3) U (4+ V19)/3, +00). 
104. (—~w, —5 — W119) Y(/2 — 2, +0). 
105. (—o0, (5 — ¥'57)/2) U (5 + W57)/2, +00). 
106. (—oo, —41) U (2, +0). 


107. (1, 3). Hint. The given inequality. is equivalent to the i 
* 408. (7, 2) UG, 4. Mint. Conside SS 0traisen. Te 
a ee ea , 4). Hint. Consider three cases: (1 __9- = 
r<4; (3) 2 > 1. e cases: (1) z << —2; (2) —-2< 
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(109. (—oo, 2Y 2) U (2+ 2V3, +00). Solution. For « < 0 the inequalit 
evidently holds true. Since 2? — 2x — 8 = (rz — 4) (2 + 2), we must consider 
two cases for z > 0: (1) 0 <2 <4, (2) 2 > 4. 

(1) For °.< 2.< 4 the given inequality is equivalent to the system of in- 
equalities 
ey, 
z?=—8 <0, 
solving which we get O0<2r< 2y 2. 
ee For z > 4 the given inequality is equivalent to the system of inequa- 
ities 
z>4, 
. 22 ~4r—8 > 0. 
solving which we get cx > 2 + 2Y'3. Combining vae solutions obtained, we find 
the expression given above. 
110. k= 15. 114.(—V2, 1) U[W2, foo). 142. a, = 1-2, a= 5+ 


VY 10. 113. a< 0. 
Sec. 1.5 


1,.{¥3—2, V3 —1, V3+1, V3 + 2}. 2. {—3, 3}. 

4. {(5 — V 21)/2, (5+ V 21)/2}. Hint. Represent the equation in the form 
(z? — Sz + 4) (x? — 52 -+ 6) = 15 and set 22? —5r 4+ 4= y. 

5. ((—ba + V 5a? +4 Vat + 69/2) if lal >2)oV/V3; ((—5Sa+ 
V 5a? + 4V at + 64)/2)} if | a@| <2] 6|/W 3. Hint. Represent the equation in 


the form (z? + 5az + 4a*) (z? + S5az + 6a?) = bf and set 2x? + Saz + 4a? = 
y. 6. @. 7. {—4, 1/2}. 8. {1/2}.°9. {2}. 


10. z} = a, zy = —1 for all a€ (—o, —1); z; = a, zz; = —2a? for all 
a € (—1/2, 0). Sclution. Solving this equation, we find three values z, = a, 
Zp = —1, 23 == —2a? which turn either the first or the second. factor of the given 


equation into zero. Note that z2 — xz, << 0 and z; —2z,< 0, ie. z,—a<0Q, 
zr, —a <0 for a > 0, that is if for a > O we substitute x, or x, for z into the 


equations, then the factor Vz — a is meaningless. Consequently, for a > 0 
the given equation has only one root «, = a. We assume a < Q. For a =-=—41 
we have xz, = 22 > 73, i.e. r3 — 2} = 23 — a < 0; thusz, = —2a’ is nota root 
of the equation for a = —1; the equation has two coincident roots x;=2z.2, which 
fact does not satisfy the hypothesis. Fora = —2a?,i.e. fora = —1/2, we have 
Zo —a = —1 + 1/2 = ~—1/2 < 0, i.e.-z, = —1 is not a root of the equation; 
the equation has two coincident roots z, = z, which does not satisfy the hy pothe- 
sis. Let us now consider three cases: (1) a € (=) —1), (2)a€(—1, —1/2) 
(3) a € (—1/2, 0). In the first case we have —2a* << a < ~—1, 1.e. 43 << ry < 2p. 
Consequently, z3 — z; = z3 — a< 0 and zy, is not a root of the equation, 
but 7, — z; = zz — a > 0 and, consequently, z, is a root of the equation, i.e. 
for a€ (—oo, —1) the equation has only two distinct roots z, and z2. In the sec- 
ond case we have —1 < a and a< —1/2, i.e. a? > —a/2 or —2a? < a. Con- 
sequently, in this case z, —2, >= 72 —@<.0 and 2, — 2, =2,—a< 0, 
i.e. neither x, nor z, is a root of the given equation; fer a € (—1, —1/2) the 
equation has only oneroot rz; = a. In the third case we have a > —1/2; conse- 
quently, —2a2> a> —1, i.e. z2< 2,<(x3; in this case zr, — 2, = ry --a > 0, 
and xz, -- 4; = 4, —a <0. Thus z; is a root of the equation and zy, is not. 
For a € (—1/2: 0) the equation has two distinct real roots z; = a and x, = 
—2a?, Thus the given equation has only two distinct real roots z; = a and’ 
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z,= —1 for a€(—oo, —1) and two distinct real roots z, = a and z, = —2a* 
for a € (—1/2, 0). 

if. {3, 4, 5, 6, 7, 10}. . 

12. (a) The equation has no solutions for a € (—o, —1) U (5/4, +); 
(b) the equation has one solution for a =~ —1; (c) the equation has two solutions 
for a € (—1, 1) U {5/4}; (d) the ee has three solutions for a = 1. Solution. 
The roots of the given equation have the form 


z= +0 Vote V 2-«. (1) 


(a) If we consider expression (1), we can see that the equation does not have 


5 
a single root if 5/4 <a, i.e. a€ (5/4, +00) or a<5/ 4, but a—5+V ee < 


0, i.e. V2 —a<t—a; this inequality can only be satisfied for a < 1/2; 
squaring the left-hand and right-hand sides of the inequality, we get (after 
the requisite transformations), a? > 1 or | a| > 1; taking into account that 
a < 1/2, we get a< —1, i.e. a€ (—ow, —1). Thus the equation has no so- 
lutions if a € (—oo, —1) U (5/4, + 0). (b) The equation has only one so- 


; Bes 1 h) a . = ee. ; 
lution z = 0 if a-t4+/>-a=0, i.e. aa ae This 


equality is possible only under the condition that a < 1/2. Squaring the 
right-hand and left-hand sides of this equation, we get (after the requisite 
transformations) a? = 1, i.e. a = —1 (a= 1> 1/2, and we must have a< 
1/2). Thus, for a = —1 the equation has only one solution. (c) If 


a— ++ |/ 2--«>0 and a—t— yf 2-2<0, or a=5/4, (2) 


in expression (1), then the equation has only two solutions. Let us transform 


inequality (2) as follows: Ley < V2 —a,a —3< y= —a. The second in- 


equality holds for all a< 1/2 and for a > 1/2 for which a? < 1, i.e. 1/2< a < 1, 
i.e. the second inequality. (2) holds for all a € (—oo, 1). The first inequality (3) 
holds for all 5/4 > a > 1/2 and for a < 1/2 for which a? < 1 or —1 < a < 1/2, 
i.e. the first inequality (2) holds for all a € (—1, 5/4). Thus the equation has two 
solutions if the two inequalities (2) hold true simultaneously, i.e. for all a € 
(—1, 1) or for a = 5/4. (d) The equation has three solutions provided that 


a—t4Y/>—aso and a—+—j/ > —a=0. (3) 


The first of these conditions is satisfied for all a€(—1, 5/4) (see (c)). The 


second condition is equivalent to the equality a= V 2-0 , i.e. a > 1/2. 


Squaring the right-hand and left-hand sides of the equation, we get, after the 
requisite transformations, a? = 1, i.e. | a| = 1; since a > 1/2, we get a = 1; 
this value satisfies the first of the conditions (3) as well. Consequently, the equa- 


tion has only three solutions for a = 1. (e) If a € (1, 5/4), then the equation has 
four solutions. . 


13. For all a€ (0, 1) U(1, 5— VW 15) U(S 15 
14. x = 6/2. The solution exists and is ae ara 
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—2a—3 z+7 
15. —1/2, 3). pees > 2——_—_____—_ 
a€ ( / ) Solution ea <0 <>2 pi er <O<c> 
7 
2< ss. The last inequality must hold for all 1<2z<2; for these 


‘values of z the numerator r+7< 0, consequently, for the inequality 


z+2—a (1) 


to hold true, the denominator zx + 2 — a must be positive, i.e. rc + 2 —a>0, 
or ax<2xr+2 for all 1< 2x < 2, consequently, a < 3. We rewrite inequality (1) 
as follows (taking into consideration that 1 <2 < 2): 


4 z+2—a 1 a+5 a+5 1 
ye eg oS a eT TO 
<= at5>7t4 <a> -— =>a> = 
Thus nena tty (1) and, hence, that given in the hypothesis, hold true for all 
a € (—1/2, 3). 

16. 2= —6. 17. 2= 2. 18. 2 = —4. 19. r= 1. 20. r= 2. 24. zr = 2. 
22. 2 = —2. 23. (11, 12, 14, 15}. 24. (b) For all a € (10/3, +00), (a) follows 
from (b). _ 

26. KE[(7+ 3 V 5)/2, +00). Solution, We write the inequality in the form 

2x? —kr-+k?— 6k (4) 
k (6-4-2) ee 
The discriminant of the quadratic trinomial 
z3? — kr + k* — 6k (2) 


is equal to 3k (8 — k). It is negative for k < 0 and k'> 8. For these values of k 
the numerator of the fraction (1) is positive and, therefore, for k < 0, the set of 
solutions of inequality (1) is (— oo, —6), and for k > 8 it is (—6, +00). Con- 
sequently, all k > 8 satisfy the hypothesis and all k < 0 do not. 

For k = 0 inequality (1) is indeterminate. 

. (x — 4)? 

For k= 8 inequality (1) has the form 3 (6.2) > 0 and holds foralli<z< 
1. 

Let us consider 0 < k < 8. In this case the quadratic trinomial (2) has two 


roots z,;= zea al Fo) and eet Edel with z,<z, for all 
O<—k< oo. Indeed, for 0<k <8 the inequality z, >—6 is equivalent to the 


i lity k+12> V 3k(8—k), which is equivalent to the inequality 
Seay ners hk —3k. or 4k2+4144>0. Since z,>0 for all O<k <8, 
for the given values of k the problem has a solution only for z, >1, i.e. if 


pad BIE >4,0ork—2> V 3k(8—k), which can only be satished for 


9<—k <8, and for 2<k <8 is equivalent to the inequality (k —°)* > 
3k (8 — k). Solving the system of inequalities 


2<k<8, 
(k—2)* > 3k (8—k), 
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we obtain a set of solutions oe Y 5)/2, 8). Combining the results obtained, 


we a that kKE((7+ 3 V 5)/2, +00). 

4, 2) U (2, 3). 28. (14, $e) 29. (— 00; 3/2) U (7/3, +0). 30. \—0, 
eee 1. (2,3). 32. (—3, 4). 33. (—oo, —2) Y (—2, —4) Toes ). 
(—oo, —2) U (—2, —1/2) U (1, +00). 35. (—2, —1) 36. [—3, 3] 


40. (—6, 3). 44. (—oo, 0) (4, +00). 42. (—7, —3). 43. (—17/25, —3/8). 44. 
(—0o, SUG. +00). 45. (—oo, 1) U (4, +00). 46. (—3, 1), 47. (—o, 0) U 
(3, +00). 48. (—0o, 3) U (4, +2) 49. (co, +o). 50. (—1, 5). 54. (5/2, 8). 
52. (2, 3). 53. (—o0, —4)U (5, +00). 54. (—oo, —4) Y (4/3, 7°) 55. (—1/2, 
2). 56. (—oo, —20) U U G3, +00). 57. (—2, +00). 58. (—4, 0) U (4, + oo). 
a (—5, —2) U (—2/3, +00). 60. (—oo, (2— y 22/3) Ua +, v 2s. 5/2). 
. (—17/2, —3) U (1, +00). 62. (—o0, —3) U (3, +00). 63. [1, 3] U (5, 00). 
7 (00, —1/9/3) Uj (0, +00). 65. (—oo, 6) vIn, 0) UG, 0) 66. (2, 3) U 
(5, 6). 67. (1, 7). 68. (—6, 3). 69. (—5, 1) U {3}. 70. (—1, +00). 74. (—9/2, —2)U 
(3, +00). 72. ca 4) U (4, 6). 73. mee Ae y 2iy/2, (V i —1)/2). 74, (1/2, 3). 
75. (—oo, —1) U (4, +00). 76. (—oo, —5/2) U (—2, 8). 77. (3/4, 1) U (7, +00). 
78. (—1,0) U(0, 1). 79. (—5,1). 80. (—o, —4) U (—3, 3) U (6, +00). 


81. (—o, —V7) U (—2, V7) U [8/3, +00). 82. (—-, Ti: 


VEY ya, +00). 83. {4, 2) U (3, 4]: 84. (—Y2, —1) U (—1, ¥2) U [3, 4). 


85. (—o, —V 7/2) U(—1, VY 7/2) U (4/3, to). 86. (—(44 + VW 737)/28, 

4/7) U (VY 737 — 11)/28, 1). 87. (—oo, —Y 10) U (1/2, 2/5) U (VY 10, +00). 
(—oo, —2) YU (—1, 4). 89. (—o, 3 7 » +00). (— oo, —2) V 
aan 0) U (1/2, +00). 91. (—oo, 0) U(, U (3, fe), 92. (—o, —5) U 
ih 2) U (6, +00). 93. ae oe oe 1/2) en +00). 94. (—oo, 0) U (4, 6) 

. d, 2) U +00). 96. (— =3) 2, 3). 97. Ce V 2) U 

). : ae —2) U 10 3) U (4, “74 


(0, +oo). 108. (2, 3). 109. (—7, —4) U(—4, 1). 110. (2, +00). 

111. (2, 4) U (4, 6). Hine. The given inequality is equivalent to the system 
of inequalities J}2—4| <2, z 4% 4. 

112. (3/4, 1) U (1, fey Hint. The given lara is equivalent to the 
—1 2z— 
a > 2 and = . 

113. (—oo, —2) UJ (—1, = Hint. Since z?-+ 2+ 1>0 for all x € R, 
the given neauality is equivalent to the inequality | z?—3r—1,< 
age + 1), or to —3 (? + 2+ 1) <2? — 32 —1 < 3 (x9 + 2+ 14), or 


collection of two inequalities = <—2. 


{ —3 (842-41) < 2932-1, 
z§—32—1 <3 (294244). 


y(t wal, U (2, 3) U (3, 5). 115. (—5, —2) U (—4, +00). 116. (—oo, 
117. —oo, 0) U (1, + Hint. W t 

iss c Sue eee ay re e) A VG : a inequality in the form 
119. (—oo, —4) U{—1, 1] U[4, +00). Fine. The given inequality is 


Hints and Answers to Part 1 287 


equivalent to the two-sided inequality —1< a; <1, to the system 
3z 
aay tho 
3x 
r—4 re 


120. (0, 8/5] U[5/2, + 00). 

121. (3/2, 2). Hint. Since z? — 5z + 6 = (z — 2) (zx — 3), for x >3 the 
iven inequality is equivalent to the inequality 1/(z — 2) > 2, and forz << 3 
it is equivalent to the inequality 1/(2 — z) > 2. 

122. (—oo, 3). 123. (— V —a, 0) for a<0; (0, V a) fora >O0, @ for a=0. 
124. (3, 4). 125. [—3, 0) YU [20, +00). 

126. (—oo, —3) Y (—2, +o). 127. (—oo, —1) U (4, 3). 

128. (—oo, —1] U (5, 6]. 129. (—oo, —3) U [i, 4). 
130. Sa —1.4) U (2, 2.6). 131. [1, 6]. 
132. (2, 3}. 133. [—1, 7/3]. 134. (—2, —1) U (2, +0). 
135. (—2, (3 — V'17)/2] U (0, 2) ULB + V17/2, +0). 


Sec. 1.6 


4. {1/2,1}. 2. {—1, 2}. 3. (—3, 2}. 4. (—4, 3}. 5. (6). 6. {—27/8, 1}- 
7. {—8, 27}. 8. {8, 27}. 9. {3}. 10. {1}. 11. {3}. 12. {9}. 13. {—14, 8}. 

14. {2}. Solution. Setting y logs xz = t, we get an equation #® + #2 — 2= 0, 
or @&— i+ t%—1=0, or (¢ — 1) (##? + t+ 1) + (¢— 1) (¢+1) = 9, or 
(¢ — 1) (#2 + 22+ 2) = 0, whence it follows that ¢= 1, Le. log, z = 1, 
z= 2. 


15. {—1}. 16. {—3/2, 1/2). Hint. Set V (3 — x)/(2+2z) =. £7. {5/2}. 
18. {5/3}. 19. {3}. 20. {3}. 21. (8). 22. {28}. 23. {0}. 24. {4}. 25. {19}. 
26. {3}. 27. {6}. 28. {—1}. 29. {3}. 30. {2}. 31. {1}. 32. {5}. 33. (0, 4/3}. 


34. {34 2¥3) 35. {1}. 36. {4}. 37. (2}. 38. £5). 
39. { arctan + +n | nez} ; 


40. {2}. Hint. Set 2? — 4z + 6 = y. 

41. {—9/2, 3). Hint. Set VY 22? — 4c + 9= y. 

42. {(—4, 2}. Hint. Set Y 22? — 4z + 12 = y. 

43. 4 — V3, 1+ V3). 44. (—5, 0}. 45. (2). 46. {2/3}. 47. {—3}- 
48. {—1, 9/16}. 49. {2}. 50. (5). 541. {—1, 15}. 52. {4}. 53. {20}. 54. {10}. 

55. {6}. 56. {—1, 3}. 57. {—5, 4}. 

58. {—1}. Solution. Note that 


V 322-1 6z+7= V 32+ 1)*+4> V 4=2, 


bret fOr i4—= Voie tito > V9=3, 4— 2z2—229=5—(z4 1)? <5. 
Lacan ees the left-hand side of the equation > 5 for any z € R and the 
right-hand side < 5 for any z€ R. Their equality is only possible under the 
condition that both sides of the equation are equal to 5 for the same value of z. 
In our case the right-hand and left-hand sides of the equation are equal to 5 


for z = —1. 


4 
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59. {3}. 60. {—1, 2}. 61. (2, 34}. 62. {—1}. 63. {5}. 64. {8+ 4 V2}. 
65. {—1}. 66. {4}. 67. {1}. 68. {5}. 

69. {—15, 13}. Solution. /12—2+ 7 (4+2=2 > /12-2=2-) 14425 
12—2=-8—12 fi4+2+6y (144-2) — 14-2 3 6 (7/1442)? —-12 14+ 2— 
8=-0- (9/14 +2)?~— 27 i4er—3=0> Yi4+2 =14 V1I+3= 
14255 Yi4fr= —1 or f14+2=3; if f14+2=—1, then 14+2=—1 
and z= —15; if /44+2=32, then 144+-2=27 and r=13. 

70. {(3 — V 73)/4, 0, 3/2, (3 + V 73)/4}. Hint. Set WY 22? — 82 +1 = y. 
71. {1/4}. 72. {0, 16/9}. 73. {0, 5}. 74. {7}. 75. {16/25}. 76. {4}. 77. {—1}. 
78. {2}. 79. {4}. 80. (12/5, 4}. 84. {4}. 82. {—1}. 83. {0}. 84. {4}. 85. £2}. 


86. {1}. 87. {8}. 88. (22/9, 6}. 89. {12/127}. 90. {12}. 91. {3, 5}. 92. (0, —1}. 
Hint. Set 2? -++ 2+ 4= y. 93. {1}. Hint. Find the domain of definition of the 


equation. 94. {—47/24}. 95. {73/32}. = 
96. {{—1, ‘4]}. Hint. Write the equation in the form Y (z — 1)? + 
V @+ 1? =2,0r|2—1|]+]2+4] = 2, and then consider three cases: 
(41) r< —1; (2) —1 << 2<1; (3) x >1. Make sure that the equation is 
identically satisfied for —1 < zr < 1. 
97. {[2, +-00)}. 98. {[2, + 00)}. 99. {(5, 10]}. 


100. {(—1 — ¥5)/2, (V5 — 1)/2, 1}. Solution. Set 3/22 — 1 = y; then 

2z—1= y3, y>+ 1 = 2z. We obtain a system of equations 

z3-+-4=2y, 

y® + 1= 22, 
whence it follows that r?—y’=2 (y—z), or (rc—y) (z+ ry+-y”) +2 (rx—y) =0. 
Hence we get (1) z—y=0; (2) 2?+zy+42= —2. The last equation can be 
written in the form (2+ y= y§+-2=0. This equation has no solu- 
tions. Returning to the unkrown z, we write the first equation as j/ 27—1 = Fe 
or z?—2z+1=0, or z8—1—2(r—1)=0, or (x—1) (z?-+2—1)=0. Solving 
this equation, we get r=1, r=(—1+4 y 5)/2 


101. (—2, 1+ V5}. 
102. r€ O if a € (—o, 0) U (0, 1); z= (0} if a= 0; = {(2a—1 — 


V 4a — 3)/3} if a € [1, +00). Solution. Since z is under the radical sign, we 


have z > 0 and the left-hand side of the equation z 4+V a+Vr>0, and, 
consequently, a > 0; in addition, since a is the sum of x and the nonnegative 


quantity V a + Vz, wehavez < a. Thus, considering the equation itself, we 
acelin equation has no real solutions for a € (—oo, 0). We assume that 
a . Then 


2+Vat+Va=a = Vat+Vrma—z 
=> a+ V z=a?—2azr+23 => ate(2zr+4)a+22—Y re 
=> a= (27444 V 429+42+1—42944 V 2)/2 
= a=(22414 Vae¢4Vrt1)/2 Slax (2r+4 + (2V244))/2 
=> a=2z+Y z-+1 or a=z—) z. 
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Let us consider the first possibility a = x + Yz-+ 1; taking into account 
that the right-hand side is the sum of three nonnegative a one of which 
is equal to i, we find that if0 <a<1, then the equation we have written 
has no solutions. We shall consider the case a > 1; then 


e=2t+Vr+i > t+ V24+1-e=0 > Vr=(—14 Vi—4oa)2 
=> Ve=(—14+ y4a—3)/2, or Ve= —(14 VY da—8)/2, 


ne Vr>0,e>1, and, therefore, the second case is impossible; thus we 
ve 


Vz=(V 4—3—1)/2 = 2=(2a—-4~— VW 4a—3)/2 for a> 1. 


Let us now consider the case a = x — yz; here a can be any nonnegative 
number, and then 


emz—VYr = r—VYr—a=0 3 Vr=(i4+ V 1+-4a)/2 


Note that the relation YW z=(1~— WY 1+ 42)/2 <0, and, consequently, is possible 
only for a=0; then z=0. In the case Y z= (1+ Y 14-4a)/2 3S r= (2e4+14+ 
V 4a+1)/2 >a, which is impossible. Combining all the results, we find 
that r€ O if a € (—oo, 0) U (0, 1), z = {0} for a= 0 and z= {(2a — 1 — 
V 4a — 39/2} for a € (1, +o). 

103. 2 € @ if a € (—oo, —1/4), e = ((—1 + V 4a + 1)/2} if a € [—4/4, 0}; 
V 4a — 3)/2} if a € [1, +00). Solution. 41st technique. We shall use this tech- 
nique to carry out the solution in detail. Considering the equation, we see that 
zs<a< 72%. Then 
w—Ya—r=a>rz2—a=Va—z>2rt— 2za+at=a—sz 

=> a — (227+ f)a+2+24=0 

a= (227+ 4 +V 4zr8 + 4z9 + 1 — 42 — 4r%)/2 
x a= (229+ 1 + (22—1)/2>a=—=2+2 or a= z?—2z+1. 

Thus 

=gzi+-2z.or a=zi—z+t. (1) 

In the case « = x? + x only z <0 are suitable since a < z?. We solve the 


equation z?-++z2—a=—0>2= (-—1 + V 4a + 1)/2. Consequently, for a < 
—1/4 the given equation has no solutions, for a €{—1/4, 0] it has a set of 


solutions z = {(—1 + V 4a+1)/2}, for a € (0, -+-oo) -only the set 
z={(—1—YV 4a+1)/2} is a solution since for ‘a>0 the expression 


g=(—1+ Y 4a+1)/2>0 which is impossible in the given case. In the case 
a= 2x? — x-+ 1 only z > 1 are suitable since a < z*, and in that case a > 1 
since a = 1-+ 2 (x — 1). We solve the equation 


2t—z+4—a=0 = 2r=(14 V1—4440)/2 = c= (1 + V 4a—3/2)- 


For a > 1 the expression (1 — V 4a — 3)/2 <0 whereas in this case x > 1. 


Consequently, in this case the only solution is z = (1 + V 4a-— 3)/2 which 
is equal to or greater than unity for a > 1. Thus, combining the results, we get 


19-01208 
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2€O if a€ (—o, —1/4); 
z=a{((—1+ V4a+1)/2}, if a¢(—1/4, 0); 
z={(—1—Y 4% +1)/2}, if 2€(0, 4); 
z={(—1—Y 4a+1)/2; (14+ V4e—3)/2}, if a€[1, +0). 
2nd technique. We write the initial equation in the form 


z—2+-L=(a—2)+ Va-zptie (s=-+)’=(Va=s+4) 
{ — ,i1 
Ssoyas (Vert z). @ 
Rationalizing equations (2), we obtain equations ({). 


3rd technique. Setting VY a — z = y and taking into account that a — z = y?, 
we get the following system of equations for z and y: 


z'§—yma, 
aes (3) 


Subtracting the second equation of system (3) from the first, we obtain 
—y'—y—z=0 <> (z—y—1) (z+ 4) = 0 
| 2—y—i=0, zs—ia VY a—sz, 
z+y=0, | sx: —VY a—-e. 


We solve the equation z — 1 = V a — z. This equation is equivalent to a sys- 
tem consisting of one equation and one inequality 


1+ V 4s6—3 
{ zi—z+1—a=0, pre on ee ee 
—i>0, 
sf 2 zai, 
1+ V 4a—3 
61_—_—_—— ds 
<> 2 => 2-1 tVe—3,,, a>i. 
z> i, 
Let us now solve the equation 
com —YV a—z. (4) 


This equation is equivalent to a system consisting of one equation and one 
inequality 


z44+z—a=0, got eet lo+4 : 
z<0, z<0. 


The root z = —(V 4a + 4 + 4)/2 satishi = 
ale ton Goss av a+ 1 + 4)/2aatisfies equation (4) for all « > —4/4 (and 


Hints and Answers to Part 1 201 


A system consisting of one equation and one inequality 


_ V4aFi-1 
a 


9 


z<0, 


has a solution only for —1/4<a<0 and, therefore, the root z= 


(VY 4a + 1 — 4)/2 satisfies equeuen (4) tee i —1/4 < a < 0 and only for those 
values of a. Combining all the results, we find all the roots of the initial equa- 
tion. 
104. z = {0}. Solution. If a <0, then the left-hand side of: the equation 


includes two expressions a Vz <0 and —V z+ 2ar Vz? + 7a* < 0, whose 


sum is equal to zero. This is possible only under the condition that each of them 
is equal to zero, and that is possible only ifz = 0. Ifa@ = 0, the equation as- 


sumes the form —Y z = 0, which is satisfied only in the case z = 0. If a> 0, 
then we can transfer the second radical into the right-hand side of the equation 
and square both sides of the equation, to obtain, after the requisite transforma- 


tions, an equation z (a? — 1 — 2a Y z?-+ 7a?) = 0, whose root is z= 0. 


If there are some other roots, they satisfy the equation a? — 1 = 2a VY z? + 7a}, 
from which we can see that a? > 1. Eliminating the radical and: transforming, 
we obtain 4a%r? + 27a4 + 2a — 1 = 0, which is impossible. Thus, for any 
a the equation has the only root z = ‘0. 


105. {4}. Hint. Reduce the equation to the form a — 4)? +4 (2 ve —4)3=0. 
106. (a? — 4a) for a> 2; @ for a< 2. 107. SO. 108. fu 2}. {—4/3}. 
110. {4/3}. 141. (2). 412. {—3). 443. (229). 444. {76}. 115. ay “16. {2}. 
spat Aas 418. {5}. 

9. One; z = —4/3. Solution. Assume that the equation has roots; then 
fine into account that 2? > 5/3) 


SR a ae at 
V 241 aye z= V4 i+ a 


3 es 
= tia st+— + za => xt =2t #2 


4 , "6d 
a - te 
9 27 9 9 9 
Only the first result, z? = 16/9, is possible, whence z = 4/3 or zs = —4/3. 
Verification shows that the only root is z = —4/3. 
120. {41/6}. Hint. The domain of definition of the left-hand side of the equa- 
tion is the interval [7/5, 5/2], and, therefore, 7/5 < a/6 < 5/2,i.e.9< a < 15. 
424. [2, +00). 122. (—co, —1] U2, oo). 123. (1/2, 2]. 124. (3/4, 2). 
125. [0, 2) U (9, too). 126. (4, 6}. 127. (-1- V5, —3] uUl14, V5 —4). 
128. (6/5, —1] U[2, 3). 129. (—0o, 1). Hint. Set ¥ 2 — az = +t and take into 
account that ¢ > 0. 130. (— oo , —17/2] U [4, 10). 134. (6, 8}. 132. (--1/2, +00). 
133. [41, 2) U (2, +00). 
134. [—18, —2). Hint. The inequality Vi (x) <q (z) is equivalent to the 
system of inequalities 
f (x) 20, 


g (z) > 0, 
f (z)< 9? (z). 
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135. (3, 24/5]. 136. [20/9, 4) U(5, oo). 187. ((1 +Y 29/2, 7 
» (5, . 139. (8, +00). 140. (1/2, 5/2). 141. (@,-+-00). 142. [1, 6). 
138. (oe ea Iie 3) 145. 3, co). 146. (ok, at UES, 13). 
147. [—2, —8/5) U (0, 2). 148. [0, 3]. 149. (—1, 0) U @/S, 4]. 150. (—1. sy 18) | 


UG, +00), 151. (—co, —2). 


152. (—co, 1). Hint. The inequality » (z) < Vf (z) is equivalent to tho 
collection of two systems of inequalities 


9 (2) >0, 
So and { f(s) >0, 
9° (=) < f (2). 


153. (—33, 3). 154. (—oo, —4]. 155. [—7, 4). 156. [2, y 5)/2). 
157. ie 2). is8, SS 3). 159. (4, 9. feo. (—co, 2f Gat (22 
162. (—0o, +00). 163. (24/19, +00). 164. (—0oo, —3]. 165. [2, +00) 


166. (—Y 5, 2). 167. (—1, (V5 — 1)/2). 168. (8/3, +00). 169. (—oo, —2] J 
(2,00). 170. BD. 171. (—oo, —5} Uli, +00), 172; (—oo, —3] y 
(—2, (V 13 — 7/8). 173. (—oo, 4] U [2, (17 + 13/6). 174. (5 — W136, 
+00). 175. (4, 4}. 176. [—2, (V5 — 15)/40). 177. (—6, Y2 — 4. 478. @, 5}. 
179. (1, 2 V 3/3}. 180. (—1— V 43, 0} Uli + VY in/2, V3 — 4). 181. {—V'3: 


0) U (0, 2). 182. [0, 4] Y 14, 16}. 183. [3, 4) U (7, +00). 184. [—4, @ — W24 
(4, +00). 185. (4/2, 2) U (5, +00). 186. (So. bu ay Fay es ee 


(1/2, 8/7). 188. (—2 — 2 ¥ 6, —1) U[—2 + 2 V6, 3}. 189. (13 — 5y2, 4). 
190. [—1, —V 3/2) U (V 3/2, 4}. 191. (1, +00). 192. (4, +00). 193. [—3, 4). 
194. (—1, — 15/4) U (V' 1/4, 41]. 195. [—2, +00). 196. [(16 + VY 7V/2, 10). 
197. [1, 3/2). 198. (2 Y 24/3, +00). 199. (—2, —4] U {—2/3, 4/3). 200. [1, -+00). 
201. [(-5,2 V W5 — 2 — 4). 


202. [—1/2, 0) U-(0, 1/2]. Hint. The domain of definition of the inequality 
is the set of numbers {—1/2, 0) U (0, 1/2). Reduce the inequality to the form 


4—(4—4r)2 4s 
<3. OF OOO 
= (i+ V 1—428) +Vi-e ~* 


in the whole domain of definition” rove that this resulting inequality holds 


203. [}/5/A, ++ 00). 204. [—1, 4.00] if @€(—0o, 0}: [—. 4-1) u ec 


(0, +00), 205. (—oo, 2) If a€(—oo, 1}; (2 2] tt we (—4, 


ia c oer [1, +00). 207. (—oo, 0] U (9/2, -+- 00). 
-(—(3 + V 29)/10, 2]. 209. (5) Y (4 3,400). 210. [—4. YF 
211. [—2, 2). 212. (1, 5/4) U (3, hen)’ O13 y 3th. 13. 2s, a i 
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Sec. 1.7 


1. ase 1)}. Be rae 2), {: —1)}. Solution. We must consider two possible 
y< 0, y> 
a) For y < 0, the ican system of equations is equivalent to a system con- 
sisting of two equations and one inequality 


z—3y=1, 
z+y=—3, (1) 
y<0. 
Soiving the system of equations 
{ z—3y=1, 
z+y= — 3, 
we get zx = —2, y = —1. This solution satisfies the inequality y > 0 and, thus 


is a solution of system (41). 
(2) For y > 0 the given system of equations is equivalent to a system con- 
sisting of two equations and one inequality 


( z+3y=1, 
{ z+y=—3, (2) 
y>0. 
Solving the system of equations 


z+y= — 3, 


we gettz = —5,y = : raed solution satisfies the inequality y > 0 and is thus 


a aot of ayer 
{(2, 3)}. 0 —} 5. i 3), ¢ 1). 6. (1/4, a a Sian: 
iP wn ae @/7, 3/7)) {(—14/19 25/4 9), (4, —1)}. 9. ((24/ 
0. {(c, 4—c)} if c€ 4° 2}; {(c, e+ 2)} ife € [0, 1]; @ for t pete values 
of i Solution. . For <1 the given system Mt equations is equivalent to a system 
of two equations and one inequality 


ly—2| =z, 
y=2+2, (1) 
z<i. 
If y < 2, then system of equations ({) has the form 
yo2-—z, 
seers (2) 
y<2. 
System (2) has no solutions since the solution of a system of the first two equa- 
tions z = 0 and y = 2 does not satisfy the inequality y < 2. 
If y > 2, then system (1) has the fora# 
y=2-+2, 
y= 2+2, 
z<i, (3) 
y 22. 
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Cee eee EE 


The pair of numbers z = c, y = 2+ ¢ is a solution of system (1) for anye < 1 
and, consequently, a solution of the given system of equations. 

For z > 1 the given system of equations is equivalent to a system of two 
equations and one inequality 


ly—2| =2—z2, 
{ y=4-—2z (4) 


zi. 
For y < 2 system (4) can be written in the form 


y=z, 
=4—z2, 
y< 2. 


System (5) does not have solutions since the solution of a system of the first 
two equations z = 2 and y = 2 does not satisfy the inequality y < 2. 
If y > 2, then system (4) has the form 


y=4—z, 

=4—+z, 
2H, (8) 
y 22. 


The pair of numbers z = ¢ and y = 4 — ¢ is a solution of system (6) for any 
ec € (1, 2] and only for those c, and, consequently, a solution of the given system 
of equations. 

11. {(t, 4, 0)). 12. {(2,4,4)}. 13. {(2, 3, 1)}. 

14. {(1, 5), (5, 1), (2, 3), (3, 2)}. Solution. e set r+ y= u, zy = v. 
Then the system of equations assumes the form 


{ u-+-vaeit, 
uy = 30, 
whose solutions are u = 5, v = 6 and u = 6, v= 5. Then we get two systems 
for x and y: 
{ z+y=6, { z-+y=5, 
zy=5, zy = 6. 


The solutions of the first system are (5, 1) and (1, 5), the solutions of the second 
system are (2, 3) and (3, 2). We have found the solutions using the Vieta theo- 


rem. 
- (4, —1); (—1, 4)}. 16. {(5, 3)}. 17. {(—5, —4); (4, 5)}. 
21. (3 2), (2, 3)}. 22. (—3, —2), (3, 2)}. 23. (2, 3), (3, 2)}. 24. ©. 


26. {(—9, —1), (5, 1)}. Hint. Set (x — y) (x + y)=#. Then (z+ y)/(z—y)= 
-27. {(—2, —1), (2, 4), (—V 6, —V 6/3), (Y 6, V_6/3)}. 

28. {(8/13, 12/5)}. Hint. Introduce new variables setting 1/3z = u,‘4/2y = v. 
29. (11/13, —24/5)}. 30. {(—7/4, —3), (—7/6, —2)}. 31. {(—1, 9/4), 
(4, 3)). 35. {((—3 V 2, —Y 2), (—3 V 2, V 2), (3 2, —V 2), (3 V2, V2). 
a 4) 6, —2), (6, 2)}. 37. {(—2, — 3), (2, 3) }. 38. {(—2, 2S ae a 2} 
(9/5, 1 


= c 
4, 2 . 39. 2, 8), 8, 2), —2, —8 — 8, <2 a a a s we 
7 sy? ((2, 8), (8, 2), ( ) ( )}. 40. {(—9/5, —16/5) 


t/t 
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41. {(—3, —2) (3, 2)}. Hint. Adding the equations together, we get 
(z + y)* = 25 and so on. 42. {(—10, —11) (40, 11)}. 43. (7, —3), (7, 5). 

44. {(7 V 2/5, —3V 2/5), (—7 V 2/5, 3V 2/5)}. Hint. Multiplying the first 
equation by 7 and the second by —3 and adding the resulting equations together, 
we find 7y? — 4zy — 3x2 = 0, whence y = z, and y = —3z2/7 and so on. 

45. {(—3, —2), (3, 2)}. 46. {(—3, 4), (4, —3)}. 47. {(—3, 4), (4, —3)}. 
48. {—1, —3), (3/2, 2), (—V 7/2, 0), (V-7/2, 0)}. 

49. {({, 2), (2, 1)}. Hint. Adding the two equations together, we get 
a quadratic equation (xz + y)* a+ (© + y)—12 = 0 with respect to z+ y. 

50. ((—5 — V 55, —5+ V 55), (5+ V'55, —5 — 55), (4, 12), (12, 4)}. 

54. {(—3, —5), (—5/3, —13/3), (5/3, 13/3), (3, 5)}. Hint. Subtract the 
second equation of the system from the first. 

52. {(—4, --5), (—3V 3, —V 3), (3 V3, V3), (4, 5)}. Hint. Multiplying 
the first equation by 5 and the second by 7, we get, Aya Mee an equation 


Sz? — 19zy + 12y3 = 0, solving which we get x = 3y and z = = Y- 


53. {(—1, —2), (-V 2,—YV 2), (1, 2), (V2, V2)}. : 

54. {(1, 4), (4,4), (2— V3,2+ 3), (2+ V3, 2— V3)}. Hint. Set 
zg+y=u, Vry=v. -_ _ _ 

55. {(4, —1), (3, —3), (V157 — 13, (W157 — 13)/2), (—13 — Y¥ 157, 
— (13-+ VY 157)/2}. Hint. Solving the first equation of the system, we get 

“= —Z and z= éy. 

56. {(2, —3), (c, 1) |e¢€ R}. Solution. Multiplying the first equation by —2 
and adding the resulting equation to the second equation of the system, we 
get, after the requisite simplifications, an equation y? + 2y — 3 = 0, whence 
y¥; = 1, yg = —3. For y = 1 the two equations of the system are identically 
satisfied for all z€ R. For y = —3 we have z = 2. 

57. {(—1, 3), (c, 2)| c€ R}. 58. {(2, —1), (—1, ¢) | ¢ € R}. 

59. {(2, 3), (3, 2)}. Hint. Taking into account that z + y = 5, we reduce 
the first equation of the system (z -+ y) (x? — zy + y*) = 35 to the form 
st — ry + y? = 7. As a result we get the following system of equations: 


{ z§—zy+y*=7, 
z+y=5. 


60. {(—1, —2), (2, 1)}.° 64. {(—1, 2), (2, —1)}. Hint. Multiply the 
second equation by 3 and add it to the first equation of the system. 62. {(4, 8), 
8, 4)}. . 
és. {(—3, —1), (—1, —3), (4, 3), (3, 1)}. Hint. From the second equa- 
tion of the system we find that y = 3/z; excluding y from the first equation 
of the system, we get a quadratic equation for z‘. 

64. {(2, —1), (—1, 2)}. Hint. Set 2? =u, y® = v. 

65. {(—3, —2), (—2, —3), (2, 3), (3, 2)}. Hint. From the first equation 
of the system we find that z? + y* = 78/ry. Squaring both sides of this equation 
ay taking the second equation of the system into account, we get 97 + 2 (zy?) = 
787/(zy)?. 

66. {(—3, —2), (—2, —3), (2, 3), (3, 2)}. 67. {(1, 3, 9), (9, 3, 1)}. 

68. {(12/7, 12/5, —12)}. 

69. {(3, 3, 3)}. Solution. Adding the equations of the system together, we 


obtain | 
(zx — 3)? + (y — 3)? + (s — 3)° = 0. (1) 
The triple (3, 3, 3) is a solution of equation (1). Verification shows that it is 


also a solution of the system. (Note that the verification of this statement is 
obligatory.) Let us show that the system has no other solutions. From the first 
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equation of the system we have y® = 9r* — 27z + 27. The discriminant of 
the quadratic trinomial 92° — 27z -+ 27 is negative. Therefore, if (F< Yor 3e) 
is a solution of the system, theh y3 > 0. Consequently, y, > 0. Simi arly, m 
the second and third equations of the system, we get tg > 0 and z, > 0. From 
the first equation of the system we have 


(yo — 3) Y8+ Byo + 9) = Dz (zo — 3). \(2) 


70. ((—4, —1, —4)). 11. °{(2 d, 2) 
72. = 2)}. 73. {(1, 0, —1)}. 74. 4(4, —4)}. Solution. The given system 
of jequations is equivalent to the system 


yi= 2z/(1+-z*), 
2 (z—41)9?+4-14+y2?=0. (1) 


Since 22/(1 + 23) < 1 for all z.€ R, it follows from the first equation of sys- 
tem (4) that —1 < y <1. From the second equation of the system it follows 
that y < —1. Hence ee ar ws 
75. {(1, 1,1), (—5, £+V 14)/2, 40 F V'11)/2; (4 Ff VW 14)/2)}. Hint. Add 
the first equation multiplied by 2 and the second oa maltislied by 3 to 
Pee ae R f 0; {(3a/2, 9a/2), (3a/ a/ 
« {(c, c)}, ¢ or a= 0; » (3a/4, —9a/4)} f 0. 

77. {(3, 0), (—4/3, —5/3)}. oa aa Le ae 

78. {((4a — 03)/(2a — 4), (a — 4)/(a — 2))}, if a € (2/3, 3 — V5); 
{((a4 — 124 + ole 4); a/(3a — ree a€(3— V5, 2]. 

79. {(0,1—.2 V 3)} fora =7—4YV3, {(0,1+ 2V3)} fore = 7 Be 
Giulion For z > ote given system Spe ear ants Tavs 


az + (a~1) y= 2-+ 4a, 
8z-+-2y=a—5, (1) 
a? — 140-44 a?— 17a—6 
aa23 


‘ I es Since « >0, we have 


§—14a+-4 = —7—4 V3 
spo for ear Yate 7—4Y'3) = 0; applying the meth 


od of intervals, we obtain o€(7—4yYy3; 3) UI7+4YW3; 
z <0 the given system has the form Y )UIT+ 4 V3; +00). For 


az+-(a—1) y=2-+-4a, 


its solution is z= 


om df -}+ 2y=2a—BS, (2) 
2. | 
fts solution is z== — ert ‘ yu Sere . Since «<0, we have 
9. 44g-+-4 
Sst > 0; applying again the method of intervals, we obtain ac 


(7-4 V3 3/5) UI7+14 V8; +00). We have to find a's f 
evetam hee a nnicue solution in coalent of whether 2>0 as oe 
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sequently, we have to find a’s for which the following equalities are satisfied: 


a®—14o+1  a*—t4a+4 

3° aS : 

at—i7a—6 a%+7a+6 (3) 
~g—3  &45Sa-—3d ° 


From the first equation we obtain 


(a*— 440-+ 1) (+; 


ee So 7—4 V 3)(a—7+4 V 3)6(a—1) _ P 
—  (a—3)(a—3) ~~~ 


i.e. the values of z we have found from systems (1) and (2) are the same for 
a=i1,az7 —4yV3, a=7+4Y3. Let us substitute the values of a 
we have obtained into the second equation of system (3). For a = 1 we get 
—11 = 7, which is impossible, i.e. for a = 1 the given system has two solu- 
tions (6, —44) and (6, 7) 


For a=Tmh V3 we get (7-4 V'3—17 (7-4 V3)—6 _, V3 on ° the 


7—4Y 3—3 


left-hand side and C—-AVI4TT—4VH46 5 V3 on the right- 
5 (7—4 V 3)—3 
hand side, ie. for a=7—4Y3 the given system has a unique solution 


= = (74-4 VY 3)23—17(74+-4V3)—6.__ 
(0, 1-2 V3). For e=7+4V3 we get ay i= 
5 (14-4 YV 3)2+7(7+4 V 3)+6 
44+2yY3 Ro 
VY 3 on the left-hand side ond S14 4V 5) i+ 


2 Y 3 on the right-hand side, ie. fore=7+4)Y3_ the ee system has 
a unique solution (0, 14 + 2 (ea 
80. (1 — 2ab/t — a) a*))}, if ast +1; O ifa= +1. 
(ot 1)/a8, (a + WAY ifa#0; @ ifa= 0. 
82. ( , a)) ifa + +1; {(e+ 1, c)] c€ R}ifa = —4; {(e, 1 —e)|c€ R} 
‘ cae 


(A tat oy + a)3 —a/(1 + a))} for a # +4; {(c, 1 —c)| ¢€ R) 
as a= 1; for a = — 
84. a= 3. 85.a= ar 86. a = 1/17. 87. (14/5, 1/5)} if a—= 3, @ if 
a % 3, 88. {((a — 3)%; cos (a — 2); 3))} if a € (3, 2+ x); SP, if a€ (8, 2+ nal 
89. | {(logs (a + 1); 5; sin (a+ 2))} if a€ [—1, (x — 4)/2]; O if a ¢ (—1, 
Caleta 90. aferesan (a — 3)?-+ an; +V¥ a+ 1, 6) | n € Z} if a € (—4, 3); 
fice E ma 5). Solution. For b ~% 2 and b # —2 and for any a and c the 
given system has a unique solution 


oe 2ac?-+-2e —be-+-b = 2¢ — 2— abc* — be 
— se Ua 
If bex2, then the given system has the form 


22-++ 2y=ac?+e, 
22+ 2y=e—1. 
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For this system to have solutions, the condition ac? + c= ec — 1 must be 


satisfied, i.e. ac? = —1. Considering the last relation as an equation with respect 
to c, we note that it is solvable for any a € (—oo, 0). If 6 = —2, then the sys- 
tem has the form 
{ ‘22 — 2y =ac*+-c, 
—2z-+ 24y=c—41. 
For this system to have solutions, the condition ac? + ¢ = —c + 1 must be 


satisfied, i.e. ac? + 2c —-1 = 0. Considering the last relation as an equation 
with respect to c, we note that it has solutions if 1 + a > 0, i.e. a €E[—1,+ 00). 
Thus, for a € {—1, 0) there is always a c such that the given system has at 
least one solution for any value of b. = 

92. 2€([—(3 Y 2+ 4/8, (3 2 — 4)/8]. Hint. For b # +V 2 the system 
has a unique solution. For b = Y 2 the given system has solutions when the 
condition ac? Y2+ (Y2—1)c+1=0 is satisfied. With respect to ¢ 
this equation has solutions if a € (—co, (3 V 2 — 4)/8]. For b = —YV 2 the 
system has solutions when the condition ac? Y 2 + (V2 +1e¢—i1=0 is 
satisfied. With respect to c this equation has a solution if a € [—(3 V2+ 4)/8, 
-+-0oc)}. Compare with the solution of problem 91. 
a For any a € (—o, —2] UY [2, +00). Hint. See the solution of prob- 
ar For any a € (—oo, —4] U[4, +-co). Hint. See the solution of prob- 
em 91. 

95. For all k € (—2, 2) U (2, 4). 

96. For all & € ((35 — VY 1009)/6, (35 + Y 1009)/6). 

97. For all n € (—(2 (¥ 22 — ; 

98. For all ceo. 5) ee 

99. {(92 + 54; a° — 36a)} for a # 6, a 12; {(Bc, c) | ¢ € R} for a = 12; 
OW for a~6; z+y>0, where r= 9 (a+ 6), y = a (a — 6) (2 + 6) for 
a€ (—6, 3) U (3, 6) U (6, 12) U (12, +00). 


100. zgp=3. 101. (a) ¢ a: (b) x= (4 3) . 102. {(8, 10), (10, 6)}. 


eee {(1, 4), (4, 1)}. Hint. Setting z/y = t, solve the first equation of the 
em. 

104. {(5/3, 1/3)}. 105. {(— VY 15/17; —4-V 15/17), (—4 V 15/47, —W 15/47), 
(V'15/17, 4 V15/17), (4 V 18/17, V15/17)}. 106... {(—9, —9/4), (4, 1). 

» 1)}. . , 8), (8, 1)}. : , 27), (27, 1)}. 112. {(4, 81), (84, ; 
113. {(—9, 25), (5, 4)}. 114. ((1, 4), (4, 1)}. “ “ i 

£15. {(5, 4)}. Hint. Multiply the left-hand and right-hand sides of the 
equations of the system. 

116. {(—2, —1), (—4, —2), (1, 2), (2, 4). (0, e) le ER}. 117. ((—V59/2, 
—3/2), (—V 59/2, 3/2), (5/2, 3/V 2), (5/V 3, —3/W'2)}. Hint. Consider 
two cases: (1) z y>0,2—-y>0.(2)r+y<0,2-—y <0. 

118. {(1, 8), (8, 4)}. 119. {(2, 2)}. 120. ((4, 2), (4/3, —2/3)}. 121. For o = 
1/3 and alla <0. 122. (—7/2, 0). 123. 2 = 8. 124. x = 4. 125. 0,1. 
126. {—1, 7/3). 127. a,= 0, Aa, = 1. 
_ 128. a € [—2/3, 0). Solution. Since a < 0 by the hypothesis, and az > 0, 
it follows that z < 0. The right-hand side of the first inequality includes 3a — 
z>2Vaz>0, consequently, + < 3a. Similarly, from the second inequality 
z — (6/2) > V z/a we see that 6/a < zx. We solve the first inequality 


2Y at < 3a—z => 2*—10ar4+9a9>0 = 2€(—oo, 9a) U) (a, 0); 
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but we have found that xz < 3a, consequently, z € (—oo, 9a). We solve the 
second inequality: 


s-V t>tar-ts yt 


= tS 4 2 502 2€(—00, 9a) U (A/a, 0); 


but we have found that z > 6/a for the second inequality, consequently, z € 
{4/a, 0). For the two inequalities to have solutions in common, the intervals 
{—0o, 9a) and (4/a, 0) must have pine in common, i.e. 4/a < 9a = 4/9 > a? > 
—2/3 < a < 0. Thus, for a € [ —2/3, 0) the two given inequalities have solutions 
in common for a < 0. 

129. All k € (—oo, 1/2) UY (3/2, +00). 130. All k € [—1, +o). 131. (1/3, 6). 
132. [0, 1/2]. 183. (—o, —3) U (2, too). 134. [3, 4). 135. (—4, 1/2). 136. 
{(—c, —(3 + VY 5)/2] U (0, 6}. 137. [2/3, (3-+ V 5)/6). 138. (—2, —4) U 
(4, 4). 139. (—4, 2). 140. (—2, O]. 144. (—2, 1). 142. (a) z= 4; y = 1; (b) yes; 
{c) no. 143. For all a € (—(4 + V 13)/2, —2). 

144. a < —4. Solution. Let us first assume that the given system has solu- 
tions. Then there is always a solution for the inequality resulting from the sum- 
mation of the first inequality of the system multiplied by —2 and the second 
inequality of the system: (x + 3y)? < —4/(a oF 1). Hence a+1<0, a< 
—1. Assume now that a, <1. Then (1 — ao)/(ag9 + 1) < —1. Therefore, if 
the system of equations 


2? 2zy— Ty? = —1, (4) 
323+ 10ry— 5y? = — 2, 
has solutions, then the given system of inequalities also has solutions. But 
system (1) has a solution, say, (—3/2, 1/2). (It is possible to find the indicated 
solution by multiplying the first equation by —2 and summing it up with the 
second equation.) 
145. 146. 147. 


\ 
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153. 


152. 


151. 


| 


155. 


154. 


DM 


160- 


159. 


158. 


157. 


165. 
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177. 178. 179. 


(-1,2) 3 (1,2) 


Sec. 1.8 
pig ena eg les Rie. (1, oD = (—oo, 
[3. mx! Dv) = I 9). D (f) = (—4, 2]. Due Wee of 


D (y) = [2a 3}. 9 DW) a {J U (4, ae io. D D (y) = (—oo, —1/2) J 
A +00). 44. D (f) = (—2, —2] U[0, 2]. 12. D (f) = (—«, meray 
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(0, Y 3]. 13. D (y) = (—~, ) Ut +00). 14. D (y) = (—4, 4}. 15. D (y) = 


(7/3, 63) U (63, +c). 16. (— OU 0. 2) UC, 4}. 17. D (y) = (—o, 0) 
(2, 3]. 18. D (f) = (—ox, ar 6]. 19. D (f) = (— 0 —3] U (2, +00 
20. D (y) = (— 3, 3) U (3, 4). Hed a) = (2. 1) U (4, 2]. 22. D (y) = (—3,1 


23. D (y) = (+09, 3/4) U (4, 7]. 24.D (y) = (2, —4) U (dh 3 Dy) = 


. D ( ; —t) U(—1, 1) UG, 3). 
30. D (f) = (—o, +o). 31.D (y)= (—o, 0). 32. D (f)= {[an, m (2n + 1)/2] [n€ 
Z}. 33. D (y) = (—1/6, 2/3] Y [5x/3, 6). hai, eke, U 


(F + 2nn; en + 2an | n€ zh. 5. D (y) = (3, 30) U (30, +0). 


36. D (y) = [—5, 8) U 8, Ae 37. D f = i, uo Y (14/2, +-0o). 38. . (y) = 
0, +00). 44. D (y) = pe =7} i = ay, io D a —(—1, 4). 43. pe 


) )UG, .D (i 4). 46. 
[1, oo). 47. D (f) = (2, +00). 48. a alee +o). 49. D (y) = (0, 1). 
50. D (y) = @ 3/2}. 54. D (y) = (—3, —2/3}. 52. D Yo [0, +00). 53. D (y) = 
(—oo, —11) U (—11, —10) Ue —10, —9) U (—9, .D 
(9, —oo). 55. Dy) =[1, 4]. 56. — (4) U[5, +00). 57. D () = 
[—2, —V 3) U (V3, 2. 38: D (y) = (— + 6 2/8) UR. +00). 59. D (y) = 
(—co, —1) U[0, +00). 60. D (y) = (1, ay 61. Dw) = tt, 4). 62. D (y) = 
1, +0). 63. D (y) = (0, "). 64. D (y) = (2, 3]. 65. D (y) = [—5, —3] U (3, 5). 
66. D (y) = (4,6) U (6, +00). 67. D (f) = (—2, (4 — V a2} U+ V 21/2, 
3). 68. D (y) = (2, 4). 69. eal oe —2). 70. rs yOe 0) U 


d+ V 5/2, Ree) 71. D(f) = (—«, —7] U(—3, +o). 72. D(y) = 
os ee 3. D (f) = (—@ —2) ud, 2). 74. Di, 1) U (3, 2 


(, 46). A Dy) = [1, 2) ve et Abs D (y) = (—2, 2) UG. ito0). 80. D (y) = 
(1, 3]. 81. D (y) = [3, +0). 8 ae M) = (2, +00). 83. D (f) = (5, --00). 
84. D if) = [3, oo). 85. Dee —1) U (—1, 4). 6. Diy) = 4,9) U 


(2, 3). 87. D (y) = (—o, —1/2] U 3 (0, 4). 88. D (y) = [4, 5) U (5, 39). 
89. D (y) = (2, 3). 90. Dt) = (/3~ oo). 91. D (y) = [108, 10*). 92. D (y) = 
Lard 3) U[f4+ V2, +00). 93. D (y) = (100, +o). 94. Dy) = 


(0, 10-2) Y (10-4, 10-17). 95. D (y) = (0, 1). 96. = 5) 
5, —4) U (4, 5) U (5, oo). 97. D (y) = [—4, —x] U0, x]. 98. D (y) = 
(0, 10%) U 108, +00). 99. D (y) = (eo, —8/3) U (I, 00), 100. D (y) = 
(3, — 2x, 3—n) U(B, 4). 101. D (y) = (9, +o). 102. D(y)=[1, 4) 


103. D (y) =[—1, 3]. 104. D (y) = (—4/2, 1/2) U (1/2, 4) U (3/2, +0). 
105. D (y) = 0, 10") y (40-2, 10-1). 106. D (y) = {4/2}. 107. D (y) = 
{[2an, eos + 4)) | n€ Z}. . 

108. D (y) = {{2n + arcsin yee 4 ge + 4) — arcsin (1/3)] | » €Z }. 

109. D (y) = {4nn, 2x (2n + 1)} | n € Z}. 

110. D (y) = {(m (2n — 1) + arccos /4). nm (2n + 1) — arccos (1/4)) | ne€ 
Z). 

114. D 6n — 1)/3,  (6n + 1)/3] | n € Z). 

12. D Wy) = (a (ant 21 eZ} U (lx m+ 1) On (m+ AY) m CY 

113. D (y) = (—o, 0) U(0, +), E (y) = {—1, 1}. 114 D (fy = (0, 1], 
E (f) = (0, 1/2]. 115. D ( y) = (—00 te), Ew) =(V 413, +00). 116. D (y)= 
{log (4/5), -+ 00). 118. D (f) = tt, 3], E() = (V2, V1i0). 119. Dh= 
(—oo, +0), oe = (1, 2]. 120 D(f)=[—1, 2], E(N= (v3, V 6}. 
121. 2 € (—3, 2]. 
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422. @€ (—o, —1/4). Solution. Assume that —k € [—1, —1/3]. If the 
function y = —k (1/3 << k <1) at a certain point z, then 


ae ee Snes ey eee eee eevee ee 


__! ee au mae / i \2 
wr= aE + i ak a ok + (1-—-} +a. 


Consequently, for the function to contain no values from the interval [—1, —1/3], 
it is necessary that ((2k — 1)/2k)?-+ @< 0 for any #€ (1/3, 1), ie. a< 
—((2k — 1)/2k)?. For 2k — 1 = 0, i.e. for k = 1/2, the function —((2k — 1)/2k) 
assumes its greatest value 0; the function assumes its least values on the interval 
4/3 <k<1 at the terminal points: for *=1 and k= 1/3 we have 
—((2k — 12k)? = —1/4. Consequently, for any a € (—op, —1/4) the set of 
the values of the given function does not contain any value from the interval 


; 3]. 
123. a€ (—~, —1) U(—1, 5/4]. Solution. For a = —1 the function as- 
sumes the form y = (x — 1)/(z?3 — 1). It is defined everywhere except for the 
points z = +1. If we exclude these points from the consideration, we can re- 
write the function as y = 1/(x + 1). This function can assume any values except 
for y = 0. Consequently, for a = —1 the function y = (z + 1)/(a + 2?) cannot 
assume the value y= 0. If a<0O and a+ —41, then for r>+Y)Jjal| 
the value y ~ -too. Let us consider the function y = (zx + 1)/(a + 2?) on the 
interval (—1, | a|) if —1 < —| a]; on this interval r+ 12>0, ?+a4>0 
and, consequently, y > 0. At the point s = —1 the function y = 0. When z 
increases from —1 to —! a |, the function y increases from 0 to +-oo and the set 
of values of the function includes the interval [0, 1]. If a <0 and —j a|< 
—1, then the inequalities z + 1 < 0, z? + a < 0 are satisfied on the interval 
(—|a@-|, —1] and, consequently, y > 0, and when z varies from —1 to —| al, 
the function y increases from 0 to +oo. Therefore, in this case as well the set 
of values of the function includes the interval [0, 1]. If a > 0, then the function 
y = (x + 1)/(z? + a) assumes the values >1 not for any a. Let us find the 


permissible values of a. We shall require that 


e+ il@Q+a)pierti>trtast—zsta—1<o0 
>z€ [i — V5 — 4a)/2, (1 + V5 — 4a)/2), 


Consequently, to find the points z at which y > 1, it is necessary that 5 — 4a > 
0a < 5/4. Thus, for z = —1 the function y = 0; upon a further increase 
of z the function y will increase, and if a < 5/4, the vortex of the graph of the 
function will be ne than y = 1, i.e. the set of values of the function con- 
tains an interva) [0, 4}. 

124. a2€ DS. Solution. y (t) = 0 for all a except for a’s for which the denom- 
inator is zero. For z = 1 the denominator vanishes only for a = 0. But for 
a= 0, wehavey = —(x — 1)/(x? — 1) = —1 (x + 1). This function has values 
belonging to the interval [—1, 1]. Thus, for all a the given function has valuas 
belonging to the interval (—{, 1]. 


Sec. 1.9 


1. {2}. 2. {—1}. 3. (—7/2, 2}. 4. {2/7}. 5. (2-4). 6. (Lp. 7. {2}. 8. (3). 
9. {—1, {}. 10. (9/4, 3}. 14. (1, 2}. (2. (2). £3. (OF. 14. {3}. 15. {0}. 16. (—2}. 
17. (2). 18. {0}. 19. @. 20. (—2, 3}. 24. flog a, |. (@/2)). 22. fio}, 23. 


{2 — V 7/2, 2 + V7/2). 24. {3/2}. 25. (—1}. 26. {0, 1/2}. 27. {3 Jog, 2, 3} 
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28. {2}. 29. 132) 30. (1/5, 6}. 31. (41/4}.-32. {1}. 33. (2 (6n — (—1)")/18 | 
n€Z}. 34. {25}. 35. {100}. 36. {—1, 2}. 37. {3/2}. 38. {9}. 39. {—2}. 40. {1}. 
41. (—3/2, 4). 42. {(—V3, V3). 43. {—V2, —1,1, V2}. 44. {—3/2, —1}. 
45. {1}. 46. {arctan 10-+ mn|n€Z}. 47. {logy (2+ V 11/3)}. 48. {—2}. 
49. (3, oo [Uf—1/2, 1/2}. ee ‘ oe 

50. {3}. Solution. Since the given equation contains a factor 7/ 8x — f, 
it follows that z€N. We raise the right-hand and left-hand sides of the equation 
to the degree z; then, after transformations, we get 5xr?.23x-3 = 53%.22%, We 
take logarithms of the right-hand and left-hand sides of the given relation to 
the base 5; after a transformation, the equation will have the form (z — 3) X 
(z + log, 2) = 0. Hence z = 3 and z = —log, 2. The second solution does 
not eae the condition —log, 2 ¢€ N and, consequently, the only soiution 
is z = 3. 

Remark. If the given equation were written in the form 5*-8(*-!)/* = 500, 
sas Js R. In that case the roots of the equation would be z = 3 and z = 
—log; 2. 

51. (x/9, 1, 2 (6k +1)/9| KEN). 52. (10). 53. (4). 54. (1). 

55. {x (3k + 1)/3 | EZ}. 56. {—2, 2}. 57. (1, 3}. 


58. {1/9, 9}. Solution. 3!% §*4 ,loesx —. 1462 —» glos8x 4 (glogs xylogsx _ 


162 => glog§ x 4 glog§ x = 162 = 3loed* — 34 log z = 4 => log, z = 2, or 
logyz = —2>2=9, or z = 1/9. 59. {—2, 4}. 60. {—1}. 61. {2}. 62. {6}. 
63. {1 (2k 4+ 1)/2jk € Z}. 64. (9}. 65. (1/16, 1}. 66. —4. 

67. {3}. Remark. In this problem z € N and, therefore, the second value 
xz = 3/log, 6 is a root of the equation 641/* — 2(3*+3)/x 4-12 = 0 but not of the 
given equation. 

68. {10-8}. 69. {4}. 

70. {logs 2—1, 2}. eas 3*+1-+18-3-% = 29 => 3- (3%)? — 29-3* +- 18 = 
0 => 3 (3% — 9) (3: — =| = 0. Consequently, 3* =9 => 2 = 2 and 3*= 
2/3 =» x = log, 2 — 1. 

71. {100}. 72. {4, 3}. 73. {8}. 


} , 
74. {10-1/3, 10%}. Solution. Since z is the base of an exponential function, 
we have z > 0. Then 


i 2 
1{-— lo 2 log x=—~ (log x)® 


= om 1072/8 
y 100 
=> 2 log? z—3 log z—2=0 = 2 (log z—2) (1og r++] (}) 


= > log z=2 or logr= —1/2 => r=0 10? or z= 1071/8, 


75. {4/3, 9}. 76. {1/10, 1000}. 77. {10, 105}. 78. {—5/2, 3}. 79. {—1, 1} 
80. {10-5, 105}. 81. (9}. 82. {5}. 83. p € {0, a) 84. (—oo,.1/2). 85. (—3/4 
+00). 86. (—oo, 1/2) U (4, +0). 87. (2, +00). 88. 2 € R. 

89. + € GS. Solution. Since z+ 1€ N, we take this remark into account 
and have 


=#173 3 9 => BLE) > 34 = A(e +1) >2 


| z2-+-0.5 
aq ee 


Thus, if the problem has solutions, then z € (—1, —1/2), but z can only be 
equal to the numbers 0, 1, 2, . . ., none of these numbers belong to the interval 
(—1, —1/2) and, consequently, the given inequality does not hold for any 


<0 => z€(—1; —1/2). 
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xr € Ny. Remark. If the initial inequality were given in the form 3!/ (*+1) > 9, 
then z € Rand the interval obtained above would be a solution of the inequality. 
90. (4/3, +00). 91. (—oc, —2) U (—2/5, +00). 92. (0, 4). 93. (4/2, 4). 
94. (—2, +00). 95. (—5, 5). 96. (—00, 0) Y (log, 3, +00). 97. z € R. 98. (—oo, 0) 
(1, +00). 99. (3, +00). 100. {1, 2, 3, 4, 5, 6, 7}. 104. [(log, 3 — 2)/2, +00). 
102. (—s, 1 — (log, 5)/3). 103. (103, +00). 104. (—oo, 2). 105. (0, +00). 
106. (0, -+0o). 107. [0, 64). 108. (—oo, logy, 2). 109. Gene —log, 10). 
110. (10-2, +00). £41. (2, +00). 112. (—1/2, 0). 113. (0, logess (4/3)). 114. 
(— V2, —1) UG, V2). 115. (2, 6). 116. [—4, 0] U (2, 3]. 117. (log, 3, +00). 
118. (—oo, log, 3]. 119. (—0oo, —1) U(0, 2). 120. (2, +oo). 121. z€ 
(a? log} 2, +00) for a € [0, +00), z€[0, +00) for a € (—oo, 0). 122. (—oo, 
log, (V 2 — 4] U [4/2, +00). 123. (5/3, 2). 124. (1, 4). 125. {1 + V3}. 126. {2}. 
127, {4}. 128. {2}. 129. {O}. 130. {—5). 131. {1/3}. 132. {0}. 133. {3}. 134. 
{3/2, 10}. 135. {16/3/5}. 136. {1}. 137. {100}. 138. {2 + 10-7, 3, 102}. 139. 
‘{-2 — V10}. 140. (10-1, 10}. 148. V 10!-V3, V 101+V3), 442. {10-5, 105}. 
143, (3-V 2, 3¥2). 444. (4/5, 25}. 145. (10-8, 10%}. 146. (10-4, 10}. 147. {5}. 
148. {10-9} 10}. 149. {2, 16}. 150. {10, 10}. 154. {4/84, 1/3). 152. {W5; 5}. 
153. (1/4, 2}. 154. (2°82", 31a?) Gao awe 1, b>0, BAI. 155. 
{V10-*, 10}. 156. {5}. 157. (3+ V6}. 158. {—5}. 159. {—4). 160. 
{—(3 — V 3)/3, 8}. 161. (4/9, 3}. 162. (2-7, 2}. 163. {4/V'2, 1, 4}. 164. {7}. 
165. {—1, 0}. 166. {2}. 167. {1}. 168. (1/16, 2}. 169. {3}. 170. {—9/5, 23}. 
171. {2}. 172. (1/2, 128}. 173. (1/V 10, 7/10}. 174. {1}. 175. {8}. 176. {2}. 
177. {y5, 5}. 178. {10}. 179. {9}. 180. {4}. 184. {2}. 182. {3}. 183. (3, 3-+ ¥ 3). 
184. {16}. 185. {10-5/3, 107}. 186. (48). 187. (10-3, 10” *y. 188. (13). 189. 
{29}. 190. {4, 9}. 191. {—3}. 192. flog, 4}. 193. r € OB. 194. {0}. 195. {98}. 
196. {0}. 197. {3}. 198. {—1, 2}. 199. {10}. 200. {2}. 204. {2}. 202. {4/5}. 
203. {3}. 204. {10-?, 107}. 205. (10%, 10}. 206. {—2)}. 207. {2}. 208. {2, 4 


209. {0}. 210. (2-2/5, 16}, 244. (4/4, 1/2}. 212. (1, 2}. 243. {100}. 244. (10-1, 9. 
108}. 215. (40-4/9, 1079}. 216. (13/4, 10}. 217. {16}. 218. {—13/20, 13/6}: 


219, (3°5+3V 5/10), 990. (10-8, 10}. 221. (0, 2}. 222. (0, 7/4, (8 + 2V 6/2}. 
223. {—17}. | | 
224. {—1/4}. Solution. The bases of the logarithms 3z + 7 and 22+ 3 
hal exceed zero and be different from 1. Then, taking this into account, we 
ave 
Logsxe7 (9+ 122+ 1427) + logexss (62% + 2324-21) =4 
=> logsx47 (22 +3)? + logexss (22-4 3) (32-7) =4 
=> 2 logsx47 (22+ 3) + 1+ logexss (82-4+7) =4 


’ 


1 
=> 2 logsx.; ere Togs. aay 


=> 2 (loSsx42 (22+ 3))*—3logsx,, (22+ 3)+1=0 
=> (logsx47 (22+ 3) —1) (2 logss,7 (22-4 3) —1) =0 
=> (logsx47 (22+ 3)=1 or 2 loggers, (22-43) =1 
=> 22+3==32+4+7 or (2x+3)?=32+-7, 


The first possibility Jeads to x = —4, but for this value 2x + 3 = —5 <0, 
which contradicts the condition 2z + 3 > 0. The second possibility yields 
4z% + 9r-+ 2 = 0, whence sx = —2 or x = —1/4, but for r = —2 the bases 
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of the logarithms 2x + 3 = —1 <0, and this contradicts the condition too. 
The value z = —1/4 satisfies all the conditions. 

225. {0}. 226. {2, 3}. 227. (2-2/3, 8}. 228. {logs (3/5), log, (2/5)}. 229. {2}. 
230. {—log, 3}. 231. {14}. 232. {3, 10}. 233. (4/12). 234. {(—1)"x 


arcsin 2-V -(10824)/2 4 ani ne Z, O<a<1}. 235. 2€ OG for ae 
(—oc, 0) U {1, 2}, 2 = a+ 2 for a€ (0, 1) U (1, 2) U {3}, z= a2 +2 fora€ 


(2, 2 U (3, +00). Solution. Since V x and a? are the bases of the logarithms, 
it follows that z ~ 1, a + 1; since the unknown z enters into the expression 


Y z, it follows that z > 0, a > 0; since we can take logarithms only of positive 
numbers; in addition 0 < (a? — 4)/(2a — x) < + oo, and, consequently, a + 2, 
x y~2a and z > 2a for 0 <a< 2 and z < 2a for a > 2. Note that under 
these conditions 


log vue 2/logg x 
and 
log,s ((a2 — 4)/(2a — z)) = 0.5 logg ((a? — 4)/(2a — z)) 
and we can write the given equation in the form 
a*—4 
2a—z 
Since z > 2a for a € (0, 1) U (1, 2), only z = a-+ 2 of the two solutions ob- 
tained satisfies this condition. For a > 2 the quantity z < 2a and, consequent- 
ly, the condition is satisfied by both solutions. However for a = 3 we have 
z= a— 2 = 1, i.e. this value of x does not belong to the domain of definition 
of the equation and, consequently, for a = 3 we have only one solution, z = 
a-+2= 5, for xz. Combining these results, we obtain the solution written 


above. 
236. {25}. 237. {3-?, 1, 3}. 238. c€ O for a€ (—o, 1}; z= a+1 for 


a€ (1, ¥ 2) U(V 2, 2) U(2, +0), z = a+41=3 for a= 2. Solution. Considering 
the equation we infer thatz > 0,z7~1,a>0,¢@41.a7—1>0,ie]a|> 


4, and since a > 0, it follows that a > 1; a? — 1 # 4, i.e. a? 4 20ra ~& VY 2; 
and, finally, 2a — x > 0, i.e. x < 2a. Consequently, we get the bounderies 
O0<2z< 2a, z ~1, for the unknown z. Writing the given equation for the 
base of all the logarithms which is equal to 2, we get 

log, (2a — x) + log, z = log, (a* — 1) 

=> (2a —z)z= a — 1 


2 
logs $—* = log, 2 > =z => 2?—2azx+03—-4=0 5 z=0a +2. 


>(x—aP=i1>r=—ati. 

The solutions obtained satisfy all the conditions enumerated above except for 

the condition z = 1; indeed, for a = 2 we get two values for z, one of which, 

z=a+i1-= 3, satisfies all the conditions, and the second, z = 1, is not 

a solution. Combining all the results, we obtain the solution written above. 

ne —~] 2 3 

239. {a®¥|a>0,a+X 4/V 2, a #1}. 240. {4}. 244. ((2+V 3) 06s +V3), 

242. {arcsin (1/14) + 2mn | n € Z}. 243. {1}. 244. {1}. 245. (—1}.. 246. {—1, 3}. 


247. {16}. 248. {9}. 249. {2}. 250. (1, log, 3}. 254. {2, 64}. 252. (4/7/3). 
253. (i Mey 34 ho, ae {9}. 256. (1/3, 9}. 257. (10, 104). $56. (1}. 
259. {5-*, 5). 260. {—4/2, 1/2}. 261. {—1/2, 1/2}. 262. For all a € (0, 1/8). 
263. (4/5, 2/5). 264. (1/3, 2). 265. (—4/2, 1/2\. 266. (1, 2) U (3, 4). 267. ([—1, 4) U 
(3, 5]. 268. (2, 3). 269. (—co, 4/2). 270. (4, 6). 274. (1/3, 4/2). 272. [4/3, 2/3). 
273. (—7, —V 35) UI5, V 35). 274. (—oo, —3/2) U (3, +00). 275. [1/2, 4]. 
276. (1/V 27, +00). 


20° 
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277. (0, 1/2) U (2, 4]. 278. (0, 10). 279. (0.4, 1) U (1, 10). 

280. (—1, 0) U (t, 2). 28t. [log, 0.9, 2). 282. (—1, +00). 

283. (4/3, —17/22). 

284. (—2, 2 — W'15). Solution. Since the denominator of the fraction is 
always positive, the numerator must be >0 for Be inequality to be satisfied. 
The trinomial 2 — 5z — z? > 0 for all z € (—2, 3), and the denominator is 
meaningful only for these values. The oe aed m3 — 47 + 14 = (x — 2)8 + 
7 >7 for any z € R, and in that case log, (x? — 4x + 11)? > 0. The trinomial 
z*—4r—11{ assumes nonnegative values for z€(—o, 2 — Y 15) U 
(2 + V 15, +0), and only for these values log,, (x2 — 4x — 11)% is meaning- 
ful. Thus, for the left-hand side of the inequality to have sense, it is necessary 
that both inequalities be satisfied, i.e. that z € (—2, 2 —Y 15). On that in- 
terval f (z) = log,, (z? — 4z — 11) <0. Indeed, f (—2) = log,, 1° = 0, 

{2-— V 15) = log,, 0 = —oo. The trinomial z? — 4z — 11 attains its mini- 
he value for z=2. When varies to the left of z=2, the values of the trinomial 


increase continuously, forz = 2 — Y 15 its value is equal to zero, for z = +2 


it is equal to 1; thus f (z) increases monotonically when z varies from 2 — Y 15 
to —2, remaining negative all the time. Consequently, on the left-hand side of 


the inequality the numerator of the fraction is positive for z € (—2, 2 — V'15 
ne ie inequality is valid for these values. 
. (—00, —2) U(—1/2, +00). 286. (6, +00). 287. 2, 5/2). 

288. (—0oo, —1) Ua, -++-00). 289. (—oo, —2) J (4, +oo 

290. (—4/3, (3 — V'17)/2) U (3 + V17)/2, +00). oe (—V 2, —1) U 
(4, V2). 292. (—4, 0) U (1, +00). 293. (—16/3, —3). 294. (1,2) U (3, +00). 
295. (2, +00). 296. (1, 2} U[3, 4). 297. (—V5, —2) U(1, V5). 298. (2, 3). 
299. (—-00, 2). 300. (—oo, OJ U [log, 5, 1). 301. (—3, —Y'6 “4 uve 3). 

302. (—4, —3) U (8, +00). 303. (—oo, —1 — V2) y + V3, 1) Y 
(1, +00). 304. (logs 10, +00). 305. (3, 4) U (6, +00). 306. 7 te 0). 307- 
{—1/2, —1/3). 308. (0, 1/2) U (2,3). 309. (—oo, —2) U(—V_2, —1) U4, WVU 
(2, +00). 310. (—oo, —2/3] Y[1/2, 2]. 3114. [(Y6—1, 2) U (2, 5). 
312. (logs (2/3), 0) U(0, +00). 313. (—4, (1 — W5)/2) U(t + W5)/2, 2). 
hs Sarr (0, 1) U(V 3, 9). 316. (log, (5/4), logs 3). 317. [log, 14, 4). 

(3, 10). 319. (5/8, +-oo). 320. [0, 27/16]. 321. (0, 1/5) 
- (1, 4). 323. “ol 27). ‘3a. (0, ay oe (O/3y 325." (0, 1/8} a WP 5 V5. 
26. (2 + V2, 4). 327. (3/4, 4/3). 

7308. (0, 1/2) U (A, 2) U (3, 6). 329. (2, 4-00). 

330. ae —1) U(—1, 0) U0, 3). 331. 10 — ¥°43, 4) Y(tO ++ W483, 
+00). 332. (2, V2 + 1) Y (3.5, -+ 00). 333. (5, 5.5) U (6.5, +00). 

334. (—V'8, —1) Ul, (V4 — 1)/5). - (0, 4) UY (2, +00). 


336. (3, 5 — V3) U(7, +00). 337. , —5) U(—3, —2). 
338. (0, A ae V 5)/2) U (5/2, (3 + ay). 
339. (—2, —1) U(—1, 0) U (0, 1) U (2, +00). 


340. (4 — V7, — 1) U (—41/3, 0)U (0,-1/3) U (2, 1 + V7). 

341. (4/2, 1) U[2, +00). 342. (3, 4.5) U (8, +00). 343. (—W2, —1) 
(1, ¥ 2). 344. [—4, —1]. 345. (4 — ¥2, —5) U (—3, —4 + V2) U4, 2). 
346. _ (0.7, 1). 347. = —1, 2). 348. (—4, ~2/V'5) ) u (2/75, 1). 

. (4nn, 2 (A2n ee 1)/3) Ud (12n + 5)/3, Ak es (n € Z). 
ie 5 1) U (2, +00). 351. (0, 1/5) U (4, 3). 352. (0, 100198 0.8: log 3)/log 1.5). 
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353. (0, 1/2) U(V'2, +00). 354. (0, 1/4] a 4). 355. (3, 9). 356. [2, +00). 
357. (0, 1/4] U (4, +00). 358. (log, (1 + V 2), log, 3), 359. (log, 5, 3 
(ogy 14, +20). 366. (1, 168). 361. (1,0). (0,3) Unto 
; pe ass € (ty ( 4+ VT-+ 4a%)/2) for a € (0, 1); cE (A FV 1 + 4a%)/2, +00) 
or a 

364. x € ure ‘a7) for a € (0, 1); z € (a-!, a*) for x € (1, +00). 365. rE 
((202 — ose are +-0oo) for d € (—oo, 2), x € (4, +00) for d = 2; zc € (3d — 2, 
--oo) for d€ (2, +00). 

366. x € (0, a" U (a8, a) J (a, + oo) for a € (0, 1); z € (0, a1) U (a’, a*) YU 
(a°, Pray io a€ (1, +0 

367. (0, 107%) U0", 402) U (108, +00). 368. (—0oo, —2). 369. (1, 2). 
er Us 10-1) UY (102, +00). 
. [3, +00). Solution. The expressions on the left-hand side have sense 

Gee z y (1, + 20). Then, taking into account that log,/,y is a aah function, 
we have log,/s z + 2 logy/y (x — 1) < logy/s 6 > ae (z? — < 08 /36.=> 

—z>6>2< -2, o z D3. Since, in addition, z € (1, +o), the first 
rela, + obtained is not suitable and the given inequality only holds for 

lee) 
372. (3, 4). 

373. z € [log, (4+ V 16+ a’), 3log,2) for a€(0, 1), z€ [logy (4+ 
V 16 + a3), +00) for a € (1, +0). 

374. (2, +00). 375. (—1 + logs (5 + V 33), +00). 

376. se —1—Yy5, —3) (V5 —1, 5). we (0, 4/6) U (3/2, +o). 


378. (—2, 2). 379. rar +00). 380. [2, +00). 384. (—3, —V'5) U(V'5, 3). 
382. (1, 2). 383. (1/3, 1). 384. (—oo, —5) U (—5, — i) U (@, co). 385. (2, 5/2). 
386. {1}. 387. {@ si). 388. (1, 2) (2, 1)}. 389. ((2, )}. 390. (2, we (3, 2)). 
391. {(4, 2), ( 1)}. 392. {(—2, 0)}. 393. {(—2, 4/784)}. 394. {(12, 4)}. 500. 
{(5, 2)}. 396 (6, fle 7307. {(27, 4) (4/84, —3)). 398. {(2, 10), (10, 2)}. 3 

{(2 Y 2, 4/3)). {(3, 5)}. 404. {(5, 1/2)}. 402. (5, 1)}. 403. ((4, ns 


404. {(9, 7)}. 405. “NG, 2), (2, 4)}. 406, {(40/3, 20/3), (—10, 20)}. 407. {(2, 4/2)}. 
408. {(2, 2)}. 409. {(625, 3), (12 a 


440. (av 8 7/log, 5 gv 183 S7log, 7, }. en (22, a~t), (or, a*) | a > 0}. 


412. {(2, 1/6)}. 413. {(20, 16)}. 414. {(2, 5)}. 446. {(6, 2)}. 
417. te 16)) a8. - {a (4, aS 419. eR 1)}. “420. "{(3, 9), (9, 3)}. 424. {(5, 5)}. 


422. ol: 1/4)}. 423. {(2, 1/4), (2+ V7, 2+ V7}. 424. ((4, 1), (16, 2)}. 
(2, 1}. Solution. We can rewrite the first equation of the system in the 


og (zy # 0): 
92(x2+y)/xy 98 = 2 (z?-+ y on 5 
zy 
x 2 ad 
z= —5 | — 2 
ay ar=532(= 5(+)+ 


=0 => (—-2) (= -1)-0-5 z= 2y or y=2z. 


Thus the initial system of equations reduces to two. systems 


z= 2y ] 22, 
logs (z — y) = 1— logs (z+), { logs (z —y) = 1— logs (+9), 
zy + 0, zy # 0. 
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We infer from the second equation of the system that z — y > Oandzxr + y > 0. 
We can rewrite the systems as follows: 


z= 2y, y= 22, 
s?§—y?=3, zt—yi=3, 
z—y>0, z—y>0, 
z+y>0, z+y>0. 
zy # 0; zy ~ 0. 


Solving two equations of the first system simultaneously, we get two solutions 
(2, 1) and (—2, —1). The first solution satisfies ail the conditions and the second 
solution does not satisfy the third and the fourth conditions. Substituting 
y = 22 from the first equation of the second system into the second equation, 
we obtain a contradictory equality —3y* = 3; consequently, the second system 
has no solutions. Thus the given system has a unique solution (2, 1). 

426. {(4, 1)}. 427. {(2, 6)}. 


Sec. 1.10 


61. —1. 62. 1/sin « = cosec a. 63. 2 VY 2 sin (22 + 7) . 64. 32 sintax 


cos‘ a. 65. 1. 66. tan a. 67. 2. 68. tan 5a. 69. 3/2. 70. 1. 71. cos 2a. 72. 0. 
73. tan 2a. 74. 1/2. 75. (sin 4a)/2. 76. sin?a. 77. 1. 78. sin 2a. 79, 1/4. 80. 
V 2—V 2/2, (¥6 — ¥'2)/4. 81. 2. 82. 42. 83. 4.5. 84. V3. 85. (3 —V'3)/2. 
86. V 3/8. 87. 0. 88. 4. 89. 9. 90. VY 2/8. 91. —41. 95. 225/128. 96. cot (a/2)= 
—3 or cot (4/2) = —Y 15/3, 97. 65/413. 98. —3 V'7/8. 99. (4 — a — 2a)/ 
(1 — a® + 2a). 100. 34/49. 101. —2/Y 13. 102. 5/26. 103. 1/y5. 104. 10/14. 


105. (4 — 3 (m® — 1)%)/4,| m| << V2. 106. Y 2 tana sin (+ + a} . 107. 


2V'3 cos > sin ($+4)- 108. 4 cos asin ZF og, SATB 109. 


sin (a — 45°) cos (a + 15°). 110. 4 V2 sin ( -—112) . 111, 2 sin (a — B) x 
° ANC 
ss orf oe ge ee was 30° 


sec* a sec? B. 
112. 0.5 cos (2 — f) seca sec B. 113. 3n/4. 114. 17n/12. 115. 127°. 416. 


V 3/2. 117. m/2. 118. 24/25. 419. 17/25. 120. 3/5. 121. —3/5. 122. 2/3. 123. 3/4. 


124. 14/415. 125. —7/25. 126. —3/4. 133. 4/5. 134. 3/5. 135. VW'5. 136. 4/5. 
137. —n/7. 138. 3n/7. 139. n/7. 140. —n/7. 144. 6n/7. 142. arccos (12/13) = 
arctan (5/12) = arcoot (12/5). 143. {2, 4}. 144. 4/2. 145. 4. 


si 


147. s€ (2— Y 9 — 2x, 2+ WY 9 — 2n). 
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Sec. 1.11 


z= (—1)" 24+ mn (n€ 2). 


x = (—4)” arcsin (—1/3) + an = (—1)"* arcsin (1/3) + nn (n € Z). 
z = (—1)" arcsin 0 + an = an (n€ Z). 


.z = (—1)" arcsint + an = (—1)" > +n (n€Z). Setting n= 2k 


and n = 2k + 1, we get in both cases x = > + 2nk (k € Z). 


5.2 + + Onn (n€Z). 6 r=n+2nn (n€Z). 7. z= an 


(n € Z). 8.2 = 3 + an (n EQ). 9.2 —F+ mn (n€Z). 10. 2 (4n+ 


(—1)/4 (n€Z). 14. (Bn — (—1))/3 (nEZ). 12. x (an 2249/2 
(n€ Z). 13. [2nn (n€ Z). 14. mn (n€ Z). 15. GD. 16. m (4n — 1)/4 (n € Z). 
17. arctan 7+ 14-+ an (n€ 2). 18. (m (3n + 1) — 9)/6 (n€ Z). 
19. m (12n — 1)/4 (n € Z). 20. (a (4n — 1) + 4)/3 (n € Z). 21. mm (8n + 1)/28, 
mn (2k + 41)/44 (n, KE Z). 22. nn, 2n (3k +1)/3 (n, REZ). 23. n+ 2nn, 
m (6k + (—1)k)/6 (n, k € Z). 24. 2mn (n € Z). 25. 7m (4n + 1)/2, mk (n, k € Z). 
26. n (4n — 1)/4, m (3k + 1)/3 (n, KE Z). 27. 2 (3n — 1)/6 (n€ Z). 28. mn/2 
(n€Z). 29. m (4n-+ 1)/2, (3k — 1)/3 (n, KEZ). 30. 21 (4n 4+ 1)/2, 
m (6k +- (—1) )/6 (n, k € Z). 31. 2an (n € Z). 32. m (2n + 1)/2, An (3m + 1)/3 
(n, m€Z). 33. (—1)" arcsin (1/3) + an, x (6k + (—1)")/6, (nn, k € 2). 
34. + 2nn, tarccos (3/4) + 2k (n, k € Z). 35. tarccos ((V19 — 2)/5) + 2nn 
(n € Z). 36. a (2n + 1)/4 (n € Z). 37. = (3n + 1)/3 (n E Z). 38. nm (2n 4+ 1)/4, 
x (3m + 1)/3 (n, mE Z). 39. mn/2 (n€Z). 40. 1 (4n — 1)/4 (n€ 2). 
41. arctan 2+ an, (x (4k+1)/4 (n, k € Z). 42. 0 (4n+1)/4, arctan (—1/3) + xk 
(n, k€ Z). 43. arctan (—V 2) + mn (n€ Z). 44. m (4k — 1)/4, m (3n + 1)/3 
(n, KE Z). 45. nn/2, m(6k + 1)/3 (n, KEZ). 46. 2nn, m (4m—1)/2, n (4k 1)/4 


-+- stn (n€Z) & 


m (12n — 3+ 5 (—1)")/12 (n € Z). 48. (m (4n + 1) — 2 arccos (4/5))/4 (n € Z). 
49. n (12n — 5)/12 (n € Z). 50. nmn/3, a (6k + 1)/18 (n, k E/Z 51. m (2n + 1)/5, 
2nk (n, k € Z). 52. nn/3, mn (2k + 1)/8 (n, KE Z). 53. wh/2, 2 (8n + 1)/3 
(n, k € Z). 54. 2nn/5, nm (2k + 1)/2, a (2m + 1) (n, k, mE Z). 55. nn (n € Z). 
56. 1n/2, m (3k — (—1)k)/21 (n, KE Z). 57. m (2n + 1/6, m (4k — 1)/4 (n, KE 
Z). 58. 2n (3n + 1)/3, m (4k + 1)/8 (n, k EZ). 59. x (An — 1)/4, m (4k + 3)/16 


(n, k€Z). Hint. sin 5z = cos (+ = 5s ] . 60. ((4n — 1) x — 4/12, 
((2k ~ 1) 1 —.4)/24 (n, KE Z). G1. m (12n — 1)/24, m (12k + 1)/12 (n, hE Z. 


62. m (8n + 3)/24, m= (8k + 1)/16 (n, KE Z). 63. arctan +YV3)+nun= 
x (6n + (—1)")/12 (n€ Z). 64. m (2n + 1)/16, (2k + 1)/10 (n, k EZ). 65. 
x (2n +- 1)/4, n (2k-+1)/2 (n, K€ Z). 66. 1 (2n + 1)/4 (n € Z). 67. m (4n+1)/4 
(n€ Z). 68. nn/4 (n€Z). 69. mn/8B (n€ Z). 70. 1m (2n + 1)/4, m (6k + 1)/6 
(n, KE Z). 71. 1 (2n-+ 1)/10, m (2k + 1)/4 (n, REZ). 72. an, x (2k + 1)/20 
in, k € Z). 73. m (4n + 1)/6, 2mk/3 (n, k € Z). 74. 0 (2n + 1)/10, 0 (2m + 1)/6 
(n, m€ Z). 75. m (6n + (—1)")/18, m (2k + 1)/4 (n, kK EZ). 76. 2m (2k + 1)/10 
(n, K€ Z). 77. m (8n + 1)/2 (nE Z). 78. 2un + arccos (—4/4) (n € 2). 

79. 1 (4n +1)/4 (n€Z). Solution. sin‘ z + cos‘ z = sinzcosz => 


(Aces de)? ( Srcoa te)? 5 sin 2s => 1 + cos*2z = sin2z > 141 = 


(n, m, k€Z). 47. — > + (—1)" aresin 


4 
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sin? 2x = sin 2r => sin? 2x-++-sin2x=2. This relation is possible only for 
sin2x=1, whence 22 = 5+ 2nn => z= +an. Thus z=12 (4n-+ 1)/4. 


80. a (4n + 1)/4, 2nk (n, k EZ). 81. mn/5, mn (2k + 1)/2 (mn, REZ). 
82. n(2n-+-1)/8,. 1 (3k-+1)/3 (n, & E Z). 83. un/3, 2nk, m (2m+1)/11 (n, k, m E Z). 
84. m (2k + 1)/4, m (2m + 1)/10 (m, k € Z). 85. mu (2n + 19/16, (1.(4k& + 1) — 
8)/4, (x (4m + 1) + 8)/12 (n, hk, m€Z). 86. x (2n+ 1)/40 (n€Z). 87. 
m (3n + 1)/3 (n € Z). 88. x (4k + 1)/10 (k € Z). 89. m (4n+1)/2, 2nk (n, REZ). 
90. m (2n + 1)/2 (REZ). 91. a (6n — (—1)")/12 (n€ Z). 92. m (2n + 1)/4 
m (6k + (—1)k) 12 (n, kEZ). 93. m5 (4n — 1)/2, (—4)A arcsin (3/4) + mk 
(n, k € Z). 94. m (Qn -+ 1)/4, m (6K + (—1)&)/24 (mn, kK EZ). 95. 2n (3n + 1)/3 
(n€ Z). 96. lun, x (2k + 1)/2 (n, KE Z). 97. nmn/2, (12k + 1)/6 (n, kE 
98. (4n + 1 + (—1)")/4 (rn E€ Z). 99.0 (4n+1)/2 (rn € Z). 100. 2 (4n + (—1)")/ 
16 (n€Z). 101. «n+ arctan s + V3) (mE Z). 102. x» (6n + (—1)™)/6 
(n € Z). 103. m (2m + 1)/14 (n € Z). 104. = (2n +. 1)/4, m (4k + 1)/2 (nn, & € 2). 

105. x (4n — 1)/4, 2nm, m (4k — 4)/2, m (4b + 1)/4 + (—1)! aresin (Y 2/4) 
(mn, m, k, LEZ). Solution. Since cos 3r = cos? z — 3 cos z sin’? z, sin 3z = 
3 cos? z sin z — sin? z, cos 2x = cos? zx — sin *z, wecan rewrite the given 
equation as 


Ld 


s 


cos’ z ++ sin’ r — 3 cos x sin x (cos x -+ sin 2) 
—(cos xs -++ sin z) (cos z — sin z) = 0 
or as 


cos z + sin zr) (cos*z + sin*? r — 4 sin x cos x + sin sr — cos z) = 0. 
Then either 
(1) cosz + sinz = 0, or (2) 1 — 2 sin 2s + ain z — cosz = 0. 


In the first case tan z = —1 and z = x (4n — 1)/4 (n € Z). In the second case 
we set 


sin z — cosz = y; (1) 


then y? = (sin z — cos z)? = 1 — sin 2z and, consequently, 
sin 2z = { — y?*. (2) 
Substituting these values into the equation, we obtain 1 — 2 (1 — y*) + y = 0 


or 2y? + y — 1 = 0. The roots of this equation are —1 and 1/2..Then we get 
the following equations for z: 


(a) sinz—cosz=—1 and (b) sinz —cosz = 1/2. 


(Note that if we use relation (2), then it is simpler to find the value of z, but 
in that case extraneous roots may appear since equations (1) and (2) are not 
equivalent. Equation (2) follows from (1), but not vice versa.) In case (a) we 
can rewrite the equation as follows: 
sin z + 1 — cosz = 3 = 2 sin (z/2) cos (z/2) + 2 sih*® (z/2) 

=> 2 sin? (z/2) (cot (2/2) + 1) = 0 = sin (2/2) = 0 or cotz = —{ 

=» z= dnm, zm x (4k — 1)/2 (m, k € Z). 


In case (b) we multiply the left-hand and right-hand sides by ¥ 2/2 and rewrite 
it in the form 


sin z cos 7 —cos x sin tat? 
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or in the form 


whence 
z=—-+(—14)! arcsin ( ye J+ (LE Z). 
106. 7 (2n + 1)/44, m (6k + (—1)k)/48 (n, k € 2). 
107, mn, n(6k4+1)/6 (n, kE€Z). Solution. sin3r—4sinxcos2z=0 = 
3 i-+cos2z 1—cos2zr _ 
2 2 


4 cos 22] = 0=>> sin z ({— 2 cos 2z)=0 = sinz=0 or 1--2cos2z=0=—= r=n, 


3 sin z cos? z — sin? z — 4sinzcos2zr = 0 => sin z ( 


mt 
2z = + > + 2nk (n, K€ Z). Thus the roots of the equation are nn, x (6k + 1)/8 


(n, k€Z). 
108. m (6n+(—1)")/12 (n€ Z). Solution. sin? z tan z+ cos? z cot x —sin 2z=1+ 


sin‘ z-+-cos! x : , sin? z+ cos? z 2 
sinzcosz sin z Cos x sin 2t 


sin 2z—sin Qe =1+—* _ => —2sin2x=1 = sin 2z= —1/2. Whence z= 


sin 22 
nm (6n-+ (—1)")/12 (nE€Z). 109. sn, m(4k+-1)/4 (n, REZ). 110. i x 


arcsin (4—2 V3+5n (n€Z). $44. 2n(3n+4)/9 (nEZ). 142. 0 (4n-+1)/2, 


uw -+ 2ak (n, KE Z). 113. a (4n-+ 1)/2, 2nk, nm (4m-+ 1)/4 (rn, k, mE ZB). 
114. m(4n+ 1)/4 (n€Z). 115. m (8k + 1)/4, nm (8n + 3)/142 (n, hE Z). 
116. 2nn, nm (4k — 1)/4, m(4m — 1)/2(n, k, m € Z). 117. m (12n — 3 + 2 (—1)")/ 
60 (nm € Z). 118. m (4n + 1)/4 (n € Z). 119. 1 (4n + 1)/2, 1 (2k + 1) (n, KE 2). 
120. 2nn, 2 arctan (3/2) + 2nk (n, k € Z): 

121. mn — arctan (1/2) (n € Z). Solution. We rewrite the given equation 


‘in the form 
cos? z — 2 (1 — sin z) cosz — 4sinz = 0. 


This is a quadratic equation with respect to cos x. Let us solve it: 
cosz = 1—sin z+ V 1—2sin z+sin?’z+4sinz 
=1—sinz+ Yi+2sinz + sin? z = 1—sinz + (1+sin2). 


In the case of the upper sign, we get cos z = 2. We must discard this case. In 
the case of the lower sign, we get cos z = —2 sin z or tan x = —1/2, whence 


= —arctan (1/2) + an (n € 2). 
If we solve the given equation, expressing all the functions in terms of 


tan (z/2), we arrive at an equation 
3 tan® (z/2) — 12 tan® (2/2) — 2 tan® (2/2) — 4 tan (z/2) —1= 0, 
which can be factored into two factors: 
(tan? (z/2) — 4 tan (z/2) — 1) (3 tan? (z/2) + 1) = 0. 
The second factor is not equal to zero for any value of z € R, and the first factor 
vanishes for tan (z/2) = 2 + V 5, i.e. for z = 2 arctan (2 + V 5)+2mn (n€ Z). 
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This is another form of notation for the solution. It is easy to show that if 
tan (z/2) = 2+ V5, then it follows that tanz = —1/2. The converse is 
also true. Thus the two notations for the solution are equivalent. 

122. ni + arctan (3 — 2 V2) (n€ Z). 

123. mn/3, nk + arctan (1/V 2) = mk + 0.5 arceos (4/3) (n, KE Z). Solu- 
tion. Note that tan 2x = 2 tan 2/(1—tan*® z), and tan 3z = (3 tan xz — tan? z)/ 
(1 — 3 tan? x), with z ~ nm (21 + 1)/4, zr Am ((2m+ 1)/6 (1, mE Z). After the 
eee of these values and transformations, the given equation assumes 
the form 


tan x (2 tant x — 7 tan? z + 3) = 0, 
whence follow two possibilities: 
tanz= 0, 2 tan‘ z — 7 tan? z+ 3 = 0. 


The first possibility yields z= np (p € Z). The second possibility yields tan z= 


+Y3 and tanz = +1/Y 2 and, consequently, 
| 
V2 
The solution z = xp obtained earlier and the solution z = xm (3m + 1)/3 can be 
combined and then we can write z = mn/3 (n € Z). (For n = 3p we get xp, and 
for n = 3m + 1 we get m (3m + 1)/3.) We can thus write all the solutions as 
follows: mn/3, ak + arctan (1/YV 2) (n, k€ Z). It is easy to prove that this 
notation is equivalent to the other notation presented above. 

124. x (2n + 1)/6, 2x (3k + 1)/9 (n, k € Z). Hint. Introduce a new variable 

= y. 125. 4nn (n € 2). 

126. m (24n + 1)/12, (24k — 7)/12 (n, k € Z). Solution. For the given 


equation to have a solution, conditions (1) sin (32+) > 0 and (2) 1+ 


ee = tam (m€Z), r= + arctan 4k (k€ Z). 


8 sin 2z cos? 2x > 0 must be satisfied. Under these conditions we square the 
right-hand and left-hand sides 


4 sin? (32+ ) =1+ 8 sin 2z (1—sin? 27) =3 2 (1—cos (6: ++-) } 
=1+8sin 2r—8 sin’ 2x > 2+ 2s8in 62 =1+ 8 sin 2r--8 gin 27 
=> 2-+-2 (3.sin 2x —4 sin’ 27) = 1+- 8 sin 2x —8 sin 22 
= 1=2sin 27. => ray +a and r= tam (l, m€ Z). 


Let us verify whether all the values of z we have obtained satisfy conditions (1) 
and (2). We substitute z = 5 + xl into the first condition 


: A A 1 . m 

sin (32+ +} = sin (-+301+ = ) = sin ( anz + + ) = 0s 3ni, 
cos 3n! = 1 > 0 for even / and cos 3ni = —1 <0 for odd J. To fulfil the first 
= -+2nn or sin zx = 1/2. We sub- 


12 
stitute this value of z into the second condition. Then we have 


condition we set / = 2n and then zx = — 


{-+8sin 2x cos 2e=14+8+>---—5 mh >0, 
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i.e. the second condition is also fulfilled, f.e. z = m (24n + 1)/12 is.a solution 
of the given equation. Let us substitute now z = > + xm into the first con- 
dition; we obtain 


sin (3+) = sin (=F + 30m +2) = sin (=F +3:m) = —cos nm, 


—cos 3nm = —1 < 0 for even m and —cos 3nm = 1 > 0 for odd m. To satisfy 
the first condition, we set in this case m = 2k — 1; then we have r = — * + 


2xk. Since in this case, as well we have sin 2z = 1/2, the second condition is 
also fulfilled and, consequently, + = x (24k —- 7/)12 is a solution of the given 
equation. 
127. m(2n + 1)/2, = (6k + (—1)k)/24 (n, KE Z). 128. a (6n — (—1))"/12 
(n€ Z). 129. arctan (2/3) -+ an (n€Z). 130. m (6n — (—1)")/18 (n€ Z). 
4 


131. mn — (—1)" arcsin (1/3) (n€ Z). 132. an -+ arctan ty » 1k + 


arctan 1+V 13 (,, k€ 2). 133. = (8n—1)/4(n € Z). 134. 4. 135. @. 136. mn + 


n (3k + 1)/3 (n, kE 148. mn (2n+ 1)/4, (6k +1)/6 (n, kEZ). 
149. m (2n + 1)/8, x (3k + 2)/9 (n, & € Z). 150. m (2n + 1)/6, m (6k — (—1)A)/12 
(n, KE Z). 151. Sun, Su (2k + 1)/2 (n, K€ 2). 2nn/3, m (4k + 1)/4, 


mu (4m — 1)/4 (n, k, m€ 2). 153. arctan (—1/3) + mn, xn (4k + 1)/4, 
nm (2m + 1)/2 (n, k, m€Z). 154. an, m (4k — 1/4 (n, KEZ). 155. mn, 
n (6k + 1)/3 (n, REZ). 156. mn/3, mn (2k +4 1)/7 (n, KE Z). 157. aan, 


‘in, K€ Z). ATT. m(2n + 1/4 (n €.Z). 178. 2 (2n + 1)/4 (n € Z). 179. 2nn/3, 
ee be (n, Ke) 180. n(3n + 1)/3, m+ 2nk (n, kEZ). 


—4)n = 
nx (4k + 1)/32 (n, KE Z). 186. ( arcsin yor +s n, 1m (4k + 1)/4 
n, K€ Z). 487. mn, m (3k + (—1)A)/6 (n, hE Z). 188. m (4n-b 1)/4 (n € Z). 
139. Ser 4)/2, 2 A tes (3/5) + Qnk (n, K€ Z). 190. nn/11, mm (n E No, 
m€ N). 191. nn/3, nk/14 (n = 0,1, 2,...3 —k € N). 192. w (2n + 1)/4 (n € Z). 
193. m (4n + 1)/4, m (4k — (—1)A)/8 (n, KE Z). 194. -barccos (—1/4) + 2nn 
(n € Z). 195. m (2n + 1)/20, m (2k + 13/8 (rn, KE LZ). 
196. x (4n — 1)/2, (m (4k — 1) + 4 (—1)* arcsin ((¥ 2 — 2)/2))/4 (n, k EZ). 
Hint. The given equation is equivalent to the equation 


sin z (4 + sin z) + cos z (1 — sin* z) = 0. 
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The equation sin z + cos z — sinzcosz = 0 is equivalent to the equation 
(sin z +.cos xz)? — 2 (sin x + cos z) — 1 = 0. 

197. 1 (6n + (—1)")/12, 1 (4k + 1)/44, m (4m + 1)/6 (n, k, m€ Z). 

198. 2 (6n — (—1)")/6 (n € Z). 199. m (6k + (—1)h)/6 (k E€ Z). 200. 2an/5, 
Qnk/3 (n, KE Z). 201. mn (4n-+ 1/6, 1 (6k — (—1)R)/18 (n, EZ). 202. 
m(3n + 1)/3 (n€ Z). 203. 1 (4n + 1)/4 (n€ Z). 204. m{4n + 1)/2 (n € Z). 
205. x Gres (n € Z). 206. a (6n + 1)/12 (nm € Z). 207. nn/2, mn (6k — (—1)h)/ 
12 (n, k€ Z). 208. n (2n + 1)/4, mk (n, REZ). 209. mn/4, nm (3k + 19/12 
n, K€ Z). 210. mn/2, m (2k + 1)/12 (n, KE Z). 244. nn/4 (n & 4m, mE Z). 
12. m (8n + 1)/8 (n € Z). 213. 2 (4n + 1)/8, m (4k + 3)/4 (n, k € Z). 

214. x (3n + 1)/3 (n € Z). Hint. Since cos x ~ 0, divide the equation by 
cos z and apply formula (2) of Sec. 1.10. 

215. m (3n + (—1)")/6 (n € Z). 216. x (3n + 1)/6 (n € Z). 247. an (n € Z). 
218. m (3n + 1)/12 (n € Z). 


219. n (6n — 1)/3 (n€Z). 220. Qnn (nEZ). 224. + 4 an, Qnk + 


arccos y 2/3, 2mm + x + arccos y 2/3 (n, k, m€Z). 222. smn, 2nk + 
arccos ((—3 + V 5)/6), 2mm + arccos ((—3 — V 5)/6) (m, k, n€ Z). 
223. If a = 2nn (n€ Z), then 
{[ (44 — 1)/2, m (4k + 1)/2) | k € 2); 
if a= (2n + 1) (n € Z), then 
{[s (4% +. 1)/2; = (4 + 3)/2] | & € 2): 
if a € (4an, (4n + 1) x) (n € Z), then 
{(u (8k + 7 + 1) — 2a)/4 | & EZ); 
if a € ((4n-+ 1) x, (4n-+ 2) 2) (n€ Z), then 
{( (8k + 5 + 1) — 2a)/4 | k € Z); 
if a € ((4n + 2) x, (4n + 3) x) (n € Z), then 
{( (8k + 3 + 1) — 2a)/4 | k € 2}; 
if a € ((4n + 3) x, (4n + 4) x) (rn € Z), then 
{(x (8k + 1 + 1) — 2a)/4} ke €, Z}. 


224. 2/(3n (2n + 1) — 4), 4/(3 (xk + (—1)h arcsin (3/4)) — 2) (k, n € Z). 
225. 2in; +2 arccos ((—1+ V 40+ 5)/4)-+-4nk for a€ [—5/4, 3); 
+ 2 arccos ((—1— V 4a+5)/4) + 42m for a€¢ (—5/4, 1] (n, k, mE Z). 


226. (— 1)"** arcsin (/8) +1 (8n—1)/3, (—4)* arcsin (/4 V 2)-+ 7 (4k—1)/4 
(n, kE€ Z). 


227, 1 (24n+-13)/6 (nC Z). Hint. V 3cosz+sinz—2=2 (cos (2-4)-1) 


228. z—=((—4)* arcsin ({— ¥ 20+3)-++-mk}/2 (ke Z) for a€[{—3/2, 4/2}. 
229. m (2n + 1)/4 (n € Z). 230.  an/2, xm (4k + 1)/8 (n, k € Z). 
231. x (2n + 1) mn (4k + 1)/4 (mn, REZ). 232. milan + 1/4 (n € 2B). 
)/6 (n € Z). 

234. 72 Ce + 1)/6 (n € Z). Solution. To solve the given equation, it is 
necessary that 4 cos 2z > —1, i.e. cos 2x > —1/4 (2 cos 27 + 2> 0 for any 
= € R). Then, after multiplication by Y 4 cos 2z + 1, squaring, and transfor- 
mation, we obtain an equation 


8 cos? 2z + 10 cos 2x —~ 7=0 


or 
(4 cos 2z + 7) (2 cos 2x — 1) = 0, 
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In this expression 4 cos 2z + 7 > 0 for any z € R and, therefore, 2 cos 2z = 1 
and z= 1 (6n + 1)/6 (n€ 2). 
235. V 3. 


236. 1 (4n +.1)/4 (n€ Z). Solution. sin 2x + tanz =2=> est 
Zz 
tanz = 2 => tan?x — 2tan?z+ 3tanz —2=0 => (tanz — 1) (tan? z — 
tanzx-+ 2)=0. The second factor cannot vanish for any c2z€R. 
Therefore, provided that x # x (2/ + 1)/2 (J € Z), the given equation is equival- 
ent to the equation tan zx — 1 = 0, whence x = x (4n + 14 (n € Z). 

237. mn, nm (8k + 1)/4 (n, KE Z). 238. ‘mn + arctan (3/4), m2 (4k — 1)/4 
(n,k € Z). 239. m (8n + 1)/3 (n € Z). 240. a (2n + 1), am + arctan 4 (n, mE Z). 
241. nm (4n + 1)/4, m (2k + 1)/2 (n, k € Z). 

242. m (4n — 1)/4, nk (n, k € Z). Solution. The given equation has sense 
under the condition z 4 m (21 + 1)/2 (1 € Z). Since 1 — tan x = (cos z — sin z)/ 
cos z, 1 + sin 2x = (cos z-+ sin xr)?, 1 + tan z = (cos x + sin z)/cos z, with 
cos z = 0, the equation assumes the form 


(cos z —sin z) (cos z+ sin zx)? 
COS z 
=> (cos? x—sin? z) (cos z-+ sin r)/cosx=1-+-tanz 
=> cos 2z (1-+ tan z)=(1-++ tan z) => (¢+tan z) (cos 2r —1) =0 
=> tanz=—1 or cos2xr=1 = z= (4n—1)/4, or r=mk (n, kEZ). 
243. ttn (n€ Z). 


=1+tanz 


3 3 
2 ee ae 2 = = 
244. nn (n€Z). Solution. 2 tan? z+3= re => 2sec? z+ 1 Toe =0 
1 \2 1/1 _ ‘ 2 7 
gre ( COS z —3( COS x )+1=05 ( cos x —1) (— -1} =0. 


Note that the equation has sense only under the:condition that cos z = 0. 
The second factor in the product obtained is not equal to zero for any z € R. 
The first factor is zero if cos z = 1, i.e. z = 2nn (n€E Z). 

245. x (6n + 1)/6, 1 (3m +1)/3 (m, n€Z). Solution. We _ designate 
gisin?x — y- then g1cos* x — gyi-sin?x — g4.,-1 and, after transformations 
the equation assumes the form y? — 30y + 81 = 0 whose roots are y = 3 and 
y = 27. Then 848!2** — 3 or 815!"°* — 27, The first equation can be rewritten 
as 3¢8in?x — 34s8in8 cs = 1 > sing = 41/2527 = +n/6+ an (n€ Z). 
The second equation yields 9815!"°* — 27 =» 3% sin? — 38 > 4 sin? z = 3 > 
sins = +Y 3/2 >2 = +n/3 + am (m€ Z). Consequently, the solutions of 
the given equation are the numbers x (6n + 1)/6, m (3m + 1)/3 (n, m€ Z)- 
This set of solutions can be written in another form: 2 (30n + 15 + 4)/60 
(n € Z). 

246. p£€(V 5 — 1, 2]. 147. a € (2, 6}. 248. 7/18. 249. 0°. 250. —31n/24, 
90/24, 17/24. 251. m (2m + 1)/2, a (6n + 1)/3, 2k + arccos (—2/3) (m,n, KE 
Z). The least distance between the positive roots is equal to 2/6. 

252. —5n/6, —2n/3, 0, n/6, 2/3. 253. 0, 0/8, 1/4, m/2, 50/8, 3x/4, x. 
254. 2 (2k + 1) — arctan 3 (k € Z), i.e. all numbers for which n is an odd 
number. 255. —7n/42, 1/12, 57/12. 256. —n, —5n/6, —2x/3, 0, 2/6, 7/3. 
257. = (3n — 1)/6 (n = 3, 4, ...). 258. n, (—1 + V 3+ 4k)/2 (n€Z, k= 
0, 4, 2, ...), t= (—1 + V23)/2. 259. xn (n€ Z), 4950n. 260. an + 
ar arcsin (1/3) (n € Z). 261. nn (n = —1, 0, 1), 1 (6% + 1)/6 (k = —2, —4, 

, 1), = (6m — 1)/6 (m = —1, 0, 1, 2). 262. m (8n + 5)/8 (n € Z). 263. (2nn, 
tt -+- 2nn) (n€ Z). 
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264. [m (142n + 1)/6, x as + 5)/6) (n € Z). 

265. (ann, x (12n + 1)/3) U (a (12n + 1)/3, 2m + 4a) (n € 2). | 
266. [x (12n — 7)/6, m (12n + 1)/6] (n € Z). 267. nm (4n — 1)/2 (n € Z). 
268. (x (Bn + 3)/4, "x (Bn 5/4 (n€ Z). 269. (nn, 2 (2n + 1)/2 (n € Z). 
270. (m (2n—1)/2, m (3n—1)/3) (n € Z). 271. (n (8n — 3)/4, m (8n + 1)/4) 


). 
272. (m (8n — 1)/4, 2nn) U (m (8n -+ 1)/4, x (8n + 3)/4) U (a + 20 
n (8n + 5)/4) (n€ Z). 273. (x (6n — 1)/3, 20 (38n + 1)/3) (n € Z). 
274.(n (4n + 1)/4, = (8n + 1)/3 (n E Z). 
275. [20 (3n + 1)/3, m+ 2nn]} Y [2m (8n — 1)/3, Zan] (n E Z). 
276. [2n (3n — 1)/3, 2m (3n+1)/3) (n€Z). 277. [nx (12n — 7/6, 
nm (12n+1)/6}] (n€ Z). 278. {(nn, 1/2)| n€ Z}. 279. n+ 2nn, n (12k + 5)/6 
n, k € Z). 280. 0, 1/4, n/2, 50/4. 281. —n/2, —x/6, 0, 1/6, m/2, Sn/6, x. 
82.  (8n + 3)/4 (n € Z). 
283. {(n (6n + 6k — 1)/6, m (6n — 6k — 1)/6), (x (6n + 6k + 1)/6, 
x (6n — 6k + 1)/6} (nm, £ € Z). 7 
284. {(1 (6k + 6m —1)/6, 2 (6k —6m—1)/6, (nm (6k + 61 + 1)/6, 
m (6k — 61 -+ 1)/6} (k, m, LE Z). 
285. {(n/6, 2n/3), (5n/6, 2n/3)}. 286. {(n, (4n + 1)/4, ((4n — 1)/4, n)) 
n€ 2). 
287. {(m (6k + 6n +1)/6; mm (2k —2n+1)/2),  (m (2k + 2n + 19/2, 
nm (6k — 6n + 1)/6} (k, n€ Z). Remark. We have briefly written here four 
groups of values; the upper sign in the formula for z corresponds to the upper 
‘sign in the formula for y and the lower sign in the formula for z corresponds to 
the lower sign in the formula for y. It is convenient to use this rule in various 
calculations. — 
on {(—x (42n — 5)/12, m (3n + 1)/3), (—m (12n — 1)/12, a (38n + 2)/3)} 
(n € 2). 


289. { (—4)" aresinV2— V 3—y+an, —(—1)" arcsin V 2— Y 3— 


—ann)} (ne 2). 

290. {( (2n + 1)/2, —x (6n — 1)/6} (n € Z). 

291. {( (4m + 1)/4, = (8n — 4m + 1)/4)}, (n, m€ Z). 

292. {(> m-+arccos ((Y 57 —6)/3)+-2nn, arccos ((Y 57 — 6)/3) +- 2nn), 
= n—arccos ((Y'87—6)/3)-+2n, arccos ((YV57—6)/3)+2nn) } (n€ Z). 


293. {(n (6n + (—1)")/6, (—1)A arcsin (3/4) + mk} (n, k € Z). 

294. {(x (8n — 1)/4, arctan 3+ mk} (n, k € Z). 

295. {(m (8n + 3)/4, 0 (6k + (—1)4)/B}, (n, k E 2). 

296. pias (3/4) -+ 2xk, —arccos (1/8) + 2nn), (—arccos Cc + 2nk, 
arccos (1/8) ++ 27n)} (n, k € Z). Solution. The first equation yields 6 cos z = 
5 — 4 cos y and the second equation yields 6 sin z = —4 sin y. Squaring and 
adding, we get cos y = 1/8 or y = +arccos (1/8) + 22n (n€ Z). Then it follows 
from the first equation of the system that cos z = 3/4, or z = -+tarccos (3/4) + 
2nk (k € Z). Since, when squaring, we could obtain extraneous roots, we must 
verify, by a direct substitution of the values obtained into the second equation, 
that only two out of four combinations of signs are suitable: 


z,=  aarccos (3/4) + 2nk, y, = —arccos (4/8) + 2xn, 
2, = —arccos (3/4) + 2nk, y,=  arccos (1/8) + 2nn. 
297. {(mm, 2xn), (20m — arccos (4/7), 2 (3n + 1)/3), (2m + arccos (1/7), 


2x (3n — 1)/3)} (m, n € Z). Hint. Multiplying the equations term-by-term, we 
get, after the necessary transformations, an equation 


tan® (y/2) = 4 sin® y. 
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It has three series of solutions 
2 
yi=2nn, yy Onn, yy=—“S + 2a (n€Z). 


We substitute each value of y we have obtained into the two equations of the 
initial system. 
For uv; = 2nn we get. 


sinz=0O and 2, = 21m. 


For y= + 2a we get a system 


V 3cosz—5 sinz=3 Y 3, 
3 VY 3cosz—sinz= Y 3, 


whence a 
cos r = 1/7,sinz = —4 V 3/7, ie. —n/2 <x <0, x, = 2m — arccos (1/7). 
For ys = —2n/3 + 2nl we get, by analogy, 


cosz = 1/7, sinz = 4 V 3/7, 

ie. O< x < n/2, and consequently, z3 = 2nm + arccos (1/7). 

298. {(m (6n + 1)/3; x (6m — 1)/3), (a (6n — 1)/3, (6m + 1)/3)} (m, n€Z), 

299. {(n (4m 4- 1)/4, m (6n +-1)/3); ((am + (—1)™ arcsin V 2/3)/2, Ian + 
arccos Y 2/3); ((unm — (—1)™ arcsin Y 2/3)/2, 2nn + (m — arccos V 2/3))} 
(m, n € &). 

Solution. Since cos 2y = 2 cos? y — 1, we rewrite the first equation of the 
given system as follows: 


(4 cos? y — 1) = (2 cos y — 1) (1 + 2 sin 2z) 
=> (2 cos y — 1) (2cosy + 1—1— 2sin 2x) = 0 
= 2cosy—1=0 or cosy — sin 2z = 0. 


In the first case cus y = 1/2>y = 2 (6n + 1)/3 (n € Z). Substituting this 
value of y into the second equation of the system, we obtain 


V3 ee ea SP ae ae 
= (tan? « + tan® z )=# vac 71 ante" 
—» (tan? z)?—2 (tan? z)+1=0 = tan’z=1 => tanz=1 
=> g=1 (4m+1)/4 (mE Z). 

Thus, the solution of the system is the set 

(x (4m + 1)/4, m(6n +1)/3 (n, mE Z). 
In the second case cos y = sin 2z. Then the second equation of the system as- 
sumes the form 


sin® z-+cos® x —3 £984 
sin® z cos® z sin y 
=> sin? y ((sin® z+-3 sin‘ z cos? z+ 2 sin? z cos* z+ cos® x) 
— 3 sin? z cos? z (sin? z-++ cos? z)) = 3 cos y (Sin z cos x)8 
=3 (1—cos? y) ((sin® z-+ cos* z)$ —3 (sin z cos z)?) 


sin y 


“39 
= 3cos y (sin z cos z)® => (4 — sin? 2z) (1-7 | 


sin? 2z 


5 => 3sin‘ 2r— 14 sin* 2z+8=0 


=> (sin? 2x —4) (3 sin* 2z— 2) =0, 


=a3sin2z 
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The first factor sin* 2x — 4 # O for z € R. We equate the second factor to zero 
and then __ 
3 sin? 2c = 2 => sin 22 = +Y 2/3. 


In the case sin 2x = V 2/32 = (xm + (—1)™ arcsin V 2/3)/2 (m € BZ), 
and since cos y = sin 2z = V 2/3, we have y = an + arccos Y 2/3 (n € 2). 
Similarly, in the case sin 2x = —V 2/3 we get 2 = (nm — (—1)™ arcsin Y 2/3)/2 
and y = an + (x — arccos V 2/3) (m;n € Z). 

300. {2 = m (4k + 1)/4, y = tarctan2+ an, z=n—z—y)}(n,k € Z), 
Remark. The upper sign in the formula for z corresponds to the upper sign in 
the formula for y and the lower sign corresponds to the lower sign. 

301. (z, y) € {(1/2, —1/2), (—1/2, 1/2), (1, 0), (—1, 0), (0, 1), (0, —1)}. 

302. {(mm, xl)} (m, LE Z). 


nm a mt a 
303. { (-F'—arecos Vanve + 2mn, 3 barecos Vn) ; 
IU a Ps a : 
—-+ arccos ———— + 2mn, —-—arccos ———————— ann 


(n¢Z), a€{[—Y 2, Y 2}. 


304. {(arctan (2 — 1) -+ an, (—1)* arcsin (a + 1) + xk)} (n, k&EZ) for 
fs eas 3 {(arctan (a + 1) + an, (—1)A arcsin (a — 1) + mk} (n, k € Z) 
or a » 2i. 

305. {(1 (6n + 1)/3, m (6m+1)/6, (m (Sn + 1)/6, 1 (6m—1) /3)}, (n, m E Z). 

306. {(m (1 — 2 (n — m))/2, nn/2, (n « (m — 2l) + 3 + 4)/6, x (3! = 1)/3)} 
(rn, m, 1€ Z). Remark. We must take either the upper signs or the lower signs 
in the formulas. 


307. {(+ (—1)" arcsin So +(—1)" arcsin oth (n+ m)) ’ 


5 
308. {(m (8n + 1)/4, = (8k + 5)/4} (n, k € Z). 309. 8n — 3)/4)*, n EN}. 
310. ie (8k + 1)/2, m (4k + WAY Ih eZ 311. OM Geb. mS 
ss ee ey CN Po) Gan eo ia we 
e PLS n —_ ‘ e 
(al, 11 ey » 1} (n € 2) {(x/3, 2/6), (5x/12, )» 


5 ((-t resin 2 —(—1)™ arcsin-+- + (n — m))} (n, me Z). 


Sec. 4.12 
1. a, = 13, d = —1. Solution. For an arithmetic progression a, = a, + 
d (n — 1). Expressing the summands in terms of a, and d, we obtain 
ay -+ 3d = 10, 
2a, + 9d = 17. 


From the first equation we find that a, = 10 — 3d. Then 2 (10 — 3d) + 9d = 
17 => a 3 a; 9 13. 

2. Proof. Sy, = 2n* — 3n, Sy, = 2 (n — 1)? + 3 (n — 1) = 2n?— rn — 1; 
@, = Syp — Spy = 4n+ 1, a,_-, = 4 (mn — 1) + 1 = 4n — 3; d= a, — any 
= 4a + 1 — (4n — 3) = 4 is constant and, consequently, this sequence is an 
arithmetic progression. 

3. 1,9, 17 4. 610. 5. a, = —2, d = 1. 6. 69, 87. 7. 44. 8. (116% — 39)/90. 
9. a, = —1, d= 2. 10. 7. £1. 1.05, 4.4, 1.15, 4.2, 1.25. 12. 41.2, 18.4, 25.6, 
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32.8. 13. 164850. 14. 7. 15. a, = 5, d = 4. 16. 0.1, 0.2, 0.3, 0.4. 17. 5. 18.4, = 
4, d= 5 or a, = —79/7, d = —37/14. 19. d = —5/4. 20. d = 33/20. 21. 26. 
22. a, = 8. d= 4. 

23. They can; obtuse; 2A = arccos (—29/48) x — arccos (29/48), /B —~= 
aes eet ZC = arccos (101/108). Solution. By the hypothesis we have 
a,o,c> 


2 log b=loga-+loge, b2 = ac, 
2 (log 2b — log 3e) = log 3c — log 2b { 2b = 3c. 


Solving the last system for a and b, we get a = 9c/4, b = 3c/2. Thus the triple 
of numbers that satisfies the hypothesis is 9c/4, 3c/2 and c (c ~ 0). For the seg- 
ments of lengths a = 9c/4, 6 = 3c/2, and c to form a triangle, it is sufficient to 
verify the fulfilment of the conditions (1) a-+ b> c,(2)b+c>a,(3)a+e> 
b. But since a+ b= 15ce/4>c, b+c¢ = 5ce/2 >9ce/4 =e, and atece= 
13¢/4 > 3c/2 = b (c > 0), a triangle with sides equal to a, 6, and c exists, and 
since a? > b2 +- c?, it is obtuse. To find the angles of this triangle, we apply the 
cosine rule, whence we get 


: _ B+ect—a? = 2—=> _ attc?—b? 64 
aT rae Cae Va Se 
_— a@+be—c?® 104 
ac 7 Tar kT 10) 


Thus, bearing in mind that 7A, ZB, and ZC are angles of a triangle, we obtain 


LA = arccos (—29/48) = a — arccos (29/48), 
2B = arccos (61/72), 2 = arccos (101/108). 
2h. d = 24/11. 25. d = 12/5. 26. 101100. 27. (6 + V 6/6, 1, (6 + JV 6)/6. 


29. a € [12, +00). 30. 19680. 31. 1/5, 1, 5, 25. 
32. 728. Solution. From the condition 


b,—b, =52, b,q®—b, = 52, 
byt by-+by= 26, Lb, +0,9+-0,97= 26, 
by (q° — 1) =92, by (q—1) (4-941) =092, 
{ b, (1+-¢9+ 4?) =26, b, (A+g+ 9?) =26. 


We divide the left-hand and right-hand sides of the equations and obtain g — 1 = 
2, g = 3. Substituting the value of q into the first equation, we get b, = 2. 
Since S, = b, (g™ — 1)/(¢ — 1), it follows that S, = 2-(3* — 1)/(3 — 1) = 
728 


33. 8190. 34. 8/3 or 5000/3. 35. 5, 10, 20. 36. 12 or 108/7. 37. 121. 38. b, = 
3.5, q¢ = —2. 39. 0. 40. 2, 6, 18 or 18, 6, 2. 41. 31. 42. 4, 12, 36, 108. 43. — 2/5. 

44. 1, 3, 9. Solution. By the hypothesis 6, + 62 + b3 =13 and 5? + 63 + 
bf = 91, i.e. we have a system of equations 


ee A+q+ 9%) =13, 
b8 (1-+4?-+ q4) = 91. 


Squaring the left-hand and right-hand sides of the first equation of the system, 
we obtain 


bE (A + a + 9)? = 169 => 63 (1 + G2 + g) + 2d8¢ (1+ 9+ 7) 
= 169 => b8 (4 + gi? + 94) + 2b49°d; (4. + 9 + 9°) = 169 


21-01208 
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Substituting b, = 3/g into the first equation of the system, we get, after trans- 
formations, 3q2 — 10g + 3 = 0. Solving this equation, we find that g = 3 or 
g = 1/3. Then the corresponding values of b, are b, = 1 or b; = 9. Consequently, 
in the first case the required progression is 1, 3, 9 and in the second case, 9, 3, 1. 
The required numbers are 1, 3, 9 in both cases. 

45. 0, 0 or 10/3, 4/3 or —3/4, —3/10. 46. 6. 47. 1/625 or 15625. 48. 2. 49. 5 
or 20. 50. 4, 8, 16. 541. 10, 6, 2 or —6, 6, 18. 52. —2. 53. 22.5 or 2.5. 54. 2, 4, 8, 
12 or 12.5, 7.5, 4.5, 1.5. 55. 75/4, 45/4, 27/4, 9/4 or 3, 6, 12, 18. 56. 12.2 
(the given numbers are 27.8, 20, 12.2 or 17, 20, 23). 57. 6, = 8, g = —0.5 or 
b, = 24/29, g = 3/2. 58. 186. 59. 2, 6, 18. 60. 27 or 3. 64. 1,3-—2YV2,3+4 
2Y 2. 62. —2 or1. 63. —2. 64. 1, 3, 9 or 1/9, 7/9, 49/9. 65. 931. 66. 8 prob- 
lems, 127.5 min. 67. 1 — 1/¥'3, 3. 68. 100/3. 69. (3 + VW 5)/2. 70. 2, —1/2, 
4/8. 71. 1/146. 72. b, = 8, q= —1/2. 7 

73. If it is a geometric progression, then z = +2 Y 6/11; Sg=(3 + 2 V 6)/ 
3; if it is an arithmetic progression, then z = 1/2; S, = 27/11. 

74. 4. 75. 486. 76. 4. 77. S9/(2S — 1). 78. b; = 1, ¢ = 1/3. 79. 9/8. 80. 2, 
4, 8. 81. a= 3, b= 6 or a = 27, b = 18. 82. Aerie 5. 83. 217/30. 
Bh, 4. 85. 8/3. 86. b, = 405, 9 = 2/3. 87. by = 3/19, = 4 119. 88. b, = 2, 
q = 1/3. 


Sec. 1.13 


1. 50 km/h. Solution. Assume that v km/h is the ape of the train before 
it stops. Then (v -+ 10) km/h is its speed for the next 80 km. According to the 
time-table, the train should have covered this distance in 80/v h but it actually 
covered it in 80/(v-+ 10) h. It follows that 


16 
D v+10 ~ & ° 


Pransion ming the last equation, we obtain v* + 10v — 3000 = 0, whence 
v = e 

2. 25 km/h. 3. 16 km/h. 4. (—e + V 8 + 16ac — 16bc)/2 if a > b. 

5. 6 km/h. Solution. By the hypothesis, the pedestrians met in 5 hours. 
Consequently, they covered 50 : 5 = 10'km in a hour. If v, and vg are the speeds 
of the pedestrians, then v, + vs = 10. The first pedestrian travelled 5v, km 
before they met and the second receewian covered that distance in 5v,/(v, + 4) h. 
The second pedestrian travelled 5v, km before they met and the first pedestrian 
covered that distance in 5v,/(v, — . h. Since, after their meetirg, the second 
pedestrian walked 2 h longer, it follows that 


5 Svs =2. 
ve+i v,;—14 


We have a system of equations 


0, + 7,= 10, 
5v = Sv, —9 
Vsti ee | ats 


ssa ee, we eet 2 = 6. 

. (5.6 km/h, 147 m. Hint. If 1 m is the len of the train, 

(378 +, b/28. 7. 720 km. ‘ ee eee eden 
: km/h, 40 km/h. Solution. If v, and vy are the speeds of the trai 

then v, + v, = 70, at 2 p.m. the distance between the trains is 2v, km. Each 
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four this distance decreases by (v, — v,) km (v, > v,). Since the second train 
needed 20 — 14 = 6 h to overtake the first train, it follows that 2v, = 
6 (vg — v,). We have a system of equations 


{ v,+¥2,=70, 


20, = 6 (Vg— V1), 


whence we have v, = 30 kmvh, v, = 40 km/h. 

°9, 4 km/h, 16 knov/h. 10. 18 km/h, 24 km/h. 11. v, = 10 km/h, 2, = 3.5 5b, 
vy = 8 km/h, t, = 34h, or vy = 14 km/h, ty = 2.5 h, ve = 12 km/h, ty = 2h. 
12. 12 km/h, 16 km/h. 

13. 30 km/h. Solution. Assume that v1, ve, and vg are the speeds of the cars. 
Then, proceeding from the condition that three cars staried from point A in 
equal time intervals, we can write 


JAB] _—|ABl | AB| | AB| 


———E ae Cee SO eee Oe eee 


Since the second car arrived at C an hour earlier than the first, we get a second 
equation: 
120 120 _ ‘ 


Vy Vs 


It follows from the hypothesis that the third car covered 120 + 40 = 160 km 
during the same time that the first car needed to cover 120 — 40 = 80 km. 
Therefore, we obtain a third equation: 


160 _ 80 
Vy ¥y° 


Thus, we obtain a system of equations 


( | AB a0 [AB | AB| = JAB 

| v; Vg —s—«éig vy ’ 
420 = 120 
nr 
160 80 

at 


Solving it, we get v, = 30 km/h. 7 

14. 18 kmvh, 24 km/h. 15. 240 km. 16. 20Y3 km. 17. 35 km/h. 18. 4h. 
19. 24 km. 

20. 0.03 m/s, 0.05 m/s. Hint. When solving problems on the motion of 
bodies along a circle, bear in mind the following. If two bodies begin moving 
from the same point in the same direction with different speeds, then the body 
moving with the higher speed can overtake the other body if the difference 
between the distances covered is equal to the length of the circle. In the given 
problem we assume that v, and v, are the speeds of the dots and'v, > vz. Then 


{ 60v, — 60v,= 42. 
45v,-+45v,= 4.2. 


Solving the system, we get v, = 0.03 m/s, vg = 0.05 m/s. 

Of. 180 km. 22. 4 m/s. 23°56 km. 24. 60 km/h. 25. ty == 24 b, ty = 28 b. 
26. He walked for 2 hours and sailed for 6 hours. 27. The first car covered 200 km 
and the second car 100 km. 28. 4 km/h, 6 km/h. 29. 15 km. 30. 20 m/min, 
15 m/min. 


21° 
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31. (44+ V 3)/2, @ = Y 2)/2. Hint. Designating | KM | as s, and t,/ty= 
ve = z, we get from the hypothesis 
|s—(0.4s-+-0.4s-2)| =4, 

s—( 0.5s+ os |= 10. 


P 


After transformations, the system reduces to an equation 
2 15—z)=|1—— |. 
i 


Solving it, we get 
z= (i+ V3)/2, x= (2% VY 2)/2. 


32. 50 m/min. eee 

33. The first mason would need (5a — 2 — Y 25a? + 4a-+ 4)/4 h, the 
second would need (5a 4- 2+ V 25a? + 4a + 4)/4h, and the third would need 
(5a — 2-+ V 25a? + 4a + 4)/2 h. 

34. 20 days, 30 days. 

35. 30 h. Solution. Assume that the reservoir is filled through the first pipe 
in z h. Then a t/zth part of the reservoir is filled parang that pipe in an hour 
and a 1/(z + 10)th part of the reservoir is filled through the second pipe in an 
hour. Since, by the hypothesis, a 1/12th part of the reservoir is filled through 
both pipes in an hour, we have 

1 1 1 
es ee Oe 


Hence z = 30 h. 

36. 20h, 25 h. 37. 12 h, 15 h. 38. 41 h, 14 h. 39. 5, 7. 40. The productivity 
of the second worker is 1.5 times higher than that of the first worker. 41. 6 hb, 
9h or 9h, 6 h. 

42. The third team. Solution. We designate the productivities of the first, 
the second, and the third, team as zr, y. and z, respectively. By the hypothesis 


Zz y 
=< {=2?-— 
{ FT e= 2H, oy : : s 
y+z=3z2, y 9,7 
ye 


Solving this system, we get 2/z = 3/5, y/z = 4/5, ie. riy:2=3:4:5. 
Thus the third team is the winner. 

43. 8. 44. 10 days. 

45. 3 h. Solution. Assume that z, y, z, u, and v are the productivities of 
the first, the second, the third, the fourth, and the fifth worker respectively. 
It follows from the hypothesis that 


Apt tia 
Stet: 
StHtese 
(steteet: 
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There are five unknowns in the system obtained, and four equations. We 
must not necessarily seek each unknown. According to the requirement of the 


: 1 1,64 1 
roblem, w t find th (= paecly Werccaitea Oaracias SNe 
«) e e must fin esum | — + 7 + : + ac There are many 


ways of solving the problem. Here is one of them. We multiply the left-hand ana 
right-hand sides of the fourth equation by 2 and then sum up the left-har2 and 
right-hand sides of all the equations 


1 4 1 4 1 : 1 > ree ae | 1 4 
3 (— _—_ — —_ —=)= eo — PUES SOP aa ge MQ — — 
i gr gg ae aaa acer rae 3° 
46. 8h, 6h. 47. 27.5 (3 — Y 5) km/h, 27.5 (V5 — 1) ko/b. 48. 9 days. 
49.6 days, 12 days. 50. 3 km/h. 51. 10 km/h, 15 knvh. 52. 4 km’b. 
53. V 3/2. Solution. Assume that v; is the speed of !?:e launch in still wa... 
and vy is the speed of the river low. From the hypothesis we have 


_/4B|_, _1ABI + | AB] \AB] 
Qu) -+ ur 2vj—vy—OD Vite Vvi— ve 
or 
| AB] { 4 AB { 1 
rl Saiee ee e 
yee Ee ee ee | —ig —1L— 
ve Vf Uf ue 


Dividing both sides by |AB|/v;, we obtain an equation in the unknowns v,/v,, 
whence vy/v,p = J/ 3/2. 

54. 12.5 k . 55. ve = 3 km/h, v) = 9 km/h. 56. 20. 57. 100. 58. 3150, 
3450. 59. 24. 60. 20 of type A and 30 of type B. 61. 20 rows and 25 seats. 62. 54, 
75. 63. 10. 64. 40 kettles 2.5 roubles each and 24 kettles t.5 roubles each. 65. 18, 
66. 32. 67. 49. 68. (3-++ V 5/)2 and (1 + Y 5)/2 or (3 — Y'5)/2 and (4 — Y 5)/2. 
69. 863. 70. 6 and 54. 71. 5 and 105 or 15 and 35. 72. 3/5. 73. 72. 74. 54 and 
45. 75. 90 and 24. 76. 78 and 13 or 26 and 39. 

77. 51 and 34. Solution. Assume that a and b are the numbers and d is 
their greatest common divisor, then a = a,d, b = },d. The least common mul- 
tiple of the numbers a and 6 is 2,6,d, a, and b, having no common factors. Then 
a,b,d = 102 = 1°+2-3-17, (a, + b,) d= 85 = 1-5-17. Consequently, d == 1 or 
d = 17. In the first case, ab = 102, a + 6 = 85 and the numbers 2 and 6 are 
not integral. In the second case, a,b, = 6, a, + 6; = 5, a, = 3, b) = 2 or 
a, = 2, b, = 3, then the given numbers are equal to 51 and 34. 

78. 28 and 27 or 8 and 3. 79. 137. 

80. 813. Solution. Assume that z, y, and z are the digits constituting the 
given three-digit number. Then 100z + 10y + 2 is the given number, and 
400z + 10y + z is the number written by the same digits in the reverse order. 

By the hypothesis 

z?+ y?+ 22=74, 
z+2z = 2y 
(1002+ 10y + z) — (100z-++ 10y-++ z) = 495. 


Solving the system, we find that z = 8, y = 1, z = 3. 

81. 13 or 31. 82. 24. 83. 3 and 7. 84. 25%. 85. 2 kg for p > 60, a’ kg, where 
a € [0, 2], for p = 60, 0 kg for 0 < p < 60. 86. 6, 8. 87. [0, 20] m/s. 88. Two 
times. 89. 2.4 kg or 80%. 90. 4 kg, 6 kg. 91. 243 litres. 92. 7 kg of the first 
alloy and 21 kg of the second. 93. 99. 94. 35. 

95. 0.5 litre of glycerine and 3.5 litres of water. Solution. If we designate 
the capacity of the vessel as v 1, then after the first operation (replacement of 
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two litres of glycerine by water) glycerine will occupy a (v — 2)/vth part o 
the vessel. Pouring off 2 litres of the mixture, we get (v — 2) 7 > litres of 
glycerine in the vessel, and after the addition of water, glycerine will occupy 


a. — *) : th part of the vessel. After the third operation glycerine will occupy 


v 
a ( ~—*) : th part of the vessel and the quantity of glycerine in the vessel will 
| v— 2 


be equal to » ( ) “titres. By the hypothesis, there are 3 litres more of 
water in the vessel, i.e. 
v ( us 3. 


UV 


Adding up these quantities, we get an equation 


m (252) ste» 


whence 
v3 — 9v3 + 24v — 16 = 0, 
next we factor the left-hand side of this equation: 
(v — 4) (Vv — 4)? = 0. 


Hence v = 4 litres (v = 1 litre does not suit the hypothesis) and this means 
that the volume of glycerine is 


v ( a )'=0.5 litre. 


96. 170'kg. 97. 4 kg. 98. 25%. 99. 166 roubles. 100. 12%. 101. (42 Y 78 — 
100) %. 102. 20%. 103. 458. 104. The altitude is 4 € [1, (5 — V 5)/2)}. 105. 
vy € (4, (8+ V 61)/3]. 106. (2 Y (u + w)? — v*/uv) s. 107. ¢ = 2 hours if 
} BC | > 120 km, t = { BC |/60 if 0< | BC | < 120 km. 108. 2 h. 109. ve 
5, 15) (km/h). 110. In3.6h. 144. 25km. 112. 3.75 km. 113. 48 km/h. 114. 23 = 
25, 2 = 2, zy = 0.5. 115. —0.5. 116. 0.25. 117. 2, = zy = 10. 118. 9 km 
away from A. f19. 12 m/s, 28 m. 

120. 7/9. Solution. Let us introduce designations. The train which started 
from A had an acceleration a,, in ¢; h it attained the speed v, = a,t, with which 
it continued travelling until it reached point B; it took the first train, as well 
as the second, ¢, h to cover the distance. The second train which started from 
point B, had an acceleration a, ~ a, (we assume for definiteness that a, < a), 
otherwise the solution will be the same with the only difference that the first 
and second trains will change parts), in ¢, h it attained the speed vg = agt, 
with which it continued travelling until it reached point A. We designate a,/a, = 
z< i. By the hypothesis the trains travelled with the same speed when they 
met (we designate the time of meeting as ¢,). This is possible only under the 
condition that by the moment of their meeting one of the trains (the train 
whose acceleration was greater, the first train in our case) had moved uniformly 
with constant speed (v, = a,¢, in our case) and the other train still had travelled 
with uniform acceleration (and had the speed agt,:at the moment ¢,). These 
speeds are equal by the hypothesis, i.e. agt, = a,t,, whence * 


bs = t,/z. (1) 
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The speed of the uniform motion of the first train is v; = a,t, and that of the 
secon train is Dg — Agls > Vy, by the hypothesis Vo = 4v,/3 => Aol, = 4a,t,/3 
and, consequently, 

ts =— 4t,/3z. (2) 


-The distance covered by the second train till the moment of meeting, s) = 
ast/2, is the distance traversed by the first train after the moment of meeting, 
1.6. 8, = vy (tg — ts) = ayt, (ta — ty). Consequently 


a,t?. 
95 =ayt, (t4—ts), 
or, taking into account relation (1) and the fact that a, = a,x, we obtain 
ant? t t t? 3t? 
gar maith (HAE) =o Geet ES ea 
since t, ~ 0, this equation yields 
ts = 3t,/2z. (3) 


By the hypothesis the trains covered the distance from A to B in the same time 
t,. Let us calculate that distance for the first and the second train separatel* 
For the first train. 

a,t? a,t 3t 3a,t a,t? 

+, (64--t))= iff + a;ty (=t—t)= =e aaa Ta 


For -the second train 
aot? ao: 162? 


yt Ua (te — be) = Fema Tt aate (=2-s4 


~—< 


ea (ft) = 2act? Bast? = 10agt? 0a rf 
2 32 \.2z 32; ot? Qz2 ~~ O22 “" Ox ° 
ot bea these values to each other and dividing the right-hand and left-hand 
sides by a,t?, we get 
3 4 10 27 20 1 7 ag 


Qe 2°" br 7 Ter Tee 2 79H, 
121. 10 km/h. Solution. If | AC | = z km, then 
le 120-2 ps2 ae aura => z= 60. 


Ve vy Vy Vo 
If t is the time it takes the motor-cyclist, travelling with the speed vg km/h, 
to cover the distance | AC |, then 


Vet = 60, vo (8—t)+ 
Taking into account that a = 2uo, we get 
v2 — 15v9 + 50 = 0, vp =5 or vo = 10. 


The value vp = 5 does not satisfy the hypothesis since in that case 12 hours 
are needed to cover the distance | AC |. Thug vg = 10 km/h. 


a (8—t)? 
ag 


Sec. 1.14 

1. cos (1+ 27k) -+isin(n+2nk), kEZ. 2. cos (ane —-F-) +esin (20k — 
>): kez. 3% 2 (cos ( 27% + = x) +isin (2nk + x)), kez. 
4. 2 ( cos (2nk +5 n) +1 sin (2nk+ n)), kEZ. 5. 5 (cos (2nk+a+ 


qi 
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arctan (4/3)) + isin (2xk-+ 2-+ arctan (4/3))f, KE Z. 6. 5 (cos (2nk—arctan (4/3))-+ 
i sin (2mk—arctan (4/3))), kEZ. 7. S(cos2nk+isin2nk), keZ. 8 VIX 
(cos (2nk— =) +: sin ( 2n% — =] ) , k€Z. 9. cos (360°k-+ 58°) + isin (360°k + 
58°), KE Z. 10. cos (360° — 12°) -+ 4 sin (360°R—12°), KE Z. 11. cos (360°%+. 


200°) -+ 1 sin (360°k-+200°), KE Z. 12. cos (2nk— + a)-+i8in (2nk—- + 
a), kEZ. 18. Shs tee ke Z. 


14. cos (2nk + —a) + isin (20+ —a) , REZ. 15. —— (cos (2nk-+ 


a)-+isin (2nk+-a)) if dan <a<2nn+ >; (cos (20k-- n+ a) + 


2 
: : ™ 3x 
isin (2nk-+n-+<a)), if 2nn += <a <2dan+— > ; k, ne Z. 


7 


16. maw (cs (2nk +5 —a)+isin (2nk++—a)), if 2un<a< 


x (2n + 1); “isin (cos ( 2k + a —a)+isin ( 2nk + = a) , if 


nu (2n+1)<a<2n(n+1); n, kEZ. 

17. (1+ 4Y3)/2. 18. —16. 19. 8. 20. 8. 24, —2?°. 

22. 2" cos” (q/2) (cos (n@/2) + i sin (n@/2)). 

23. 2” sin” (g/2) (cos (n (x — g)/2 + isin (n (n — g)/2 

25. cos 3a = 4cos'a@ — 3cosa, cos 4a-= 8 cos* ae eat 1, 
sin 3a = 3 sina — 4 sin’ a. 


V2 ae V2 V2 - V3 _ tt, V8 i, 
26. 3 . ag Steg 27. i; ar ee eae een a 
1, V3 1 V3 { V3 3,%. 4 
a a a a a aa a ee a Tae Za a 
ea ; ae 30. cos (2xk/ny+ t sin (2xk/n), k=0, 1, 2, ..., n—1. 
34. {— (1+ i)/2; (3—51)/2}. 32. {cot (kn/n)[k=1, 2, —1 


}. 

33. Hint. It is sufficient to prove that the roots of the polynomial ’t+2+1 
are the roots of the polynomial 2°” -+ z5™+1 + 7Sh+3, 

34. The straight eee y = +2. 35. The straight lines y = 0 and xr = 0. 

36. The ray y = 0, x < 0. 37. {—1, 0}. 38. {0, —4i, 

39. {0, —i, i}. 44. A point of the straight line v= 27 + (3/2). 45. Points 
of the straight line y = —z. 46. Points of the straight line z = —1/2. 47. Point 
of the straight line y = 1. 

48. Points of the Blane which lie above the straight line y = x (which satisfy 
the Page ree y > 2). 

All the points of the plane which lie under the straight line 2z + 4y + 
3 = 0. 


The points z > 0, i.e. all the points of the right-hand half-plane. 
. Points of an open circle with centre at the point (0, —1) and of radius 1. 
32. Points of an open circle with centre at the point (0, 1/2) of radius 1. 
53. Points of an a ring bounded by circles with radii 1 and 2 and with 
centre at the point (—1, 
54. Points of an open ring bounded by circles with radii 1/3 and 4 and 
with centre at the point (0, —41/3). 
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55. Points of an open ring bounded by circles with radii 1/2 and 1 and with 
centre at the point (—1/2, —4/2). 

56. All the points of the plane which lie under the parabola y == (z? -- 1)/2. 

57. All the points of the plane outside the straight line z = 1 which lie 
mates eu ane y = —(z? + 1)/2. 


Part 2 


Sec. 2.1 


1. g= 2/3. 2. VY2—1. 3. 1/2. 4. 7/8. 5. 1/2. 6.4. 7. 4/3. 8. 0. 9. 0, 
10. 0. 14. 0. 12. —2/5. 13. 1/2. 14. --4/7. 15. 48. 16. 6. 17. 10. 18. 4/3 
19. 1/8. 20. —5/3. 24. 8/13. 22. —1/2. 23. 3/4. 24. 0. 25. 1. 26. 1/3. 27. m/n 
28. n(n + 1)/2. 29. 1/4. 30. 1/6. 31. 1/2. 32. 1/4. 33. 1/16. 34. 4/3. 35. —2) 
36. 2/3. 37. 1/12. 38. 1/4. 39. 3/2. 40. —2/9. 44. 3. 42. 1/2. 43. 1/3. 44. 1. 45. 5. 


46. 1/2. 47. 2. 48. —sin a. 49. —3. 50. VY 2. 54. —1/2. 52. —1/5. 53. 6/5. 54. 0. 
55. 5-5. 56. 0. 57. —5/2. 58. —1/8. 59. 1/2. 


Sec. 2.2 


4. 2sin2z. 2. 2zcos2zr+ (1+ 2)sin2zx+ 2. 3. 

f’ (xz) = —8z2/(z? — 4)?. 4. f (x) = 3, f' (cz) = 0.9.0 (4n+ 1)/ 
mn/6, m€Z, x = {(tarccos (2/3) + 2an)/6| n€ Z}. 11. 
(xm + (—41)™ arcsin (4/3))/2 | n, m€ Z}. 12. x = {0, 2m (8m + 
43. x = {2m (6n + 1)/3| nEZ}. 14. 2 = {2m (2n + 1)/3 | 

15. 2 = {nx (4m-+ 1)/8, 1 ae + 1)/142| m, k € Z}. 

16.-2 = {nm/4, x (6n + 1)/3 | m, n € Z}. 

17. z € (—oo, O)U (2, +00). 18. z € (—o0, 0) U (1,00). 18. x={—1, 0). 20. 
z€(5,-+ oo). 24..r€ (0, +00). 22. yy = oe a dee aa C1 € Ry yg = Cyre V 342)" 
C,€ R. 23. (x + 2) (82+ 4). 24. — aS sin (2 tan? x) cos (cos* (tan? z)). 
25. —(z? + 4x + 9)/z*. 26. 2 (4 + x®)/(1 —x?)?, 27. z%e*. 28. (6 log? (z?))/x In 10. 
29. (6+ 3 V 2+ 27 27)/6z%. 30. x/(x* — 1). 31. a7/(a? — 2°)9/?. 32. f/sin x. 
33. 22/(cos z -+ x sin z)?. 34. —1/cos z. 35. (1 + 222)/V 14 + 2. 

36. cos x cos (sin z) cos (sin (sin z)). 37. xz? sin x. 

38. Proof. Let us consider the function f (r) = e* — z — 1. Since f (0) = 0, 
f (z) is a continuous function, f’ (r) = e* —1>0 for z > 0, it follows that the 
function f (x) increases for all x > 0; therefore, f (x) > f (9) for all x > 0, Le. 
ex —zx—1> 0 for all z>0. 

39. The function decreases for zr € (—oo, 2/3) U (2, +0) and increases for 
z € (2/3, 2). . 

~40. The function decreases for z € (—1, 0) and increases for  € (— oo, —1) U 
(0 | 


(2 


44. The function decreases for x € (—1, 2) and increases for x € (—o, —1) U 


» +00). ; 

42. the function decreases for z € (—oo, 0) and increases for z € (0, -+ 0). 
43. The function decreases for z € (log, (4/3), 1) and increases for z € 
(— oo, log, (4/3)) U (1, +99). 


44. A local maximum for z = —1, a Jocal minimum for z=: 3. The function 
decreases for x € (—1, 3) and increases for z € (—, —1) U (3, +2). 
45. Local minima for z = —4 and z = 1, a local maximum for z = 0. 


The function decreases for z € (— oo, —4) U (0, 4) and increases forz € (—4, 90) U 


(4, -+ 00). 
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ge ——sD 

46. Local minima for « = —1 and z = 4, a local maximum for z = 0. 
The function decreases for r € (—0oo, —1) U (0, 4) and increases for z € (—1, 9) U 
4, co), 

: ris Local minima for z = —1/2 and xz = 1/2, a local maximum for z = 0. 
The function decreases for x € (—oo, —1/2) U (0, 1/2) and increases for z € 
(—1/2, 0) U.(t/2, --00). 

48. The function increases for zr € (—oo, +0). 

49. A local maximum for z = 16/5, a point of discontinuity for z = 0. 
ee decreases for z € (—oo, 0) U (16/5, +-0o) and increases for z€ 
0, 16/5). 

‘ 50. x minimum for z = 2/3. The function decreases for z € (—oo, 2/3) and 
increases for z € (2/3, +00). . 

51. A maximum for z = 1/3. The function decreases for x € (1/3, -++-0o) and 
increases for zx € (—oo, 1/3). 

52. A minimum for z = 1. The function decreases for z € (0, 1) and increases 
for x € (1, 00). 

53. A minimum for z = —1/4. 

54. Critical points z = 0 and z = 1; a minimum for z = 1. 


55. A minimum for z = + Y 5, a local maximum for z = 0. 
56. A minimum for z = 2 and z = 3, a local maximum for z = 5/2. 
57. A local maximum for z = 0 and a local minimum for z = 1. 


58. A local maximum for z = 0 and a local minimum for z = y 2/5. 


59. A maximum for z = —3, a minimum for z = 3 = 

60. A maximum for z = —Y 2, a minimum for z = V 2. 

61. Minima for z = +5. 

62. A minimum for z= —1. _ : 
63. A minimum for z = —1/Y 2 and a maximum for z = 4/Y 2. 


64. y = —9/4 for x € {x (12n — 1)/6, a — 5)/6| n, me€ Z}. 

65. For a = —9/5 and b € (36/5, +-0o) and for a = 81/25 and 6 € (400/243 
+00). Solution. Since the coefficient in z° is positive, the maximum, provide 
that it exists, lies to the left of the minimum. To find the extremal points, we 
seek the derivative of the thes function, equate it to zero, and find the roots of 
the quadratic equation; they are z, = —9/(5a) and z, = 1/a. If a < 0, then 
Z_,<z, and, consequently, z, = 29, i.e. 1/a = —5/9 >a = —9/5. Then 
z, = —9/(5a) = 1. At that point f (z) has a local minimum which must be 


positive. We have f (1) = — > +b>0, i.e. b> 36/5. Ifa > 0, thenz, < zy 
and, consequently, z,; = Zo, i.e. —9/(5a) = —5/9 = a = 81/25. Then the point 
of minimum is z, == 1/a = 25/81. At that point f (25/81) = — ate > 0, 


i.e. 6 > 400/243. Thus the extrema of f (xr) are positive for a = —9/5 and b€ 
{36/5, --oo) and for a = 81/25 and b € (400/243, +00). 

66. For a = —2 and b € (—oo, —11/27) and for a = 3 and b € (—ow, —1/2). 

67. For a = —1/3 and b € (—oo, —5/9) and for a = 1 and b € (—oo, —1). 

69. If p > 0, then a € (p, (32p3 + 27p)/27); if p = 0, thena € @; if p< 0, 
then a € ((32p3 + 27p)/27, p). Solution. For the equation z° + 2pz2+ p= a 
to have t ree real roots, the function f (z) = z* + 2pz*+ p — a must have 
a Jocal maximum and a local minimum with f (zmax) > 0 and f (zmin) < 0. 
Since the coefficient in z° is positive, we have zmay < Zin. Let us find the 
extrema of that function. The derivative f’ (z) = 423 + Ape. It vanishes for 


z, = 0 and zr, = —4p/3. abe ca are possible here. If p > 0, then z, < 2, 
and, consequently, f (z,) = yy, p?+p—a>0d0, and f(z) =p—a<)0, 


whence p < a < (32p° + 27p)/27. If p = 0, then z, = z,, and the function 
has no extrema; f’ (z) is positive everywhere except for z = 0 and the function 
increases monotonically. Thus, in this case there are no values of a for which 
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the given equation would have three real roots. If p <0, then xz, < 0 and, 
consequently, f (z,) = p—a>O, and f (z,;) = ss p? + p—a<0, whence 


Og as ee 
y= n3forz=3. 71. y=1+81n5 f =—<2, -y= 
6 (4 — In 3) for x = 2. 73. Fors = 0. eas eae oe 
74. y (4) = —8/3 = min f (z), y (2) = 8/3 = a> f(z). 75. min f (zr) = 
2 


f (0) = f @) = 5, max f (2) = f (2) = 9.76. min f (z) = f (0) =0, max f(z) = 
f (3) = 9. 77. main f (z) == f (—1) = —10, max f (x) = f (4) = 50. 
78. min f (2) = f (1) = 33, max f (2) = f 3) = 75. 79, min | (x) = f (1) = —6, 
max f(z) = f (5) = 266. 80. mia f (2) = f (—) = —9, max f (2) = f (3) = 
. 81, min f (x) = f (—2) = —24, max f(z) =f (2) =4. 82. min f (2) = 
f (3) = —57, max f (2) = f (6) = 132. 83. min f (2) = f 2) = 4, max f(z) = 
fO)=7(3) = 5. 84. min f (2) = 4 2) = —25, max f (2) ='f (3) = 0. 
85. min f (x)= f (—1) = f (1) = —t6, max f(s) =f (0) ='—9. 86. min f (2) = 
f(—1) = 1, max f(z) =f (1) = 3. 87. min f(z) =f (1) = 1, max f(z) = 
gp . (3/4, 2] (3/4, 2] 
f (2) = V 4/3. 88. amin | (xz) = f (0) = 2/ln 2, mas] (z) = f (2) = 
47/(4 \n 2). 89. min f(z) = f (0) = 0; max f (x) =f (A) = 24. 90. min f (2) = 
Oa ae ea i ae f(0)= 5. 91. min f(z) = f (x/2) = 0, 
max f (xr) = f (arcsin (1/4)) = f (x — arcsin (1/4)) = 9/8. 92. min f(z)= 
1/3, 32/2) 


(0, 
f (s0/3) = —1/2,, max f(z) = f(—x) = 22. 93. min Wes =f (11/2) = 
{x/3, 32/2] 10, %/2 


3n/2, max / (x) = f (arcsin ((V 57 — 5)/4))) = (45+ V 57) V 10 ¥'57 — 66/16+ 
, a 


3 arcsin ((Y 57 — 5)/4). 
94, max f(z) = f (—2) = —1/(3b® — 8b + 16) for b€ (—c, 2], 


-2,1 
max (2) 2 f (0) = —1/3b? for b € [2; +). 


~ “Solution. We note that ft (+a) = f (—a). To find the greatest value of f (z) 
on the interval [—2, 1], we seek critical points. To do that, we find 


; 4x (x?—b 
= gag a @) 


If b < 0, then z2 — b > O for any z € R. Therefore, f’ (z) = 0 only for z = 0, 
with the derivative f’ (z) < 0 for z < 0 and the derivative f’ (x) > 0 for z > 0. 
Consequently, at the point z = 0 the function f (z) has a minimum and attains 
the greatest value at the left-hand terminal point (taking into account the sym- 
metry and the fact that | —2| > 1). Consequently, in this case the greatest 
value of the function is f (—2) = —1/(3b? — 8b + 16). For 6 = 0 we have 
f (xz) = —1/z*, for «<0 the function decreases and for z > 0 it increases. 
Consequently, in this case the function attains the greatest value for z= —2, 
namely, f (—2) = —1/(36* — 86 + 16) = —1/16. For b> 0 the derivative 
has three critical points z, = —Yy b, zr, = 0, z3= V b. Verification shows that 
f* (2) <0 for z € (—oo. —V 5) U (0, Vb) and f (z) > 0 for z € (—~Y b, 9) U 
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(yb, +00). Thus, for z = 0 we have a local maximum f (0) = —1/3d*. For 
this value to be the greatest, we must require that 


‘ t 1 ‘ 
— wep <— ar > Bowe 7 3 


=> 3b9—8b+16 < 363 = —8b116<0 = d>2. 
Thus, 


> f(z) = ¢ (0) = —1/30? for 8 € [2, +0), 
jax f (2) = f (—2) = —1/@0* — 8 + 16) for bE (—%, 2}. 


95. ee f (z) = f (—2) = 16 — 245 + 89 for bE (—o, 2/3], 
; max f(t) =4 (0) = for b €[2/3, +00). 
min f(z) = f (—n/2) = —1 — V3, 
(-1/2, 30/8) ? “ 
min f (x) = f (3n/8) = (8n — 4) V2 — 4Y 3/4. 


[~/2, 3x/8 _ 
97. in f(z) = —2 V3/9 > —7/18. 
—-X, Fg | oe 
98. max f (2) = 4 V 3/9.< 0.77. 
—-%, % 
99. y= —2z, y= 2r—4 100. y= —4r4+3. 101. y= 4r-4 1. 
102. y = 4z,y = —4z + 16. 103. y = —2r 4 5.104.y = (32 + 10 — 6 ln 2)/ 
8; 105. y = —(2z — 7)/16. 106. y = ((25 In 3) z + 28 — 25 In 3)/9. 107. y= 1. 


108. y= 4r + 2 


109. (—(2 + VY 3)/2, (9 —~4 ¥ 3)/4). 110. k= +4. 411. (2, 3). 112. (4, 1). 

113. (2, 4); the equation of the tangent is y = 4z — 4; the equation of the 
secant is y = 4r — 3. 

114. On the second curve y = @ (z) at the point ((k + 4)/6, (k? — 4)/12) the 
tangent y = kr — (k? + 8k -+ 2)/12 is parallel to the tangent y = kz + 
2 ((* + 1)/3)38/2 at the points (+V (k + 1)/3, —1 + (k — 2) VY 3 (k + 1)/9) of 
the first curve y = f (x) for any k € [—1, +00). Solution. We seek the equation 
of the tangent in the form y — y, = k (zr — z,), where (z;, y;) is a point on the 
curve at which the tangent is drawn with the slope k. The coordinates of the 

oint of tangency have been found from the equations y, = f (z,), f’ (x13 = k 
or the first curve and from the equations y, = @ (x3), ~’ (zs) = * for the second 
curve. For the curve y =f (zr) we have y; = f’ (z,) = 3z3 — 1 = k, whence 
we see that k > —1, i.e. if we assign the value k € (—oo, —1), then there is no 
oint on the curve y = f (z) dt which the tangent would have such a slope. 
or the second curve y = @ (x) we have y, = q’ (z3) = 621, — 4=k and k 
can assume any values. Thus we assume that k € [—1, +00). then for the curve 
y = f (x) we get z) = +V (k + 1)/3 for the given k, and from the equation of. 
the curve y,; = —1 + (k — 2) V3 (k + 1)/9 and the equation of the tangent 
at the points (+Yk-+ 4/3, —1 + (k—2)VY3(k+ 1/9) is y= hr = 
Aa: + 1)/3)8. For the curve y = @ (z) we get zg = (k + 4)/6 and y, = 
(k? — 4)/12 for the same value of &, and the equation of the tangent at the point 
Ne + 4)/4, (hk? — 4)/12) is y = kx — (hk? + 8k + 2)/12. At the points we have 
ound the tangents are parallel for any k € [—1, +00). 

115. The acute angle between the tangents is equal to arctan (1/7). 116. 1 — 


a= bee /@ _- 
2 arctan V8. 117. n—2arctan 24. 118. y= a a zi 
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3—V7 8—3 V7 
—z Fe; 119. y = 2 — 5x. 120. (0, —4), (4, 3). 124. (err, 


(2k — 1+ 32 (—1)k)/2), ke Z. 122. 0% 123.5 V5. 124. V = 2nad/9 V3. 
125. a = 2n (1 — VY 2/3). 126. a = 0/3, S = 312 V'3/16. 
R5 tan g tana nm 


127. Stan? (g/d) tan (aly % = 3 


128. 2 = ein a a=. 

oe (pend pod 
tan ( i 5 ) tana 

129. (nV sin? a cos a)/2, a = arctan V 2 = arccos (1/V'3). 130. y= 
— (3x — 5)/9. 131. 1/5. 132. VY 5573, V4S/15. 133. 24 cm and 28 cm. 
134. 16/3 and 128/3. 135. a= 4m and kh = 2 m. 

136. Trivial solution: @ = arctan (yo/zo) if the point (zo, yo) lies in the 
first or third quadrant and a = x + arctan (y)/z,) if that point lies in the 
second or fourth quadrant; in that case the length of the segnient is 0. Nontrivial 
solution: a = m — arctan y y,/z, if the point lies in the first or third quadrant 
and a = —arctan }y,/z, if that point lies in the second or fourth quadrant. 
Solution. We assume for definiteness that zy > 0, yo > 0. Other cases can be 
treated by analogy. The equation of the straight line is y = yo + k (x — 2). 
THis straight line cuts the coordinate axes at points (0, yy — kxo) and 


( Lo -* ; 0) . The square of the length of the segment connecting those points is 


st (29 — YL)? + (yo—s0h)* = (Yo—20h)? (14). 


It is evident that s and s? attain their minimum values under the same con- 
ditions. Therefore we find (s?)’ and equate the derivative to zero. Then we obtain 


(s)’ = —2 (yp—zok) ( 2, at 4) = 


Consequently, there are two critical points (not counting the values k = 0 and 
k = oo, these are the cases of a horizontal and a vertical straigh* line when 
s? = 00); = tana=vy,/z, and k = tana = —V/ yolZo- The first value, 
a = arctan (yo/zo), corresponds to the trivial case s = 0. The second value, 
a = m — arctan j/y/zo, corresponds to the local minimum. 


SV 28 ant 
6 Y sin a cos (a/2) tanB ' 3 
138. VY 2/3. 139. 2n/3. 140. A cylinder the diameter of whose base is equal 


to the altitude. 141. /4V. 142. a = arctan 4 2/2). 143. -(AV)IP/V/3. 144. A 
parallelepiped in which the length of a side of the base is equal to the radius R 


of the circumscribed sphere, and the altitude is RV 2. 145. R/3. 146. (2n)-1? dm. 
447, YOR. 148. V S(¥ 2—1)/n. 149. 8 VY 3nR%/9. The ratio of the radius 
of the base of the cone to the radius of the sphere is 2 V 2 : 3.°150. 2/ V 3, 13/2. 
(54. 3. 152. V= 0 (42? — H*) H/4, Vmax = 4%R/3 V3 for H = 2R/V3. 
153. Y2. 154. V3 times. 155. nR9/V 2. 156. 3/4. 157. 3a/2. 


137. 
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158. n cot? g/cos 2p. The area of the lateral surface assumes the greatest 
value for @ = 0.5 arccos (Y¥y 2— 1), i.e. cos 29 = y2—4. That value is 
equal to a (V 2+ 4)*. 

159. 4R/3, 64R3/84. 160. H/3, 2R°H y 3/9. 161. 2. 162. 3/2. 163. H/3, 


eee 164. At the midpoint of the edge [AC]. 165. 8. 166. 4.5 km. 167. a = 
42 km/b. 


Sec. 2.3 


min f (x) = 2, min f (zr) = —2, 
(0, 2) (-1,3) 


max f (xz) = 5. 
(0, 2) 


max f (z) = 2. 
(-1, 3] 
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6. 7 
Sh 34 
7) OR 5 min f (z) = —31/240, 
ba 
Alps Bab, 


max f (x) =' 34/15. 
{-2, 1] 


a(- E8818, 0) St 
g (1388-18, 9) 


4 (227, 0) 
a (+87, 0) 
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7 108 
A (F, ~ 3425 
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One root for e€ (—oo, 4/9) J (4, 
+ oo); two roots fore € {4/9, 1, ne 
three roots for e € (4/9, 1) U (1,4 


One root for ¢€(—o, 4/9) U (4. 
Awe two roots for c € {4/9, 4, f 
three roots for ¢ € (4/9, 1) U (1, 4). 


22-01208 


A 
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21. 


Bette trees 
— oo, 1 9 U 9 09); 
two roots for c € (16/27 16/25}; three 
roots for ¢ € (46/27, 16/25). 


ome ee we ee ee oe oe 


5( $75) 


| 

| 

| 

6 I 

A C1, 37) | 
| 

| 

f 


22. 


te 


No roots for ¢ = 1; one root for ¢€ 
(—oo, 16/27) Y (16/25, 4) J (i -+ 00); 
two roots for c € {16/27, 16/25): three 
roots for ¢ € [16/27, 16/25). 


| 
| 
| 
| 
| 
| 
| 
| 
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8 No roots for ¢ € (8, +00); one root 
for c € {1, 8}; two roots for ¢ € (—oo, 
1) U (4, 8). 


ome es wr wwe =e ——— ome ce ie 


comes ew ee ee en ee ee 
e 


_ JStc0s 42 
y e gy = see 


Gap eee uae == oe aa 


y ™ (1.3)-2* (1 — cop 2z)/2. 


4 
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26. 


y = 2 arctan z for z € (—1, 
1j; y=—x—2 arctan z 
forz € (—o, —{1[5y = x — 
2 arctan x for z € (1, +00). 


Sec. 2.4 
1. F(s)a2et peti. 2 P(s)mst—2e944. 3. P(s)— ge Pep ast 


4. P(z)=x += i ania 5. F(z) =m —05 cos 2e-+29+2.5. 6 VS— 


cotz. 7. 6sin (z/2)— cos Sz _ a. 8 Stan(x/5). 9. (4 — x)/8. 


10. 1066/243 In 3. ff. aes Beo7 (In* 2—1)/ (3 In* 2). iZ,.a>0. 13.5 =2. 


14.a= 3. 15. a >In 2. 16. a< —1. 17, 4/3. 18. 124.5. 19. 32/3. 20. 4/3. 
24. 10/3. 22. 9/2. 23. 32/3. 24. 9/2. 25. 81/2. 26. 1/6. 27. 9. 28. 9.'29. 4/3. 30. 1/3. 


~ 4.5. 32. 2/3. 33. 7/3. 34. (8 V 2 — 3)/6. 35. 8/3. 36. 41/3. 37. 9. 38. 8/3. 


. 7/4. 40. 16 Y 3/15. 44. 88/15. 42. 64/3. 43. 4/3. 44. 2. 45 re er eee 
rr Ge — 5)/3. 47. 125/6. 48. 3/2. 49. 4/3. 50. ec? — 1. 54. 5. 52. 4/3. 53 
54. 8/5. 55. Pens se 53/15. 57. 12— 5 ins. 58. 4 — 3)n 38. eae 
6 In (3/2). 60. 5 In (6/5) — 0.5. 61. 1.5 — In 2. 62. 4.5-+ 91n 8. 68. 14.5 + 
4 In 2. 64. 1.5 — In 2. 65. 18. 66. 7/6. 67. 8/3. a chia. 69. 8/9. 70.-2. 71. 4/3. 
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72. (n—2)/4. 73. (30 —4)/4. 74. 1. 75. Sx. 76. Sn/2. 77. 3x. 78. 16. 79. (4— 
3 In 3)/2. 80.14—6In3. 84. 90.5 —6ln2. 82. 16/3. 83. 9/8. 84. 16/3. 
85. 128/38. 86. 18. 87. 1/3. 88. 4/3. 89. 64/24. 90. 7/6. 91. In 2 — 5/8. 92.4 In 3 — 


2. 93. 1/8. 94. 4/3. 95. (2e® — 104)/6. 96. (In 10 — x + 4)/2.97. (4W2— 16+ 


x Y 2)/16. 98. 5/6. 99. 2 — 2 In 2. 100. 2n + 4. 101. 4/3. 102. 4x + 8. 103. 8. 
104. 9/8. 105. S (—41) = 125/6, min S (k) = S (2) = 32/3. 106. S= 14. 107. z= 
1/2, yo = 5/4. 108.2, = 3/2, yo = 2/3. 109. p =—1. 110. a, = arctan (27/2), 
GQ, = arctan (27/4). 111. a, = 1+ arctan (4/3n), a, = + arctan (8/3n). 


412. 625% cm*. 113. 18 Y 5x cm’. 
Part 3 
Sec. 3.1 


1. 33. 2. —33. 3. —8. 4. —10. s.d= fats b+ c. 6. —4. 7. —2. 


8. 40. 9. 2. 10. 7. 44. arccos (4/9). 12. arccos (1/11). 13. 13. 14. —6. 16.d = 


{5, 12, —16}, |d] = 5 V17. 17. 90°. 18. 3n/4. 19. —61. 20. Yes, they are. 
21. a= {41,2,2). 22.a= {4,—2,0}. 23. (1, 1/2,—1/2}. 24.a = {2, —6, 2}. 
25. b, = (4 V2, —2, 8}, by = (—4V 2, 2, —8}. 26. ¢ = {—3, 3, 3}. 27.b= 
(8/3, —10/3, 13/3), 3.66..-. 28. b= (9/16, 3/46, 24/16}. 29. cosa = —4/5. 
30. p = 2a — 3b. 31. —22/Y 133. 32. x = {—4, —6, 12}. 33. x = (—24, 82, 
30}. 34. x = {—3/2, 5/2, 3}. | 
35. (4 + V2) V 96, (87 V2) V3/30, (10 + ¥ 2) ¥ 3/30). In this 
notation we must take either the upper or lower signs evetywhere. Solution. 
Assume that the required vector isc = {z, y, s}. Then| e |* = 29+ y+ 8 = 
\ ia 
4; furthermore; cos a. c) = cos 1/4 = 1/V 2 > a-c/(jal-|cl) = (x+y t+ 2s)/ 


VG=/YV2eect+ytu= Y 3. Since the vector ¢ lies in the plane of 
the vectors a and b, the vector ¢ can be resolved into components with respect 
to the vectors a and b: c= ka+ Ibe r= k—l, y= + 3i, 2 = 2k + l. 
Removing & and / from the last relations, we get Sz + 3y — 4g = 0. Thus we 
must simultaneously solve the system of equations 


z+ y+s*=1, 
52+ 8y—4s=0, 
z+y+2sm y 3. 
From the second and third equations we find that 


z=5s— : = ’ yo SVS _ ag, (f) 


Substituting these values of z and y into the first equation, we get, after trans- 
formations, 150z* — 100 V 3s + 49 = 0, whence we find that 


i ,_1 _ (10+ ¥2)V3 (2) 
Ya 5y6 DOD °° 
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Substituting these two values of z into relation (1). we get, correspondingly, two 


values for z and y each: 
1 4 (14+ V2) V3 
+ — = 6 ) 


Pe —} 


2V3 ye 3) 
oe te _(57V 2) V3 
2V3 5V6 30 : 


Note that in the notations for relations (2) and (3) the upper sign of z corresponds 
to the upper sign of z and y, and the lower sign corresponds to the lower sign. 


36. 0. 37. arccos (4/9). 38. 3 VY 34/2. 39. = — arccos (4/9). a= 2AB = 
la 
(4, —2, 4}. 40. D (—4, 4, 1), (AC, BD) = 2n/3. 
4 ¥3+V2—-1 cos B at? 
V 942 Y6—-2 3 ' V6 ’ 
wee 2V3+V2—1 . 
V 184-4 V6—4yY3 

42. B((2Y3— 1)/3, (7—~2V 5/3, (7+ V3/3), C(—B + 2 V3)/9, 
(24-+2Y3)/9, (24—V3V9), of B(-A4+2V3)/3, (7+2 V3), 
q rig 3)/3) a (2 V3 — 3)/9, (24 —2 V3)/9, (24 + V 3)/9). 


.a=4 


41. cos 


m=2V94+2V6—2¥3 


—P — —> 
44. (2? + 35% — c2)/4. Solution. It is known that CD = (CA + CB)/2. 
—_> — > > —> —_ 
Therefore, CD-CA = (CA + CB)-CA/2 = (CA? + CB-CA)/2 = 
™ ™ 


(5? + ab cos (CB, CA))/2. To find cos (CB, CA), we use the cosine rule c®? = 
N JN 


q+ b® — 2ab cos (CA, CB), whence we get cos (CA, CB) = (a? + B® — c3)/ 


—_ 
2ab. Consequently, CD-CA = (b* + (a* + 8 — c3)/2)/2 = (a% + 3b® — c¥)/4. 
45. Proof. We assume that the sum of the vectors which connect the centre 
of a regular n-gon (a triangle in particular) with its vertices is a certain vector x. 
Then we turn the n-gon about its centre through the angle of 2n/n; then the 
whole figure, all the vectors considered on it, including the vector x, will turn 
through the angle of 2n/n. Assume that x occupies now the position x*. But 
upen the rotation through the angle of 2n/n, the a-gon we consider coincides 
with the initial n-gon and, consequently, all the vectors drawn from the centre 
to the vertices remain the same in their totality, and that means that their 
sum, i.e. the vector x, remains the same but two vectors, x and x*, which have 


turned through the angle of 2x/n relative to each other, can coincide only if 
x= x*=o0. 


—> — —> — 
46. AB + CE = —(DC + 2CQ). 
; IN 
47. n/3. Solution. We mae ‘(a, b) = a. Then 0 = e-d = (a + 2b): 
ag — 4b) = 5a®-+ 10ab — 4ab — 8b? = 5 + 10 cos a — 4cosa — 8 = 6 cos a— 
» whence it follows that cos @ = 1/2 and a = n/3 
48. (a? + 3b* — c3)/2. 49. (Za% et b® — c®)/2. 
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50. + ( a— (3) p) . Solution. We assume for definiteness that the 
vector which coincides with the altitude is directed from the vertex to the side p. 


—> — 
Then (see the figure) BE = BA + AE (if ZBAD is 8 
‘an obtuse angle, then the point E lies outside the 


segment [AD]). The vector AE is collinear with the 

vector p and, consequently, AE = kp (the sign of k fi 
defines the position of the point £), BA == —q. Then AOE P 

the scalar product of the vectors BE and AD is equal to zero, i.e. 


—_ —> 
O0= BE.AD=(—q-+kp)-p= —pq-+ kp’, 
whence it follows that k = (pq)/p* and, consequently, BE =—qg+ ( 2) p. 


If we considered the vector EB, the signs would be opposite, which fact is 
registered above. 


54. 3 (a? + b* — c8)/2. 52. 0. 53. A = —4/5. 54. AC = 2 (a + b)/3, BD = 
2 (b— a). 55. NP=- AB—>AF. 56. cosa=—1/V10. 57. 0. 59. ct. 


62. | AC | = 1/cosa, | AA, | = 2sina, | CA, | = | cos 2a |/cosa. Solu- 
tion. It follows from the ay potaeels that there are two possibilities of the location 
e point A: on the positive or on the negative 
semi-axis of ordinates. For definiteness we consider the 
case when the point A lies on the negative semi-axis of 
ordinates (see the figure). The other position is sym- 
metric about the Oz axis and, therefore, the lengths of 
the sides of the triangle ACA, are the same in both 
cases. Let us find the coordinates of the points A and A, 
(e. y). From the triangle AOC, with due account of the 
act that |OC|=1 and ZOCA =a, we find that 
ee | = tan @ and, consequently, A Cen a, 0). The 
ength of | AC | = 1/cos a. We complete the triangle 
OAC to obtain a rectangle. Since in the rectangle 
| AB| = 1, ZABO= «a it follows that | AK | = sina. 
The length of | AA,| = 2sina. The point A, lies in the fourth quadrant 
since a > 7/4. 


—- ——p —> é 
x = Projo, OA, = Projo, (OA + AA,) = 0+ | AA, | Sine 
= 2sin a-sin a = 2 sin? a = 1 — cos 2a 


— —> —> 
y = Projo, OA; = Projo, (OA + AA;) = —tana + | AA, | cosa 
= —tana-+ 2 sin a cos a = tan a:cos 2a. 
Thus A, ({ — cos 2a, tan acos 2a). Hence 
| CA, | = Y cos* 2a + tan® a cos® 2a = | cos 2a|/cos a. 
63. 1: sin?’ a. 64. 29/2. 65. 20. 66. D (2, 9), S = 14 or D (7, 0), S = 22.95. 


67. 5. 68.4 = 1/4. 69. 126". 70. arccos V 2/5. 71. 4. 72. 26. 73. 30. 74. 2 V 41. 
75. 10. 76. 5. 77. —148. 78. —6. 79. 3. 80. y = x* — 42 + 7. 


a 
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Sec. 3.2 


2. We use tlie fact that by connecting the midpoints of the successive sides 
of a convex quadrangle we get.a parallelogram whose area is equal to half the 
area of the initial quadrangle. 

3. Prove that for any convex quadrangle we can construct a circle which 
touches its any three sides or their extensions. Then draw a tangent to the circle 
parallel to the fourth side. Compare the perimeters of the constructed and given 
quadrangles and use the theorem on tangents to a circle drawn from the same 

oint. 
4. Prove that a perpendicular drawn to the midpoint of the base of a trape- 
zoid is, in that case, the axis of symmetry of the trapezoid. 

5. Use the fact that a perpendicular drawn to the midpoint of the base of a 
trapezoid is, in that case, the axis of symmetry of the circle and the trapezoid. 

6. Calculate the length of the inscribed circle, designating the radius of the 
initial circle as R. 

7. Assume that a and 6 are the lengths of the legs, ¢ is the length of the 
hypotenuse of the right triangle, r and R are the radii of the inscribed and the 
circumscribed circle. Prove that 2R = c, 27>=a+b—e, ae the theorem 
on the equality of the lengths of the tangents drawn to the circle from the same 

oint. 
8. We have | a| = 2| b| sin 10°. Substitute it into the equation and use 
the formula for the sine of a triple angle. 

9. Use the formula for calculating the length of a median in terms of the 
lengths of the sides of a triangle and the property that the point of intersection 
divides the medians in the ratio 4 : 2. 

10. Use the fact that the radius of a circle drawn to the point of tangency 
is perpendicular to the tangent and the fact that the straight line which con- 
nects the centres of the tangential circles passes through the point of tangency. 

12. Prove that the sum of the areas of the indicated it peed does not vary 
when the point O’is displaced parallel to a side of the parallelogram. It follows 
that this sum is always equal to half the area of the parallelogram. 

13. Rotate the triangle ABK through the angle of 90° so that the point B 
coincides with the pela D (a rotation about the point A). Show that .the side 
(BK) passes along the side (CD) and that AA MK’ is an isosceles triangle (K” is 
the point into which the point XK passes). 

14. Use the formula for calculating the area of a triangle in terms of the 
radius of the inscribed circle and half the perimeter. 

15. Prove that the centre of the inscribed circle coincides with the centre 
of the given circle, and the midpoints of the segments of the sides which lie in 
the interior of the given circle are the points of tangency. 

16. Use the sine rule. 

17. Prove that the segment which connects the midpoints of the adjacent 
sides of the convex quadrangle is parallel to the corresponding diagonal, and 
the length of the segment is equal to half the length of the diagonal. 

18. Assume that a, b, and c are the lengths of the sides of the triangle, mg 
is the median drawn to the side a. Prove that 6 — 0.5a < mg < (b + c)/2. 
Write similar inequalities for the medians drawn to the other sides. 

19. Assume that A, B, and C are vertices of AABC, O' is the centre of the 
ene and the circumscribed circle. Show that ZOAC = ZOCA = ZOAB= 


20. Show that the straight line is the axis of symmetry of the trapezoid. 

21. Assume that O is the point of intersection of the nonparallel sides of the 
eepezld, O, and Oy are the midpoints of the bases. Show that the points O, 0, 
and O, lie on the same straight line. Use the fact that (00,] and (00,1 are the 
medians of similar triangles. | 
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22. Prove that the line of centres is the axis of symmetry of two ci ; 

23. Use the hint to the preceding problem. : : me 

24. Prove that the sum of these distances is equal to the length of the alti- 
tude drawn to a lateral side of the triangle. 

25. Assume that AABC is a given regular triangle, O is the centre of sym- 
metry of AABC, | OA | = R is the radius of the circumscribed circle, a is the 
angle between (OA) and the given straight line. Prove that the required sum of 
squares is 


R? | sin? a+ sin’ (-~a ) +-sin® (+e ) | = 3 Re, 


26. Connect the centres-of the squares with the vertices of the parallelogram 
and consider the resulting triangles. It follows from the equality of these tri- 
angles that the sides of the quadrangle in question are equal and mutually 
perpendicular. 

27. Use the fact that the required distance is also equal to | kh — (R + r) |, 
where A is the altitude drawn to the base. Express R and r in terms of h and 
the magnitude of the base angle and verify the corresponding equality. 

28. Assume that A is the radius of the circle circumscribed about AABC, 
the point O lies on the circle (say, between the vertices B and C), ZOAC = a. 


Then, using the sine rule, we get | OC | = 2R sina, | OB | =2R sin (> —_ a)’ 


and | OA | = 2R sin (F~«) . Hence | OA | =| OC |-+ | OB |. 

29. Prove the equality of the respective angles of the trapezoids. 

30. Assume that ABCD is the given trapezoid ([BC] || (4D]). Prove that 
AABC and ABCD are isosceles triangles. 

31. Assume that ABCD is the given trapezoid, | AD | = a, and| BC | = b. 
Draw a straight line through the point C parallel to the diagonal [BD]. Assume 
that D’ is the point of intersection of that straight line and (AD). Calculate 
the length of the midline of AACD’ and find the distance between the midpoints 
of the diagonals of the trapezoid. 

32. Assume that ABCD is the given trapezoid, [N) is a line segment which 
passes through the point of intersection of the diagonals, i.e. the point O. Use 
the similarity of the triangles ABD and MBO; ACD and OCN. 

33. Assume that AABC is the given triangle. The direct statement is well 
known. To prove the converse statement, we consider the point D € [AC] such 
that | AD |:| AB| =|CD|:j| CB and use the sine rule. We obtain 


| AD | | DC | 
| AB | | BC | 


Since sin ADB = sin CDB, we have sin ABD = sin CBD and this equality 
yields the equality of 2ADB and ZCDB. 

34. Assume that AABC is the given triangle; m, B, and A are the median, 
the bisector, and the altitude drawn to the side [AC]; M, N, and K are the points 
of intersection of the median, the bisector, and the altitude with [AC] (or its: 
extension). Assume | AB | >| AC |. Prove that <BAC< ZBMC < LBNCS 
ZBKC = xn/2. Hence results the required statement. 

38. Use the result of problem 21. 

39. Use the fact that the bisectors of the adjacent angles of a parallelogram 
are mutually perpendicular, and the bisectors of the opposite angles are parallel. 

40. Assume that ABCD is the given trapezoid, O is the point of intersection 
of the diagonals, | AO | =| OC |. Prove that AAOD = ACOB. 

41. Here is a brief solution. Assume that ABCD is the given quadrangle, 
M and N are the midpoints of the sides [AB] and [DC] respectively. Let us draw: 


sin ADB, sinCBD=— sin CDB. 


sin ABD= 
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_a straight line (MC) through the points M and C and lay off a A ae [MK) 


-on i = | MC |. We connect the point K with the points.A 
ae a | Ae D (see the figure). Then AAMK = 
C ABMC = (KA) |\|(BC) and | KA| =| BCI. 


But [MN} is the median ofAKCD => | MN| = 

| KD \/2 < (| BC| + | AD |)/2; the equal- 

ity sign is possible if and only if the points 

K, A, and D lie on the same straight line. But 

er \| (KA) || (AD), i.e. ABCD is a trap- 
ezoid. 

__ a 42. Assume that AABC is the given trian- 

kK D gie, [AN] and[CM] are the medians drawn to 

the sides [BC] and [BA] respectively, O is 

the point of intersection of the medians. Prove that AAOM = ACON. 

43. Assume that AABC is the given triangle, [A NV] and [CM] are the alti- 
tudes drawn to the sides [BC] and [BA]. Prove that AANC = ACMA. 

44. As an illustration, we carry out a solution of the problem by means of 
the method of coordinates (see the end of Sec. 3.2). Assume that O and O, are 
the centres of symmetry of the figure ©. We draw a straight line through the 
points O and O, and choose a scale such that | OO, | = 1. We draw the Oy axis 


M,(X_-2, Yq) ~~ M(Ly, Yo) Ht 


M, (2-2 ’ 4) 


through the point O at right angles to (OO,) (sev the figure). Assume that M € ® 
and has coordinates (x9, yo) in the system of coordinates we have constructed. 
Let us consider the point M, (2 — x», —y,) which is symmetric with respect to the 
point M about O;, M, (x9 — 2, Yo) which is symmetric with respect to M, about 
O, and then M, (4 — zo, —y,) which is symmetric with respect to M, about O,, 
and so on. All these points M, belong to the figure ®. On the other hand, the 
distance | OM.,_,| = | OM, | is equal to VY (zy —2k)? + y2, i.e. it increases 
indefinitely with an increase in k. Consequently, the figure cannot be bounded. 

45. Prove that the axis of symmetry either cuts two opposite sides of the 
convex quadrangle at their midpoints, and in that case the quadrangle is an 
isosceles trapezoid, or the axis of symmetry passes through two opposite vertices 
and divides the quadrangle into two symmetric triangles. 

47. Circumscribe a circle about the triangle, extend the bisector and the 
midperpendicular to the respective side till it intersects the circumscrihed circle. 
Prove that they meet at one point. Next use the fact that the altitude and the 
respective midperpendicular. are parallel. 


48. Assume that AD and CB are arcs between the points A and D, C and B. 
Prove that the sum of the lengths of the arcs is «, i.e. half the length of the 
circle. Next connect the points A, B, C, and D with the centre O of the circle 
and use AAQD and ACOB and the cosine rule to find the required value. 

49. Prove that the area of the required part of the triangle is equal to half 
the area of the whole triangle minus the area of the 1/6th part of the circle. 

90. Prove that ACAE ACPA and ZCAE + Z£CEA = 45°. 

52. Prove that the sum of the lengths of the segments is equal to double 
-the length of the altitude drawn to the base of the triangle. 
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53. First prove that the diagonals of the square pass through the centre of 
symmetry of the rhombus. Draw the diagonals and drop perpendiculars from the 
centre of the square to the sides of the rhombus. Use the equality of the resulting 
right triangles. 

54. Use the results of problems 27 and 19, having first proved the following 
statement. Assume that AABC is inscribed in a circle of radius R. We also 
assume that the base [AC] of the triangle is fixed and the vertex B is displaced 
along the arc of the circle. Then the radius of the circle inscribed in AABC is 
the greatest if AABC is an isosceles triangle. 

’ 55. Here is a solution based on the calculation of the maximum of the 
function. Assume that the magnitude of the angle C in A ABC is fixed: ZC = a, 
and the angles A and B vary. We set 2A = z; then 2B = xn — a — gz. Let us 
consider the function f (x) = cos A + cos B+ cosC = cosz + cosa + 
cos (x1 — a — x). We test this function for maximum-minimum for z € (0, 2), 
and find that the maximum is attained for z = (xn — a)/2, i.e. in the case when 
AABC is an isosceles triangle (ZA = ZB). Assume now that AABC is an 
isosceles triangle, ZA = ZB=rz. Then ZC = x — 2z. We consider the 
function f (xr) = cos A + cos B + cos C = 2 cos z + cos (n — 2z). Let us test 
this function for maximum for z € (0, 2/2). We find that f (z) attains its maxi- 
mum for z = 7/3, i.e. in the case of an equilateral triangle. Thus the sum of the 
cosines of the angles of the triangle attains its greatest value for an equilateral 
triangle and is equal to 3/2 in that case. 

56. To prove the first and the third relation, use the formula for calculating 
the area of a triangle S = 5 sina, where a is the magnitude of the angle 
between the sides of the triangle. To prove the second relation, construct a 

uadrangle of the same size as the given quadrangle with the same lengths of 
the sides but such that the sides of the lengths a and c, b and d are adjacent. 

57. Draw a diameter (CD) through the point M and prove that | AM |- 
{ MB|=|CM|-| MD |. . 

58. Solution. We choose a system of rectangular coordinates taking the 
point of intersection of the given straight lines as the origin of the system and 
the straight lines themselves as the coordinate axes, choosing positive directions 


on them and indicating scale units (see the figure). Then the distances from any 
point M with coordinates (z, y) to the given straight lines are | = | and | y | 
respectively. Consequently, the point M (z, y) belongs to the required locus o 


1 
points if and only if{z|+\y! = tin . Then O (0, 0) cannot belong 
to the required set and, therefore, |z|+ly\l# 0 and. consequently, the 


A 
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equation we have written is equivalent to the st taghare |z\/{y|=—41. The 


graph uf the last equation is the union of the graphs of the functions y = 1/z 
and y = —41/z, i.e. two hyperbolas. We 


have thus constructed the required set 
of points. 

59. Solution. We again use the meth- 
od of coordinates. Assume that the 
given points are O and A. We consider 
the rectangular system of coordinates 
Oxy whose origin coincides with the 
point O and the Oz axis contains the seg- 
ment [OA]. We can assume that the point A has the coordinates (1, 0) (see the 
figure). Using the formula for calculating the distance between two points on a 


plane with given coordinates, we obtain |OM| = VY2x?+ y?, | AM|= 
V @ — 1)? + y?, where M (z, y) is any point of the plane. Thus the point 
M (z, y) belongs to the required locus of points if and only if V x? + y?: 
V@—i?+y=-m:n, ie. 
n® (x? + y*) = m® ((z = 1)? + y*). 
We transform the relation obtained: 
(n? — m?)z3 + 2m*z + (n? — m?*) y? = m’. 


If n = m, then we get z = 1/2, i.e. the required locus of points is a strai ht 
line which passes through the midpoint of the segment [OA] at right angles 
to that segment. Thus, for m = n we get the theorem on midperpendicular! 
Assume now that m * n, we can assume that m >n> 0. We carry out the 
following transformations: 


g 2 - 28 m? 
a ae ae m?—n* ’ 
(2 m?—n? +yi= (m? — n3)2 m*—n? ’ 


The last equation defines a circle with centre at the point N (m*/(m? — n®), 0) 
of radius mn/(m? — n?). We have thus shown that for m = n (i.e. when the dis- 
tances from the required point tothe two given points are equal) the required 
locus of points is a midperpendicular drawn to the segment with the ends at 
the two ie points, and for m ~ n it is a certain circle with centre on the 
straight line which passes through the given points. We must indicate the close 
connection between the constructed set of points M with the interior and exterior 
bisectors of AOMA (see the figure). Assume that K € [OA] and L ¢ [OA] are the 
points of intersection of the given circle and the straight line (OA). Then [MK] 
is the bisector of the interior angle OMK of the triangle OMA since the straight 
line (MK) divides the side [OAt into parts which are proportional to the sides 
[OM] and [AM] (see problem 33 of this section). Since the straight line (ML) 
is perpendicular to the bisector (MK), it follows that (ML) is the bisector of the 
exterior vertex angle M of the triangle OMA (see problem 51 of this section). 
60. The required sets of points are described by the equations 


(1) Pzblyletizi—lyil, (2) 


{ 1 
saa latlelet 
Construct the corresponding sets on a plane. 

61. A parabola with the symmetry axis passing through the given point F is 
at right angles to the given straight line /. The vertex of the parabola lies on 
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the axis of symmetry at equal distances from the given straight line and the 
Hibs point. The branches of the parabola recede from the given straight line. 
f we assume the axis of the parabola to be the Oy axis, the distance from / 
towards F as the positive direction, the vertex to be the origin of coordinates O, 
the straight line passing through the vertex at right an ie to Oy as the Ox 
axis, and designate the distance from the given point to the given straight line 
as p, then the equation of the parabola assumes the form zr? = 2py. 

62. We pe pe the midpoint of the segment [AB] as O and the given 
constant as a*. Then two straight lines which are perpendicular to the straight 
line (AB) and lie at the distance a?/2 | AB | from the point O are the required 
locus of points. 

63. Use the result of problem 24 of this section. 

64. Assume that A is a point which lies on the side of the angle at the given 
distance from the other side. Draw a straight line through the point A parallel 
to the bisector. Then a part of the straight line, lying in the interior of the angle, 
satisfies the conditions of the problem. Consider all possible cases. 

65. The straight lines which pass through the point of intersection of the 
straight lines (AB) and (CD), the distances of whose points to (AB) and (CD) 
are reciprocal to the ratio | AB|:|CD | (excluding the point of intersection 
of the straight lines). 

66. The circle constructed on the segment, which connects the given point 
with the centre of the circle, as a diameter. ' 

67. A part of the circle with centre at the vertex of the given right angle 
and radius a/2. . 

68. A circle which is concentric with the given circle and whose radius is 
R = 1r/sin (a/2), where r is the radius of the given circle. 


Sec. 3.4 
1. 50 cm. 2. 2/6. 3.42 cm, 16 cm. 4. 9.5 cm. 5. 


6.2) S tan(a/2). 7. 14 cm. & ab VY 2/ (a+b). 9. 85. 
10. 7(V 7 — 1)/9 VY 2. Solution. We designate the lengths of the sides 


AB], [BC], and [CA] as c, a, and b respectively. Then by the hypothesis, a/R = 
|! Hae Iya oe oe 2R, 6 = 3R/2. On the other hand, a == 2R sin A and, 


a cos (a/2) 
sin ((m-+ 3a)/4) ° 


A 


3—<——_——_- C 
consequently, sin A = 1, i.e. the angle A is a right angle. In the right triangle 
ABC we find the third side | AB) =¢=-Ya—t® = V 4R* — 9RY4 = 
Ry 7/2. The bisectors (see the figure) 

Bp=| BD {= Yy | AB|?+ | AD JS, 
Bem | CE (mV | AC I+] AE I, 
| AB | be 


| AC } __ be 


LAE (rl AB\: Toye Bey a+b 
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Then 


apne: 3R-R V7 ___3RV7 
2-2.(2R+RV7/2)  2(4+V7) ’ 
Aas 3R-RV7  3RV7 
|AFI=—y-GR+3RR) UA 


TR? 9-7-R? sy f 7R7(164+8Y 74749) 
aoa V . GGtVviI V 4 (4+V 7) 
= y/ ae ete. V7R 8(44+¥7) _ ViR V2 
- 4(4+V¥7) 2 4+V7) W447i 
_yaR2 RYE RYT 
~Vetr2V7 Vi+2Vi+i = VI+! 


3 : 3R V 2 
a/R a 


The required ratio is 


By aRV7-V7 _ 4 (V 7-1) _7(V7—1) | 
Bo (Y7+1)3R-V2  (7-1)3RV2 9V2 


V3(V5+ 1)/4. 12. n/6, n/3, 2/2. 13. arceos (13/14). 14. 25. 15. 


2 arctan (1/3). 16. arccos (1/Y 10). 17. 15 cm, 5 cm. 18.2VW¥2 VY5-+4. 


19. (9 VY 3/4) cm*. 20. 14 cm, 8 cm. 
21. 1. Solution. Assume that the sides of andl arallelogram are a and 3b, 


the smaller diagonal is d,, and the larger dia is dy. hen 2a? + 25% = 
dt -+- d§, but by the hypothesis di = 3d} an erefore, += role By the 
cosine rule d} = a® + b* — 2ab cos 60° = — ab, i.e. 3 = = at. Co nsequently, 
at Bt Dab = 20h + 2uF = Ad, or (at 2) 4d}, 
K N i.e. a+ b= 2d,. We have got a system 
{ a+b=2d,, 
ab =d}, 
8 Cc “ 
whose solution ve a= b= d,, i.e. a/b = 1. 
22. 96 cm’. |}a—b]/2. 24. sin acosa. 
25. 0.5 arcsin dis), nm — 0.5 arcsin (4/5). 
26. 2ab/| a — b|. Solution. Assume| AD | > | BC | 
A p_ (see the figure); we assume for definiteness that AD = a 
and BC = b. Then a ee = Se ay 
{AL | a | AL |+ | LC | 
b LC | b AKC] _b | KC | b 1 KC} __ 
a+b” {dcC| atbd’ |KD| @~”*|KD\|—|KC| a—b ’|cCD|~ 
b | KC | | NC |. b | AC | 
Isp => eb) > ;4C] > a—6 Multiplying the proportions 1Le|= 
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a+b }NC| 


|NC| _atb  |LC|+1NC| 2 | LN | 2a 
|LO| ~a—b.” | LC] “eb > TIC, amb? 
{LN| _|MN|__ 2a 


2ab 
ab «1 wehad 


er 4 an a ae change parts in the derivation and we would get. 

27. arctan(2/3). 28. Y5/2 cm. 29. x/6 and 27/3. 30. V7m. 
31. Vmi-+nt/2. 32.21 Vi3cm. 33. Y 9m. 34. 1/13. 35.2 and 6. 
36. R® cos (a/2) (4 + sin (a/2)). 37. tan (g/2) sin 2p. 38.4 cm and 12.5 cm. 
39. (V 15 + V 35) cm. 40. (3 — VW 7)/2. 44. b/(2 cos (a/2)). 42. r/8. 43. 2nR/3- 
44. 2VY Rr, 2RVriir+R), 2 VRirt+R). 45. Ri(VYR+YV7), 
Rri(V R— Vr)? (R>nr). 46. r(r+ RVR, r+ R. 47. ryre/2 (ry t+ 14)- 
48. Y 3. 49. Two times. 50. 2R? (1 — sin (a/2))8/sin a. 51. 2Rr + r®. 52. 15/8. 
53. VP O- 90-0, where p = (a+ b+ c)/2. 54. 2(3+ 
2-Y 3). 55. 9r8/2. 56. (S/sina)!/2. 57. 2R%sin' a. 58. 100n/9 cm’. 59. a.. 
60.3 VY 3r*. 61. V 24 — 6 Y'3/2. 62. 2/5. 63. 9 cm, 12 cm, and 15 cm. 
64. 240 cm?. 65. 20n cm. 66. 0.5 arccos (3 — 8S) (1/4 < S < 3/8). 

67. Assume that 0 < B <a <n; H/(2 sin ((a2 — B)/4) sin ((a + §)/4)) and 
H* cot ((a—)/4) if the bases of the trapezoid are on the same side of the centre 
of the circle, H/(2 cos ((2 — §)/4) cos ((@ + §)/4)) and H* tan ((a + py/4) if 
the bases of the trapezoid are on different sides of the centre of the circle. 

4 sina (5—4 cos) sin B (5—2 VY 6 cosa) 


68. {cmand17cm. 69. 3° iD sin (a+ 6) - 10.k 6 sin a@ sin (a +B) 


S 7 
71. 2 cm and 14 cm. 72. 4 cm. Solution. Since 3, 43 , it follows that. 


but “FEC\ 7 (BG) 7 a=} * whence we get | MN |= 


bot: 

we i.e. 7a—135=30. On the other hand, a-+-b=10. Consequently, 
b 

e=8 and b=2. The lateral side pot teas, Therefore, the altitude ?= 


p— (25> )*=25-9=18, ie. H=4 cm. 

73. 3V3. 74. | BB,| = V 53/2, LB = arccos (11 Y 6/30). 75. S= 
246 cm®. 76. 20 V3 cm’. 77. | AB = 2 V 46/3. 78. V'10 cm. 79. ¥ 65/2. 
8. P = 4ab/(a + 5). 81. tana = V 3/7, where a is the smallest angle of 
the triangle. 82. 6 m and 6/5 m*. 83. sina = (1 + V 73)/12, where a is a base 
angle of the triangle. 84. 18 cm, 24 cm, and 30 cm. 85. V B+ 3 + 6bc/5. 
86. arccos (4/5) or = — arccos.(4/5). 87. | EF| = 9 V 2/7 cm. 88.. 6x cm. 
89. 40 V 2/11 cm. 90. 9cm. 91.16 Y 7/11 cm’. 92. 20cm and 5 cm. 93. 45/ 2 cm*. 
94.. 8/Y'3 cm. 95. | -CA | = 39 cm and | CB | = 26 cm. 96. The lateral sides 
are 2R (2+ Y3)/V'3, the base is 2R (2+ V3). 97. | OK| = 4/3 cm. 
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98.8 V5 cm and 4Y5 cm. 99. R,—1r, Re—7, 7 (Ri —7) (Rg —7)/ 
(R,R, — 7). 100. 1:4(3 —2V 2). 104. 2(W%2 — 1) cm. 102. a/2 and a/2, 


103. 32 cm®. 104. 4 cm. 105. 8/V' 3 cm®. 106. a/2 and h/2. 107. h = H/2, where 
h and # are the altitudes of the parallelogram and the triangle respectively. 
108. 22. 109. 3R/2. 110. (a — 0)3/16 (a + 5), a> b. 114. A square with the 


side RY 2, Smax = 2R?. 112. A square with the side equal to 3 dm. 113. 12 cm 
and 3V 3cm. 114. 12cm and 9cm. 115. 9cm and 12 cm. 116. 9 cm and 7.5 cm. 
417. In a circle of radius 7 V2 cm. 118. ¢/}’ 2 and c/V 2. 


Sec. 3.5 


1. 7. Hint. Consider the case when two vertices lie on either side of the 
piane: and the case when one and three vertices lie on different sides of the 
ane. 
: 2. If the straight lines do not pass through the same point, then show that 
they lie in the plane passing through three points of their intersection. 

3. Consider the tetrahedron ABCD and show that the vertex D is projected 
into the point of intersection of the altitudes of the triangle ABC. Use the theorem 
on three perpendiculars. | 

4. Draw a plane through [AB] parallel to [CD]. Drawa straight line through 
the point A in that plane parallel to [CD] and lay off a segment [AD’] equal to 
{CD} on it. Consider the triangle D’'DB and show that | MN | is equal to the 
length of the median of AD’DB, and hence obtain the required inequality. 

5. Assume that / is an oblique line, and /,, /,, and lJ, are the three given 
straight lines. Prove that the oblique line / is perpendicular to the bisectors 
of the angles between the lines /, and /,, and the lines 7, and /,. Hence it follows 
that / is ead ooeriae to the plane in which /,, /,, and I; lie. 

6. Complete the triangular pyramid to obtain a triangular prism with the 
bases lying in the given planes. Prove that the volume of the prism does not 
vary upon the translation of the segments, and the volume of the given triangular 
pyramid is equal to one-third of the volume of the constructed prism. 

Consider the section of the tetrahedral angle by planes which are per- 
pendicular to the line of intersection of the planes passing through its opposite 
edges. 

9. No Hint. Consider a trihedral angle whose two plane angles are right 
angles and the third angle is smaller than x/3 i 

10. Prove that if a is the magnitude of the plane angle at the vertex of the 
given trihedral angle, then the magnitude of the dihedral angle which does not 
adjoin it is greater than a. 

11. 0, 1, 3, and 6. 

16. Here is a solution based on the theorem relating the area of the base 
and those of the lateral faces. Assume that all the dihedral angles of the pyramid 
are equal to a; S,, S53, S,, aud S, are the areas of the faces. We obtain 


S\=cos a (S3+5,+5,), 
S,=cos @ (S,+S,-+5,), 
S,=cosa(S,+5,+S,), 
S,=cosa@ (S,+5,+58;). 


Hence S,; = S, = S, = S, and cos a = 1/3. In addition, in this case the alti- 
tudes of the pyramid are projected into the centres of the circles inscribed in the 
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faces of the pyramid. We can easily find from this that the apothem 
lateral faces are equal (if we take one of the faces to be the base). But ee i 
lengths of the sides of the base are equal. Repeating these arguments for each 
face, we get an equality of all the edges of the pyramid. 

17. Here is a solution. We designate the vertices of the pyramid by the digits 
1, 2, 3, and 4; aj, ays, 213, 425, Ge4, and a3, are the lengths of the edges which 
connect the respective vertices: R,, Ro, R3, and R, are the radii of the spheres 
with centres at the corresponding vertices. Then the solution of the problem 
reduces to the solubility of the system 


Ry+ Ry=a,., 
R,+ Rs = 443, 
Ry + Ry=ayy, 
Ry+ Rs = aes, 
Ret Ry =a, 
( Ry + Ry=az, 


under the condition that a, + ag, = ayy + ag, = a4, + a3, =, d being 
given. Then the system we have written is equivalent to the following system> 


‘Ry+ R,=a13, 
Ry, + Rs = 443, 
R,+Ry=ay, 


Ri+Ry+ Rat R= 4. 
Hence we find 


Ay = (239+ 013 +2,,—4)/2 >0, 
Ry = (a,3-+ d—a@),—2,,)/2 > 0, 
Ry = (213+ d—aj,—4,4)/2>0, 
Ry = (@;,-+-4d—a,,—43)/2 >0, - 


i.e. we have proved that spneres of that kind exist and indicated their radii. 
(Prove that A; > 0 for i = 1, 2, 3, and 4 using the relation between the lengths 
of the sides of the triangle.) 

18. Draw a plane through the altitude of the pyramid and a lateral edge 
and consider the line of intersection of that plane and the base of the pyramid. 

19. No. Construct the corresponding example. 

20. Prove that this quantity is equal to 3H, where H is the altitude of the 
pyramid. For that purpose draw perpendiculars from the point P. onto the sides 
of the base and prove that the sum of their lengths is constant and equal to the 
length h of the altitude of the base, and the required quantity is equal to ’ tana, 
where a is the magnitude of the dihedral angle at the base of the pyramid. 

21. A triangle, a square, and a hexagon. 

24. It exists. Consider, for example, a polyhedron which results when one 
oblique parallelepiped is placed onto the other parallelepiped of the same size 
so that their bases are superimposed. 

26. Assume that M is the given point, /, and /, are tangents to the sphere, 
and K and M are the points of tangency of /, and /, with the sphere. Draw a plane 
through the points M, K, and N and use the theorem on tangents to a circle. 

29. Assume that O is the centre of the sphere circumscribed about the pyr- 
amid. Consider four pyramids whose vertices coincide with the point O and 


23-01208 


4 
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whose bases are the faces of the initial tetrahedron. Prove that they are equa) to 
one another. It will follow that the point O is equidistant from the planes of 
the faces, i.e. it is, at the same time, thp centre of the sphere inscribed in the 
tetrahedron. 

32. Assume that H, is the length of the altitude of the pyramid, drawn to 
the face of area S,, and theescribed sphere of radius R, touches that face. Prove 


that oe Next make use of the equality H,S, = r(S;+ Sg+ S3+ 
k 
S,)= 3V. Hence we obtain 
1 4 1 ee | 25; 
Re R, Bs Rg, Ry r (1 SitSetSs+5y 


+4 (tao tgs ) (toss) 


4 2S, ue 
as (1— S,+53+5S3+S,) )= r' 


33. To prove the sufficiency, show that the centre of the circumscribed sphere 
coincides with the point of intersection of the perpendicular drawn to the base 
from the centre of the circle circumScribed about the base and the plane, which 
is perpendicular to the segment connecting the vertex of the pyramid with any 
vertex of the base, drawn through its midpoint. 

34. Assume that M, N, and K are the points of tangency of the sphere and 
the faces of the trihedral angle. Consider the pyramid SMNK. Prove that 
1 SMj|=! SN |= | SK |. Hence it follows that the altitude of the pyramid 
passes through the centre of the circle circumscribed about the base. Using this 
fact, show that the extension of the altitude passes through the point O, i.e. 
through the centre of the given sphere. 

36. Use the theorem on the equality of tne lengths of the tangents drawn 
from the same point to the given sphere (see problem 26). 

39. Prove that the indicated angle is equal in magnitude to the dihedral 
angle formed by the planes a and 6. 

40. Assume that the points M, N, K, and L are the midpoints of the sides 
[SB], [SC], [AC], and [AB) respectively, and O is the midpoint of [SA]. Prove 
that the quadrangle MN KL isa rectangle. and A SAC andASAB are equilateral 
triangles. Then prove that the point O is equidistant from the points M, N, K, 
L, S, and A. Hence you will get that O is the centre of the given sphere. 

41. Consider the sections of the given sphere by the plane of the base and 
the plane passing through the midpoints of the lateral edges of the pyramid. 
Since the ring resulting in the section of the sphere by the base of the pyramid 
touches the sides of the base at their midpoints, the base of the pyramid is an 

uilateral triangle. Consider the straight line which passes throu h the centres 
of the rings resulting in the sections and prove that it is Serpendicular to the 
base. Then show that the lengths of the lateral edges of the pyramid are equal 
to one another. 

46. Assume that 2a@ is the magnitude of the angle at the base of the axial 
section of the given cone and 7 is the length of the generatrix of the truncated 
cone. Then R, = rcota, Ry =rtana, and !1= R,+ R,, where r is the 
radius of the inscribed sphere, R, and Ry are theradii of the bases of the given 
cone: Une the formula for the area of the lateral surface of a truncated cone, 
we obtain 


Stat of trunc cone = 2% (Ry + R,) 1/2 = xe (tana + cota)’. 


Next, since tana+cota >2(0<a < n/2), it follows that Sjat oft > 
4nr* = S, where S is the surface area of the inscribed sphere. Ree ee 
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Sec. 3.6 


1. 2nx/3. Hint. Draw a straight line. L; || L, through the point C € L,, and 
a straight line L4/!(CD) through the point B € L,. Assume that B’ is the point 
of intersection of L; and Lj. Consider the triangle B’CA. 


2. V m? — 42 sin? (a/2) or V m? — Al? cos? (a/2) depending on the mutual 
positions of the points A and B on the straight lines L, and Lz. | 

3. 29.6. Hint. Use the theorem on three perpendiculars. 

4. (1) (d+ bcos (n/5))/(4 + cos (x/5)) if the points A, B, and C lie on the 
same side of the plane y; 


(2) | d — bcos (n/5) |/(1 + cos (n/5)) if the points A and B lie on the same 
side of y, and the point C lies on the other side: 

(3) b cos (m/5)/(1 -+ cos (n/5)) if A and B lie on different sides of y. 

5. (1) | c — b| if B and C lie on the same side of the plane 6; 

(2) b+ cif B and C lie on different sides of the plane 6. 


6. Into three equal parts of length Y 3/3 each. 7. 3a2/2. 

8. arccot Y cot?a+cot® p. 9. arcsin tan (a/2) (0<a < 7/2). 10. 2V 28x 
sin 26 sin ((2@ + 7)/4). 11. 097Y 2. 12. | BD] =5V 3 cm. 13. 2lsinax 
VY 25 + cos? a. 14. V= Ah (cot a cot B)/2, S = 2h? Y cot? a + cot? B. 
15.2 VY S2+ S32. 16. J sin B cos? B tan (a/2)2. 17. S3/* sin aVY3 cos a/3,. 
18. Q$/ sin oV V 3 cos g. 19. a3 (sin @ sin B cos? B)/2. 20. a? (sin 2a tan B)/2. 
21. J3 (sin 2a tan® B)/4. 22. c3/32. 23. ¥3 (V cota)’ seca. 24. 4+6Y3. 
25. 4p* sin 2a/(1 + sina-+ cosa). 26. J° (sin 2a cos a@)/4. 27. 7b?/(8 cos a), 


2 arctan (cos a). 28. a° V cos 2a/sin a. 29. 6 V 24 cm. 30. d (tan B cot (f/2))/2, 
31. a® (tana tan (a/2))/8. 32. 3d% (sin 2a sin a)/16. 


33. a%bV sin? a — cos* 8/2. The problem has a solution if sin a > cos B, 
34. V 28 cos a/Y 3/cos (a/2). 

35. a°V 3 cot? (a/2) — 1/24 (a < 2n/3). 

36. arctan ((4 + Y 1 — 8 tan? a)/2 tan a). The problem has a solution for 
tan? a< 1/8. 37. 125V 3/9 cm’. 

38. 13 (sin 2a cos a) V 3/8. 39. d3/(3 sin (a/2) (3 — 4 sin? (@/2))). 40. a?¥/3/ 
(27 cos a). 41. 32V 133/27 cm?. 42. b3(cos® f tan a)/(6sin B)-43. (12+13V 3)/2cm*. 
44. c3 (sin 2a tan B)/24. 45. 25/4 (1 + tan2+ Y1-+ 2 tan®a). 46. S cot Bx 
V 2S sina/(6 sina cos (a/2)). 47. a?(4 + cos B)/(4 cos B tan (a/2)). 48. (2/3) Resin a x 
sin B sin (a+ B) tan g. 49. a® cos (a/2)/(12Y 4 sin? (a/2)—1). 50. V 373 tan? ax 
(4+ tan? a)-9/?. 51. 6r? (1 + sin $)" cosec a. 52. 03/24. 53. 2-3-87/V, 
54. H® V 3/8. 55. yas (3V cot a)?/%. 56. (a3 tan p)/12,  a®x 
V 30 + 4 tan? 9)/4. 57. 449/(9 V3 sin @ sin 2a). 58. 3aH/16. 59. 2a2V 11/49, 
60. 1/7. 61- Y 3a2/(48 cosa), (a3 tana)/48. 62. H? sin a/(4cosa@ -- 2), 
63. R® sin’a Y 3 cot? (4/2) — 1/3. 64. 3na%/(1 + 2 cos 2a). 65. b° sin (a/2) x 
Vit 2cosa/6(0 <a < 2n/3). 66. a (sin (a/2) tan B)/6. 67. V 3a* tan a/(1+ 
tana). 68. 59/6. 69. n/2. 70. 84Y2 cm? 

71. h® (tan? a + tan? B)3/2/({2 tana tan B). Solution. Since all the edges are 
equal, their projections onto the base are also equal; consequently, the vertex $ 
(see the figure) is projected into the centre D of the circle-circumscribed about 


the triangle ABC. The triangle is right-angled and, therefore, D is the midpoint 
of the hypotenuse. Assume that {SKI LI{BCI and [SL] L [AC], ZSKD =a, 


23¢ 


q 


306 Hints and Answers 


ZLSLD = B, | DK | AC |/2, and | DL| =| BC j/2. Then H =| SD| = 
[AC tne 1 a0 -we set|AC| =—AtanB and | BC| = k tana, 
where & is a certain coefficient which we shall find later on. Then H = (k tan ax 
tan 6)/2. The required volume is yng LACT SCl Sw eee. 


; 2 
The area of the triangle is S = {Aste AC! . This relation yields 


the value of &. Indeed, | AB | = V|ACl|?+ 4 BC]}2= kV tan? a + tan? B 
and, therefore, kh V tan? a-+ tan? B=? tana tan Bf, whence k=hY tan* a+ tan? 6/ 


S 


A C 
K 
B 


tan a tan f. Then the volume of the pyramid is 


_ aS (y tanta + tan*B)? tantatan?B A’ (tan?a + tan*p )° 
12 tana tan p 


: La Ly Ae RY RO 
72, Tain? (9/2) O™ (=>*) Y/ atsin® ¢—r* cot? ( ry ). 


2R3 tan ‘f sin? a cos’ (a@/2) 
3(1-+sin (a/2)) 

74. b3 (sin (a@/2) cot B)/6. 75. r VY 1-+-cos* (a/2) tan? f. 

76. m8cota VW 3—cot? a/*A (x/6 <a). 


77. We designate « = arcsin (25 (¥ 2 — 1)/). Then if n/4 << a< 71/3, 
then the petites angles are a — (1/4), a, a+ (2/4); if W3 <a < 2/2, then 
the required angles are a— (1/4), a, a + (n/4) or (32/4) —a,n — a, (5n/4)—a. 
- 78. a®V cos a/(12 sin (a/2)). Solution. Assume that | AB| =|CD| =a, 
ZADB = LACB = LDAC= <£DBC=a. (see the figure). We draw a plane 


2 | = 
73. =3 R* tan B sin? a cos? (a/2) tan 7 Z - 


through [DC] at right angles to theside[AB], it cuts the side at a point K such 
that |AK| =| KB |. Then the volume of the pyramid is equal to 1/3|AB| Scpx. 
‘From the right triangle ADK we find that| DK | = | AK | cot (a/2) = a/ 
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(2 tan (a/12)). From the right triangle DKM we find that 


a® a? 
___a* (ccs? (a/2)—sin*(a/z)) =a? cosa 
~- 4 sin? (a/2) ="Gsin? (a/2) {XM | 
6 VY cosa 
Then we have 
a® Y cosa 


1 
Scox=9 | DC \-| KM |=—Fanayy 


and the required volume of the pyramid is equal to a®V cos a/(12 sin (a/2)) 
0<a< w/2). 
79. [3a* — 16 (P2— Q?)] : {304 + 16 (P2?— Q9)]. 


27 | os oy Wy 
80. (1) 2 V Peel iss—rey for p # 1; 
(2) for p = 1 the length of the hypotenuse can assume any value from the 
‘interval (0, 2Y 2S) (in that case S = 7). 
abc 


81, —_—_———— ————_—_—_—_—_—————.. 
ab + be+-ac-+ VY (ab)? + (ac)®+ (de)* 
82. + V So: VY 1-(3)' v3 (S — 28,) (S—2S,)(S—2S,) , where S= 


Si: +S e+Ss. 7 
83. 5Y 3/6. 84. 7. 85. 32 cm?. 86. (a3 tan «)/6. 87. arccos (V 2 sin (9/2). 
88. 2 arccos (1/V 1—cos a) (a > n/2). Solution. We draw [BM] and [DM] 

(see the figure) which are perpendicular to the edge [SC]. Then 2 BMD = a, 

The required angle BSC = f. We deine 

{BC|=a and | SBj/= 2; then | BN| = 

a V 2/2. Next we calculate sin (6/2); 


8 


a ; . @ 
4 2) BNT = sin §-sin a Vs 
Thus 
sin (B/2) = Y 2 sin (B/2) cos (B/2) sin (a/2), 
whence it follows that 


cos (p/2) = 1/(Y 2 sin (a/2)) = 1/V1— cosa (a > 2/2), 
or 
= 2 arccos (1/Y 1 — cosa) (a > x/2). 


89. [5 (cot a cot B)/3 (1 + cot? a + cot? B)§/. 
90. H cos g/(1 -++ cos g) = H cot g tan (9/2). 


91. atV 3/6. 


v 
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92. —4h? cos? a cos 20/3 (n/4<c a < n/2). For 0 <a < 7/4 the indicated 
plane does not cut the pyramid. 
93. a? sin? a cos (a/2)/sin? (30/2). 


94. VY 2/12. Hint. Prove that the point M coincides with the centre of the 
base of the pyramid, and the point N with the centre of the circle circumscribed 
about the face BSC. ; 

95. 26 m?. 96. a3 (sin? a tan B)/3, a? sin @ (1 + sin B)/ cos B. 97. a® (sin?a x 


tan f)/6. 98. 2R° (sin a tan B sin® 2f)/3. 99. 475 cot? (a/2) V — cos 2a/(3 cos a) = 
4r3 cot’ (a/2) VY tanta — 1/3 (n/4<a<an/2). 100. 2? aed ae 
V 2cot? B — cot? a. 101.6 (7 — 4Y 3) m? tana. 102. 4V 3 m?® cos a cos? (a/2). 
103. 10Y 19 cm?. 104. (VY S,+YV S,)?/4. 105. VY (S cos a)/2 (4 + sin a — cos @). 
106. m3 (sin? a cosa)/6 sin® (a/2). 107. 0.5-4? tan a/cos a. 108. 2 arcsin (VY 10— 
V 2)/4). 109. 12 (2 + V 3) cm?. 110. 2a? sin B sin? (y/2)/cos y. 111. d cot (a/2) x 
sin? (B/2)/cos B. 112. 384 }/ 10/169 cm?. 113. a (1 + cos® a)/2 sin 2a. 114. (a/6) x 


V (V3 — tan (a/2))/(V 3 + tan (a/2)). 115. H (V4 tam? a + i — 1)/4 tana. 
116. (xa° tana)/9Y 3. 117. lcost?¥aY 3+ cos? 2a/2 sina. 118. 2na® (3 + 
cos! a)/3 sin?a. 149. 2V (cos (a/2) sin a)/n. 120. arccot 2. 124. ma® cot B/ 
(24 sin’ (a/2)), ma? (1 + sin B)/(4 sin B. sin? (@/2)). 122. 38/2. 123. xa® x 
cos (f/2) tan a)/(24 sin® (B/2)),  2a®Y 1 + cos® (B/2) tan? a/(4  sin® (B/2)). 


(24. R8V 3/(4 cosa). 125. 15% (5-+ 2V 3VV 37+ 10V 3. 

126. Y (2S/sin 2a)3/(8 cos® a). 

127. 2 arctan // 1/3. Solution. Assume that ABCD is the axial section of 
the cylinder and ASD is the axial section of the cone. We designate the magni- 
tude of the angle between the axis of the cone and its generatrix asa,0O <a< 
n/2, and the length of the radius of the common base of the cone and the 
cylinder as r. The total surface area of the cylinder is 

Sey) = 2nr? + 2nr‘r cota = 2xr* (1 + cota), 
and the total surface area of the cone is 


Scone = nr? + ar-r/sin a = ar? (14 + sin a)/sin a. 
2(i+cota)sna 7 


—- “—— 


4+sina 4° 


Since 1 -+ sing #~ 0 forO0 << a<n/2, we can multiply the given equation 
by 1+ sina and thus reduce it to an equation sin a + 8 cosa = 7. Fur- 
thermore, taking into account that sin a = 2 sin (a/2) cos (a/2), cosa = 
cos? (a/2) — sin? (a/2), and 1 = cos? (@/2) + sin® (2/2), we reduce the given 
equation to the form 
15 sin* (a/2) — 2 sin (@/2) cos (a/2) — cos* (a/2) = 0. 
Dividing this equation term-by term by cos? (a/2) ~ 0, we obtain an equation 
15 tan? (a@/2) — 2 tan (2/2) —1 = 0, 


which has two roots tan (a/2) = 41/3 and tan (a/2) = —4/5. Since a > 0 by the 
hypothesis, we must reject the second solution. Thus tan (a/2) = 1/3 =a = 
2 arctan (1/3). 
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128. 8Q tan @ cos? (9/2) V O/n. 129. arctan ((2 + V 2)/4). 130. 2nR2sina x 


sin (a/2). 131. arctan (4/(4—Y)6)). 132. xR? cot? (a/2)(14 + cos «)/cos a, 
wR® (cot? (2/2) tan a)/3. 133. 24nR? sint a/(2 + tana)?. 134. —zr3 tan 2a/ 
8 costa. 135. 10 cm. 136. naS/sin a (O<a< xn). 137. nS/sin (nm/(m + 


n))(m<n). 138. h (V1 4 (n/m) — 1). 139. arctan (sin (B/2) cot g). 
2 sin? (B/2) — cos? 
cos @ 


pont B in the plane a, parallel to the straight line (OA), and calculate the angle 
tween that line and the plane of the base of the other cone. 


141. 7x (sin (2/2) sin a)/54. 142. 4 cm. 143. 2RVY 1+ 2cosa/Vy 3. 
144. r(V¥6— 2)/2, r(V¥6 + 2)/2. 145. a(2—YV3), a(2+y 3). 
146. 2 arccos ((1 + VY 17)/8). 147. 0.5a / cot (a/2)/sin® (a /4). 

mR a a . a2 so 
148, 3 | co8* 5 cosec -2— (4— sin >) (2-+sin +) ]. 
149. ma* ((1 + cos a) cot? a)/3. 150. @Q((4 + sin a)/sin a)® tan? a. 


154. 2 arcsin ((3 + V 3)/6) or 2 arcsin ((3 — Y 3)/6). 152. arccos (4/2). 
153. The ratio of the surface area of the sphere to that of the cube is 1/6, 
and the ratio of their volumes is 


4 n—a\i1+sin(a/2)  @Q(41-+sin (a/2))5 
154. FT Qcot? ( 4 sin (a/2) ~ 2cos(a/2) sina’ 


155. sin®a, (4-+-cosec (a./2))/4. 156. 5r/ V3. 
157. nr9(VW r8-(d-p-r)* +r)°/3 (dr), 


nr (YW r8 + (d—r)§+r)?/3 (d—r)?. 


: 1 Scosa \3/2 
158. 4/3 sin a cos (a@/2). 159. Vu (Faces) an a. 


140. aicsin | . Hint. Draw a straight line through the 


x 2 
160. 7S r3 (1 + V1- —— (the parameters m, n, and a 


must satisfy the condition n cosa > 2m). 
161. 3x (J* sin? 26)/4, x (l* sin® 2B)/12. 


162. S*/2 sin 2a sin @ V cos g/(3n°/*). 
163. S cot? (a/2)/(m cosa). 164. na® WY 6/1728. 165. 2h (2r — h). 


3 
166. ame (4 + cos a)? = 4a? cos @ cot® (a/2), + a® cot? a (1-++- cos a)?. 


167. a/cos* (2/2). 168. abtana VY a®+ 53/12. 
169. xR2H/12. 170. r?(1+tan ) (1-+cot ((n —4q)/4))/6. 
174. nI® cosa/ (1+4cos*a). 172. 32° Y cos a/ (3 sin (a/2)). 


173 ma® tan a cos? B _ nd cos? & sin & 
° 4 Yy cos’ (a+) cos? (a—f) — 4 Y (cos? a—sin? f)> © 


174. md? (cos* (a/2) cot (a/2) tan B)/8. 175. 29/36 or 1 

176. 1/2) 2. Hint. Prove that the sphere touches all the edges of the tetrahe 
dron at their midpoints, and its centre coincides with the centre of the sphere 
circumscribed about the tetrahedron. 
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177. VY 5/3. £78. a (3V 2+ 4)/4. 179. For p=arccot V 2 the volume of the 
cone is 2n13/9Y 3. 180. RV 2/3. 

181. Q tan (a/2) tan BY 20 cot a/3 and a=n/3. Solution. Assume that in 
the given pyramid 2 ABC = n/2, SBC | ABC, and Z BAC = a, the dihedral 
angles at the sides [AB] and [AC] are equal to §, 
the respective plane dihedra] angles shown in 
the figure are z SBC = ZSED = $, with [SD) 
being the altitude of the pyramid, [SE]_1[AC}, 
'DE|I{AC], and [SB]L[AB]. Note that | BD | = 
|SD| cot B=| DE| and | SB | =| SD |/sinB = 
| SE |. It is easy to show that | AB|=| AE] 
and / BAD= ZDAE=<a/2. Since | BC | =| AB|X 
tan a, the area of the triangle ABC is 


Q=+| AB |- | BC| => | AB |? tana, 


whence ee 
| AB |:-= V 20 cot a. 
Consequently, the altitude of the pyramid 
| SD |=|BD| tanf =| AB | tan (2/2) tan B= 
tan (a/2) tan BY 20 cota. Then the volume 
of the pyramid is 
V =Q tan (a/2) tan B Y 20 cot a/3, 


where, by the sense of the problem, restrictions are imposed on the angles a 
and f: 0<a< n/2 and 0 <6 < 27/2. Let us find the greatest value of the 
ee V (a); for that purpose, it is sufficient to find the greatest value of the 
unction 


f (~) = tan (a/2)V cot a, O<a< n/2. 
Then we have 


V cot a . tan (a/2) sin a (2 cos a — 1) 


On the interva] (0, 2/2) the derivative f’ (a) is equal to zero if and only if 
cosa = 1/2, i.e. for a = n/3. If a € (0, n/3), then f’ (a) > 0, and ifa € (n/3, 
s/2), then f’ ie < 0. Consequently, for a = 2/3 the function f (a), and, conse- 
quently, V (a) as well, assume the greatest value. 


182. 2. 183. R/V 3. 184. The altitude of the cylinder must be equal to the 


radius of the circle of the base and to j/ V/x. 
185. 4V tan® (a/2)/tan a, a@ = arccos (1/3). 
186. The length of the radius of the base of the cone is 3r/2, 9nrth/4. 


187. (4) (3a%h)/4 V a?+-3h? for h>a/ y 6; 
(2) (a/2) V h®+ (a3/42) for O<h<a/ Y 6. 


188. 6° (tan a sin 2¢ cos ¢)/24. The volume of the pyramid assumes the 
vreatest value for @ = arccot VY 2. 
189. (1) 27R3/(R? — r2) forr< R< (i+ VY 2)r; 
(2) R2((R* + r%)/(R? — r3))8/2 for R > (1 + V 2) r. 
190. (1) (H? cot B)/Y 2 for arctan (V 2/2) < B < n/2: 
(2) H* (1 + sin? B)/(4 sin? 8) for 0 < P< arctan (V 2/2}. 
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191. tam (a/2). 192. tan (a/2). 193. Sask tla call Led ren = 
3 cos? a 2° 


194. na‘ sin? a sin (a + 8) cosec B. 

195. ma’ (sin 2a sec? 2a)/6. 

196. = (16S? + 6Sh? cot? a + hé cot4 a)/24h. 

197. Y 6V sin @ cot B tan (B/2)/2, B = arccos (4/3). 
198. 2R*/(3 cos? (a/2) sin (a/2)), a = 2 arccot Y 2. 


Part 4 
Sec. 4.1 


HE. 3. D (y) = (-~, 3— ¥3) UB+ V3, +o). 4 T= 20/3. 

V. 2. C§¥-Cho + C3-Cho + C§-Cty = 1596. 3. 4(V¥ 2 — 1). 

VI. 2. {nn/2 | n € Z}. 3. V 117. 

Xi. 3. (00, 0) U@, +2). 4 / 

. 3. (—oo, » +00). 4. Yeast = y (1/16) = —1/8; yer = y (4) = 6. 

MIL 3 tes ner) © yal Oe Gane oes 

XIII. 3. The function decreases on the interval (—0oo, 3/2) and increases on 
the interval (3/2, +00). 4. (1, +00). 

XIV. 2. [(—vY 2, —1) u(t, V 2). 

XV. 3. {2}. 4. 4/(a 4 3). 

XVI. 3. (—1, 7/3). _ - 

XVII. 3. (5 — 3V 2, 5+ 3V 2). 4. 1. SA. ygr = y (A) =y (6) = 7/3; 

Yieat — y (V 6) = 2 6/3. B. ((m (2n + 1))/4 | ne€ Z}. 


XVM, 3, y’=— OC tants, 
sin’ z 

XIX. 3.4) 5. 

XX. 3. 3n/4. 

XXI. 3. 0. 

XXII. 3. { xn, se a es 2 z}. 

2n-+1 6m + (— 1)™*1 | 

XXHI. 4. {75+ x, — +1 | me zh. 
Sec. 4.2 

2. Yes, it can. 5. Hint. Use the fact that n* + 4 = (n?-+ 2n + 2) (n? — 
2n + 2). 


3. Yes, it can if one of them is the number 2. 

4. Solution. Since we can represent ay odd number in the form 2m + 1, 
where m € Z, the truth of the statement follows from the equation 2m + 1 = 
(m + 1)? — m!?. . ri s 
: 5. 1692. 6. (a) sin 3 > cos 3; (b) 7/3 > V 2 (since (7/3) = 9, (V 2)¢ = 8). 

- A>B. 

8. Hint. Since (VY 2+ V 3)? = 5+2YV 6, it follows that to prove the state- 
ment it is sufficient to prove that Y 6 is an irrational number. 

9. Hint. Compare the area of a circle of unit radius with that of a regular 
inscribed 12-gon and the area of a circumscribed square. 
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ce 


oe 1; 4-for z > 4. 14. 2/(1 — a). 
‘2. pats Ce (n + 1)/2 for z = 1; (z — (rn + 4) 21 4+ nz™t8)/(4 — z)* 
for z #1. Solution. For z = 1 the given sum 1s equal toi +2+3+...- 
+n=n(n-+1)/2. For #1 the sum 


222943234... 4+na" 
=2(1+2r+3z?+ ... +nz™1l)=2(2+28+254 vee zt)! 


z—271 \) 4 —(n-+4) 29 4+n2™1 
=: (=) Se pe eae saa a wa 


{—z G—2 
aes 4 ’ 
14. Solution. Since 1-2 =4>*.=T* , ke Z, it follows that 


(1-4) (1-3) (*-ae) (ta) 


132435 n—1 nti 4 nti n+ 


=5 "5's 5°14 ————— ra aol, tae =" 5, 
15. Solution. Since the equality wey tT holds for any 
k + 0, we have 
patrataat- tae 
mh Et tet te testy 


; A pila ale the equality by induction. 17. 3-3-P, = 54. 18. 3970. 
19. CZ = : 

20. n (n — 3)/2. Hint. The number of line segments connecting the vertices 
of a convex i de is equal to C2, C2 — n out of which are diagonals here other 
segments are the sides of the poly on). There are other methods of solving the 
problem. Here is one of them. Each vertex is connected by diagonals with n — 3 
vertices. Since there are n vertices, we get n(n — 3); but we have counted 
each diagonal twice (a capone’ connects two vertices of the polygon and we have 
considered it to emanate from the first and from the second vertex). Therefore, 
there are n (n — 3)/2 different diagonals. 

21. Not more than C3.nua — CR, — C3 — CR. 

22. Hint. Multiply the left-hand and right-hand sides of the equations 
Q+2)"=CE4+ Clr +...4 Chr, (zg +14)9= Cor" 4+ Cho™-4=...4+C8 
and equate the coefficients in zr” of the left-hand and right-hand sides o 
the resulting equation to each other. 


23. 24. 
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43. 


42. 
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60. 


99. 


65. 
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74. Yeast = 2 for all zx € [1, 3). Hint. Consider the function for z < 4; for 
1<2< 3; for z>3. 


75. {1 —V 2}. Hint. For z> 0 the given equation is equivalent to the 


system 
{ z+ 224+1=0, 
z>0, 


and for z <0 it is equivalent to the system 
{ z?—27—1=0, 
z<0. 


76. Zjeast = 1 for z = 0 and y = — 1. The truth of fhe statement follows 
from the identity 


z= x3 + dry + By? + 224+ Gy +45 (ec ty+ 1)P?+2 (4 1)7+ 1. 
77. (2, 7). 78. (—4, —41) U (4, 4) 


79. (—«, 2— Y 5) Ue ¥ 3, Son viene e, +00). 

80. (—oco, —3/2]} ree 4} U (3/ 

82. Hint. It follows from the beobiliesis ie c,a—b+e, 4a— Zo+e 
are integers and, therefore, c, a — b, 2a, 2b, a+ b are integers. Taking the 
conclusion into account, consider separately the case of an even z and the case 
of an odd z. 

84. a = 1. Hint. It follows from the hypothesis that z, + z, = 5/a, 2,2, = 
6/a, and z, = 2z,/3. Solving this system, we get a = 1 

85. a > 0. Solution. By the hypothesis 


a—b+e>—4, (1) 
atb+c<0>5—a—b—c>2), (2) 
9a + 3b -+¢>5. (3) 

Adding (1) and (2) together, we obtain 
—2b > —4. (4) 


Adding (2), (3), and (4) together, we get 8a > 1 5S a> 0. 
86. {3—-2Y 5, 3, 3 + 2Y 5}. Solution. We rewrite the equation as follows: 


((z2 — 62 + 9) — 9)? — 2 (xz — 3)? = 81 


or as 

: ((z — 3)? — 9)? — 2 (xz — 3)? = 81, 
rie (x — 3)4 — 20 (x — 3)? = 0 

or 


(z—3)8 (r——3+ V 20) (c—3—YV 20)=0, 
whence it follows that 
» eT =3—2 y 5, r= 3; z,m3+2 56 
87. (3/2, 2/3}. Hint. Reduce the equrtion to the form 
6 (2+) -13 (2++)+12=0, 
set s+i= t, and take into account that 24 tt 2, 


' /124-01208 
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88. 7 — xz. Hint. 1st method. Group together z* + 22? — 2x + 5 = (2° — 
z) + (2x22 — 2) —2+7 = (2? — 1) (x +2) —z + 7. 2nd method. Taking 
into account that the remainder of the division of the polynomial by z? — 1 has 
the form az -+ b, use the Bézout theorem. 

89. Ne roots if a <—15 3/10/46; one root if a= —15 7/10/46; two roots if 
a>—15 7/10/16. Solution. Let us consider the function y=z*—5z—2a. The 
values of x for which y = 0 are roots of the given equation. The graph of the 
given function has two symmetric branches drawn from the vertex in the di- 
rection of the increase of y. Thus at the vertex (zo, yo) the function assumes its 
least value. Let us find z, and yo. For that purpose we find y’ = 4z5 — 5 and 


equate the derivative to zero. Then 423 — 5 = 0, r8 = 5/4, rp = y 10/2 and, 
consequently, 


3 a 
Yo =2q (Z§—5) —2a= ae 8 - —2a. 


Consequently, if yo > 0, i.e. a< —15 + 10/16, then the vertex lies above the 
Oz axis and the graph of the function does not cut the Oz axis; therefore, the 


given equation has no roots. If yo = 0, i.e. a = —157/ 10/16, then the graph of 
the function touches the Oz axis and the given equation has one root; zo = 


y 10/2. Ifa > —157/ 10/16, then the vertex lies below the Oz axis and the graph 
of the function cuts the Oz axis at two different points; consequently, the given 
equation has two roots. 

90. One root for a > —3; two roots for a = — 3; three roots for a < —3. 
Hint. Consider the function y = r° + az + 2. If the function has no extrema, 
then there is one root. If the function possesses a maximum anda minimum, 
and y > 0 at the point of maximum and y < 0 at the point of minimum, then 
there are three roots, and so on. 

92. {13/12}. 93. (—oo, 0). 94. (—1, 0). 95. (—4, —3). 96. (—6, —2) YU (0, 3). 
97. (—o, —1)U (—1, 1/2). Hint. When solving the problem, it is necessary to 
take into account that the given inequality is equivalent to the collection of 
two inequalities: (2x — 4)/(r + 1) > 2 and (2z — 4)/(z + 1) < —2. 98. [3, 4) U 
(4, --oo). 99. (—4, 0] U {1}. 100. {4}. 104. {0}. 

102. (—2, 0) y [V2—V3, V24+YV 3]. Solution. The domain of definition 
of the inequality is the set of numbers [—2, 0) U (0, 2). All z € X,; = J—2, 0) 
are solutions of the inequality since the left-hand side of the inequality is nonneg- 
ative and the right-hand side is negative for thcse values of z. If z € (0, 21, 


then both sides of the inequality are nonnegative and, therefore, in that set of 
numbers the given inequality is equivalent to the system of inequalities 


eee pons 
4—z 72> {/z3, z4—4z3+1 <0; 
whence it follows that 

eae 


(r+-V 24 V3) (z+V 2—V3) (2- V 2—V'3) (z—V 24-3) <0. 


The solution of the system is a set of numbers xX,=([V 2-Y3 V 2+Yy 3}. 
The solution of the given inequality is a set X; U Xq. 

103. [—3/2, 1]. Solution. The domain of definition of the inequality is the 
set of numbers [—3/2, 1]. Both sides of the inequality are positive for all z 
from the domain of definition and, therefore, both sides of the inequality can be 
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squared. After the requisite transformations, we get an inequality 


2V1i-—zyV 22+3<2-—2z, 


whose both sides are nonnegative in the domain of definition. Rationalizing 
the inequality, we get an inequality 922 — 38x + 429 > 0, which is satisfied 
for all z € R. Consequently, the given inequality holds true in the whole domain 


of definition. Remark. In the domain of definition V1 — z<Vi+3/2<2, 


Y 2r+3< Y5 <3 and, therefore, ¥1— 2z+V 2z+3 <5 for all z belong- 
ing to the domain of definition. 

104. (—oo, 2). Hint. The given inequality is equivalent to the collection 
of two systems of inequalities 


44—zr>0, 
{ Vue and {atts 
= (x1)? < 114—2z. 


105. [—YV 2/4, 0) U (0, 1/3). Solution. The domain of definition of the 
inequality is the set of numbers [(—V 2/4, 0) Y (0, V 2/4]. Since 1 —V1— 8r’> 
0, it follows that the initial inequality holds true for all r€ (—Y 2/4, 0). Assume 
hat z € (0, Y 2/4], then the initial inequality is equivalent to the inequality 


4—27 << V 1—8z!, ‘f) 


with 1—2z > 0 for the values of z being considered. Squaring both sides of 
inequality (1), we get, after a transformation, an inequality 3r4 — z < 0, or 
3r —1< 0, ie. t < 1/3. Consequently, the inequality holds true for all 
z € {—V 2/4, 0) U (0, 1/3). 

106. [a/2, +00) for a < 0; [—a/2, +c) fora> 0. Solution. lixr> 0, then 
the inequality holds true. For z < 0 the given inequality is equivalent to 


(VY 52? + a?)? > (—3z)?, or to 2?< a*/4, or to} r]< | a@ 1/2. Thus the inequa- 
lity also holds true for all —| a |/2< 2 < 0. Combining the results obtained, 
we get the intervals indicated above. 

107. {(c, 1 —c)} forO<c< 1; {(c, —1 —c)} for -1<¢< 0. Hint. Solve 
tthe system by graphical means. 

108. ©. 

109. {(11/5, 1/5)} for a = 3; © for a # 3. Solution. The solution of the 
system of the first two equations is a pair of numbers z = 41/5, y = 1/5. This 
pair of numbersis a solution of the third equation of the given system only 


for a = 3. 

110. {(—1, 2)} fora = —2; O fora #2. 111. {(1, 8), (8, 1)}. 112. {(5, 7)}. 

113. Dif lal < V 2/2, or | a| > 4; four if |a| = V 2/2, or | a| = 14; 
eight if V 2/2 <|a| <1. Hint. Solve the system by graphical means. Take 
into account that z2 + y? = a? for a £0 is an equation of a circle of radius 
| a{; for a = O the equation is satisfied by the coordinates of the point O (0, 0); 
for | a| <0 the equation has no solutions. The equation | rz} +] y|1= 1 is 
satished by the coordinates of the points of the sides of the square with vertices 
at the points (—1, 0), (0,1), (4, 0) and (0, —1). 

1144. a= +1 anda= +2/Y 5. Solution. From the second equation of the 


system we find that 1+ zy = —(i +2 + y). Removing 1 + zy from the 
first equation of the system, we get an equation 
(a+ i)z+ (a—i1)y = —4. (1) 


24° 
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For a = 1, we have z = —1/2 and y = —3; for a= —1, we have y = —1/2 
and x = —3; for a ~ +1 we find the expression for y from equation (1): 
a a+1 
ae Ey earl 


Removing y from the second equation of the given system, we find the following 
equation to define z: 


3 a+-2 _ a2 ° 
Vea ee 
the discriminant of this equation is equal to zero for 2 = +2/Y 5. For each of 
these values of a the system of equations also has a unique solution. 
115. —1/2. 116. (a) V 5; (b) 1. 117. —18. 118.16 119.4.120.0. 121. Posi- 
tive. 122. Negative. 


123. aot faa ‘ Solution. log; 9.8= ———_——- = ————_— = 


1—a 
log2+2log7—logi0  a+2b—1 
og 10 — log 2 —  4{—a 
124. (5 — b)/(2ab 4- 2a — 4b + 2). Solution. Since log,,50 = b, it follows 

at 


th 
log (100/2) _ 2—log2 | __2—b 

Jog 20°  THloga 0 = loe2=7T 5. (1) 
Since log 15 = a, we have log 3+ logs = a= log 3 + log (10/2) = a=> 
log 3 — log 2 = a —1 = log3 = log2+ a— 1. Taking (1) into acconnt, 
we find that 

fea eae (2) 
Tb 
Taking (1) and (2) into consideration, we obtain 
log, 40= 1+2log2 _ o—b 


2log3 ~~ 2ab+2a—4b+-2° 


125. D (y) = (—o, 0). 126. D (y) = [2, 3) U (3, 4]. 127. D = (15 3}. 
128. D (y) = (0, 1). 129. D (f) = (5, + 0). al 
130. D (y) = (—co, —3]. Hint. To find the domain of the given function, 


we must solve the inequality V 2? — Sr — 24 >2+4 2 which is equivalent 
to the collection of two systems of inequalities 


2 oe z*—§z+24 >0, 
(peat and | er 230 
2352 —24 > (x + 2)2. 


131. D (y) = {(2mn, nm (2n+ 1)) | n € Z}. 

132. {1/2}. 133. {6}. 134. {1/3}. 135. {4 — V 41}. 136. {16}. 137. {—4, 3}. 
138. {2}. 139. (—9/10}. 140. {5}. oe 

141. {—2, 3}. Hint. Multiply the equation hy 3-2-2 and set 3%°-*-8 1. 
Obtain a quadratic equation to define t¢. 

142. {nm (2n 4- 1)/2 | n€Z}. Hint. Reduce the equation to the form 


8 nt 2 re «a 
a a a3 8-2-sin’ x — 6 and set 25'"°*—+. Obtain a quadratic equation to 
efine ¢. 
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143. {—7/5, 61}. Hint. Set log, (2z + 3) = ¢ to simplify the oalculations. 

144. {2}. Hint. Set 2* = ¢ to simplify the calculations. 

145. {2}. Hint. Assuming | log,z| < 1, write the left-hand side of the 
equation in the form (log, z)/(1 — log, +P 

146. {2k | k€ Z}. 147. {x (8n + 3)/4| n E€ Z}. 

148. @. Solution. The given equation is meaningless if cos 2z = Q, i.e. if 
zm (2k+ 1)/4, k€Z. Note that 


sin? ( —+} — _ . 
a, ae at cos ( 22 4 _ 1—sin2zr  —_(sinz—cosz)? 
cos 2z _ 2 cos 2z ~~ 2eos2z ~ —2 (sin? z—cos? z) 
____sinz—cosr  __—_—_—_—ittan r—1 eee _ a 
~ —2(sinz+cosz) 2(4+tanz)” 2 (2 z) 
. tan(x-) 
In this case the initial equation has the form 2 4“= 4. The 


solutions of the last equation are z = x (4n + 1)/4, n € Z, but all these num- 
bers are excluded from the consideration (they are obtained for k = 2n). Con- 
sequently, the given equation has no solutions. 

149. {2nn + arctan ((V 17—1)/4) |n € Z} = (2nn + 0.5 arctan 4 | n € Z}. 

150. {a} for a € (0, 1) U (1, +0); OD for a € (—oo, O] U {41}. 

151. {10, 100}. Solution. Applying the fundamental logarithmic identity, 
we write the given equation in the form 10! *(log*-3) — 49-2 —» log? x — 
3 logz +2 = 0=> logz=1, logr=2; z,=10 and z,=100. Remark. We can 
solve the equation by taking logarithms of both sides of the equation to the 
base 10, etc. 

152. {1, 100}. 

. 153. {1/11}. Hint. Take logarithms of both sides of the equation to the 
ase 2. 


154. {100}. Hint. When solving the problem, bear in mind that a 


Pat) * fora > 0,b>0,¢> 0,-and b +1. Indeed, applying the fundamental 
logarithmic identity, we obtain 


log, € _ 


208 Oe (1108 a) 108, c (2,18 ©) 08, a (Be a 


155. (a) For all ac (—oo, 0]; (b) for ait a € (0, +00). 

156. One root for a = 0; two roots for a = 1; four roots for 0<a<1; 
@ fora < Oanda > 1. Hint. Solve the problem by graphical means: construct 
the graphs of the functions y == x%e?-'*'! and y = 4a and determine how many 
common points the graphs of these functions possess for different values of a. 

159. {(—1/4, —9/14), (5/4, —3/4)}. Hint. Taking the first equation of the 
system. (3x -+ y)*-¥ = 9 into account, transform the second equation of the 
system as follows: 


3241Mx-v) — 2 (32 + y)? => 324 = 2*-V-(8z + y)(*-Y) = 324 = 81-2774 
—>2r—y = 2. 
Obtain ‘the system of equations 
r—y=2, 
{ (3z-+y)?=9 


to define z and y. 
160. {25, 36}. 161. [0, +00). 162. (logg;, 6, +0). 


7 
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163. (log, ((5 -+ VW 29)/2), +-0o). 164. (—oo, —1). 165. (0, 2). 166. [—15/4, 
+00). ier By, 2). 168. (1/3, 1). 169. (—oo, 0) U (0, 8). 170. (1/9, 9). 


1] 
171. (0, 4) U (3, +00). Solution. werd —1<0, or See a <0, or 
3 
logs z—1 0 heen prae 
logs z = logs z>1, z>3. 


172. (—8, 0). Solution. log,/, logs (1—z) > —1 <> 0 < log; (1—z) < 
((/2jte>t <1 —271<9 es —-1>27-1>-9S> -8<72< 0. 
173. (41—V 5, —1) U (3, 1+-V5). Solution. (1/2)!082(°- 22-9 31 > 
z*—2r1—3>0, 
log, (2#—22—3) <0<> { 7) racy’ 
(z+1) (z—3) >C, = | 1-Vi<z<—1, 
(s—1+ V5) (rz 1—V 5) <0, g3cr<1+YV5. 
174. [—4, —3) U (3, 4]. 


175. (2-V 2, 1/2) U (A, QV 2). Hint. Transform the logarithms to the base 2, 
ee log, x = t, and solve the resulting inequality by the method of inter- 
vals. 


177. (4, 00). Hint. Since the base of the logarithm exceeds unity in the 
domain of definition of the inequality, the given inequality is equivalent to the 
system of inequalities 


{ z—4>0, 
r—4< (r—3)?. 

178. (3, 4) U (5, too). Hint. When taking antilogarithms, consider two 
cases: (1) O<z2z—3< 1; (2) r—3>1. 

179. (—2, —1) U (—1, 0) U (O, 1) U (2, + 0c). Hint. When taking anti- 
logarithms, consider two cases: (1) 0 < 23 < 1; (2) 22 >i. 

180. [7, +00). : _ 

181. (0, (3 — V5)/10) UY (3 + V5)/10, 4/5) U (A, +00). Solution. Let 
us transform the inequality as follows: 


lofx40.2 2 < logs 4 


2 log. z — 2 log, (x + 0.2) 
= log, (z+ 0.2) = log, z oT log, z-log, (x-+0.2) — 


<=> log, -log, z-log, (zx +-0.2) <0; (1) 


see ROO 
(0.2) 
log, z changes sign when x passes through the point z, = 1; log, (z + 0.2) 


changes sign when z passes through the point z, = 4/5; log, changes 


et 
(x + 0.2)? 
sign when zx passes through the points x3 = (3 — V 5)/10 and zr, = (3+ V 5)/40. 
There are no other points where the left-hand side of inequality (1) would change 
sign upon an increase of x. Marking these points on the Oz axis and taking into 
account that the inequality is not defined for z< 0 and the left-hand side of it is 
negative for x >1, we can easily find the set of solutions by the method of inter- 


vals. 
182. (—3/2, —1) U (—1, 9) U (0, 3). Hint. When taking antilogarithms, 
consider two cases: (1)0 < 227+ 3<1; 2)23+3> 1. 
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183. (1, 3). Hint. Since x > 1, the given inequality is equivalent to the 
system of inequalities (2 + 3)/(rx — 1) >z and z>1. 
184. {((2n —1) a, 2mn) | n€ Z}. Hint. The given inequality is equivalent 


to the inequality 2-* — 100 sin < > 2-* <> —100 sin r>0 <= sin r< 0. 


185. (—1, —V 1 — a)U (V1 — a, 1) for 0 <a <1; @ for the other val- 
ues of a. 

186. (1, 2) U (3, +00). Hint. The inequality is definea for z € (0, 2) U 
(2,+-cc). In this domain the inequality is equivalent to the inequality 


z 


ne ope eo (0: 


72 


log, 


On the left-hand side of the las{ inequality the function changes sign when z 
passes through the points z,; = 1, 2, = 2, and z3 = 3. We can solve the inequa)- 
ity by the method of intervals, with due account of the domain of definition. 


187. (0, arcsin ((V 5 — 1)/2)). Hint. The given system of inequalities is 
equivalent to the system 


cos? z > sing, sin? z-+-sinz—1 <0, 


cosz > tanz, 
O<r<—n/2, lL 0<rc<cn/2. 


tanz>0, <> { 
0O<zr<an, 


88. {a | > 1/e. 189. sin 1980°. 190. tan 1. 194. sin 2. 192. —7x/6. 
3. —7/25. Solution. sin (arcsin (3/5) — arccos (3/5)) =sin (arcsin (3/5)) X 
cos (arccos (3/5)) — cos (arcsin (3/5)) sin (arccos (3/5)) = —— -=- — / 1——— X 


Via. 
25° #8 25° 


194. 3n/4. Hint. Prove that arcsin (1/3) + arccos (1/3) = 1/2. 
195. 3n/4. Hint. Prove that arcsin (1/3) + arccos (1/3) = 7/2. 


196. 1/2. Solution. arctan (1/Y 2) = arccot Y 2, arctan V 2 + arccot V¥2= 


s/2 since arctan r -+ arccot z = x/2 for any z € R. 
es 4/9. ee sin (2 arctan 2)=2 sin (arctan 2) cos (arctan 2) = 
4 
Vita Vita 5° 
198. 5/8. 
z : 1 4\_ 4—cos (arctan (4/3)) _ 
199. 1/Y 5. Solution. sin (+ arctan +) = V/ eos tarctan (4/9) _ 


i ee Oe re i boy 2 
2 2 V 1+(4/3)? 2 2:5 10 y5° 
200. x — 3. Solution. arcsin (sin 3) = arcsin (sin (7 — 3)) = x — 3. 


201. 62/7. Solution. arccos (cos — } = arccos (cos (2x — 5 | = 


BW) eae 
arecos ( cos 7 )= 7° 


202. 1/7. Solution. arctan (tan kad ) e= arctan (tan (x) = = : 
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2 49 ’ 49 
203. 24/25. Solution. ( sin $ +ecs =) = oe => sin api=ze. 
24.0—1if |ob/< V2 o if |b|/>V2. 
: 2sinacosa 2cota 14 #7 
205. — 7/25. Solution. sin 20. = ntapcost a 1-cotta 50. 35 ° 
., ... costa+sin'acosa costa-+sin?acosa 1+tanea 
206. 7/9. Solution. “739g &sintacos’a 4tama 
44+27 7 
49 9° 
tan a -—__,— . 
sin a _ costa  tana(i+tanta) 
207. 10/11. Solution. aa seosa tanta+3 tan’at3 
10 
41° 


208. a® — 2if|a|>2; OW if|a| < 2. 
209. —3: or —1/3. Hint. Take into aceount- that 


ae 2 sin (a/2) eos(a/2)._-—- 2cot (a/2) 

~ gin? (a/2)-+-cos? (a/2) 1-+- cot? (a/2) ° 

210. 2. 

211. VY 10—3. Solution. Since O0<a<n/4, it follows that cos 2a= 


VY 1— ©.6)3=0.8; cosa= y/ +te0ste _ 3, tant y/ A= 0080 — 


Y 10° i+cosa 
aay —— alee 10—3)?= Y 10~—3. 
vs 10+3 v 

212. —33. 213. sin a = —12/13, cosa = —5/13, cota = 5/12. 

214. sin 2a = 120/169 and sim (a/2) = 5/Y 26. 215. 41/2 sin® (2/2). 

216. Hint. Transform the expression tan (a + B) = tan (7/4). 

217. Proof. sin « sin B —.cos y = sin @ sin B — ccs (n — (a+ f)) = sin a X 
sin B + cos (a + B) = ane sinh de ons aveus O° -sin esi cos a cos 6B. 


218. sin 2a. 219. Hint. Use the formulas cost Ba +t 008 2P and sin? f= 


1—cos 2B 
2 e 
220. Proof. 2 (sin®a -+ cos* a) — 3 (sin‘'a-+ cos‘a) + 1 = 2 (sinfa + 
3 sin‘ « cos*a -+ 3 sin? a cos‘ a + cos® a) — 2:3 sin? a cos* @ (sin? a + cos* a) — 
3 (sin‘a-+ 2 sin* a cos*a -+ cos‘ a) + 3-2 sin*a cos? a@ + 1 = 2 (sin® & -+ 
cos* a) i sin? a@ cos? a — 3 (sin® a + cos* a)? + 6 sin? a cos?a+ 1 = 2 — 
3+1= 0. 


; 1-+-cos xz) (1-+ cos 2x 1-++ cos z) 2cos? z 
m3. Solution, Fondo dey = pena) 2a 
(4+ cosz)({—sinz)(i+sinz) 4t—sinz 
(4-+ sin z) (4—cosz) (4-+cosz) ~ 141—cosz ° 
224. {nn, m (2k + 1)/8 | n, k € Z}. 
225. {x (2n + 1)/2| n€ Z}. 
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226. {2mn, 2n (3k + 1)/3 | n, k € Z}. Solution. 1st method. V3 sinz = 1 — 
cosx ~=> 2y 3sin (z/2) cos (2/2) = 2 sin? (z/2) <> 2 sin (2/2) (sin (z/2) — 


V3.cos (z/2)) = 0 => sin (2/2) = 0,2 = 2nn; tan (2/2) = V3, 2 & 
Qn (3k-+4)/3, n, KE Z. 


2nd method. A sin} Scosz=t o> sin = sin 2008-5 cos = 5 <> 


p14 4 Xt . 

cos (--+) a Haan a 3 =-- 3 tenn, n€Z. 

227. {nn, m (6k + 1)/3 | n, RE vi 

228. {nm (2n + 1)/4, m (6k + 1)/3| k, n € Z}. 

229. {nmn|n€Z}. Solution. tan? 33z=cos 22—1<=> tan?33z-+4-2 sin? z= 
0 sin z=0, aes Z 

in33e=0. 7 

230. {x (6n + (—1)")/6| n € Z}. 

231. {nn/7, = (4k--+ 3)/2] n, kE Z}. Solution. sin 3x+ cos 4z —4 sin 7zr= 
cos 10z + sin 17z <=> (sin 3x — sin 17r) + (cos 4z — cos 10z) — 4 sin 7z = 


0 <> — 2sin 7z cos 10z-+ 2 sin 3z sin 7z —4 sin 77 = 0 <> —2 sin 7zX 
(cos 10z — sin 3z + 2) = 0, whence sin 7z = 0, zr = nn/7, n€ Z; or 


cos 102 —sin 32+ 2=0 <> { ao (1) 
Let us solve system (1). We first solve the second equation of system (1): 
sin3z = 1, 3r =a (4m-+ 1)/2, z= 2 (4m -+ 1)/6. 
From these numbers we choose those which satisfy the first equation of system (1), 
cos (10x (4m + 1)/6) = cos (5x (4m + 1)/3) = ~—41. (2) 


Equality (2) holds for m = 2 + 3k. Consequently, system (1) is satisfied by the 
numbers z = n (4k + 3)/2, k € Z. Combining the results obtained, we find 
that z € {nn/7, (4k + 3)/2| n, k € Z}. 

232. {nm (2n + 1)/8| n€ Z}. Solution. Applying the formulas cos? a = 
(1 + cos 2a)/2 and sin? a = (1 — cos 2a)/2, we have 


oe )*+( freee 


<=> 2 cos? 27 = 1 <> 1+ cos 4zx=1 = cos 4x=0, z= (2n+1)/8, n€ Z. 


2 
} = ccs? 2e+— 


233. @. 234. {(--m (2k + 1)/2, —mk] U (mk, = (2k 4+ 1/2), KEN}. | 
235. It does not have a solution. Solution. 4 sin 2x + cos z = 9 is equiva- 
lent to the system of equations 


sin 2z= 1, 
¢os z= 1. 


The equation cos z = 1 is satisfied by the numbers 27k, k € Z. None of these 
numbers satisfies the first equation of the system. 
236. {2nn, 2nk — 2 arctan (3/5) | n, k € Z}. Solution. 5cosz — 3 sin z= 


5<> 10 sin® (2/2)+6 sin (z/2) cos (z/2)=0 <= 2 sin (z/2) (5 sin (z/2) + 
25-01208 


2 
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3 cos (z/2)) = 0 = sin (x/2) = 0, z= 2an, n€Z; 
5 sin (2/2) + 3 cos (2/2) = 0 <> tan (2/2) = —3/5, 
x = —2 arctan (3/5) + 2nk, k € Z. 


Combining the results obtained, we find the required solution. 

237. For irrational values of a. Hint. Consider separately the equation for 
the rational values of a and the irrational values of a. 

238. Three. Hint. Determine the number of points of intersection of the 
graphs of the functions y = logs;/,; z and y = cos z. 

239. {(m (24k + 41)/12, m (24% + 17)/12) | kK € Z}. Remark. The given in- 
equality is equivalent to the inequality sin (x — (x/4)) > — 1/2. 

240. ie (12n — 5)/6, = (4n-++ 1)/2)| n€Z)}. Hint. The given inequalit 
is equivalent to the coile.tion of two negate sin (x — (x/3)) > 2, whic 
has no solution, and sin (z — (n/3)) < 1/2, which is satisfied by — (72/6) + 
a z — (n/4) aah + 2nun, n€ Z. 

- max (2) = 9. 
242. Proof. sy the hypothesis 
b? — gi = c*? — B, (1) 
We must prove that 
a eee, Ce es ; 
e+a b+e a+b e+a ’ 2) 


or 
: (e+a)(b+c) (a+b) (a+c) 
Oo 

(a) — (AB) 

(ate) (b+0)(a+b) 8) 
ao (1) yields the validity of equation (3) and, consequently, of equa- 
tion 


243. 3069/256. 244. Yes, it is. Solution. For any n € N we have 


@n+1—2n = (n+4)9+(n+4) +4 nPtn+i-” n?4+3n4+3 = n?-+n+14 
2 (n?-+-n—1) 


= (n?-+ n-- 1) (n?+ 3n-+ 3) ee: 
: n3 , | 
245. — 1/9. Solution. ale EE ages Bs aay ee ee 
1 nt n> 00 ( n3 
Tig 


246. 0. 247. 1/4. 
248. 1. Solution. 


4 3 n 
gtitgt tz = him 20+ 2+3+ ---+9) 


lim ——_—__—_—__—- 
noo wt n4+3 Roo *n?+ 4n-+ 12 
i 
n(n+1) ey 


= ee oo aa yr le 
Tat a 
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249. 1/2. 


: : 2” 2h" : (2/5)"+-4 + 
290. 1. Solution. lim == ] pened rh es aerate ag ee 
on no Ste" og, GAPST OFT 
a5 ;. KY , . z?—5z-+6 . (x — 3) (x — 2) 
. 1. Solution. lim —— = lim — = lim (rx~2) = 1. 
z x~3 xr—3 x3 


+3 
253. 6/5. 254. 1/4. 255. —7. 256. 13/5. 
257. 2. Solution. iii ee lim (2+3)(Ye+441) _ 
x+-3 Vtt4—1 x3 (z+ 4)—1 a 
lim, (VY z+4+1)=2. 
x — 


258. Y 6/6. 259. —1/56. 
x--1 Y5+2—2 eres (5+ x) —4) (V 22-43-14) 
2 lim vipa _ 9 Ag. 
x~--1 V 22+3+4 2 
261. —V 3/24. 7 
262. 3. Solution. We set y r=1, t—>2 as r-» 64. Then we have 


V z—8 . t8§—8 . (¢ —2) (t? ++ 2¢4- 4) 
lim —_————_ = lim = lim = 8. 
xo64 Yr—4 tro t?—-4 42 © (t—2) (t+2) 
263. 3/2. 
. cos4z—cos6zr _ ,. 2sinSzrsinz ,,. sing 
264. 2/5. Solution. se ——sint5z tim sin? 5z ae x 
peer gsindr 5 5 
Sfa en, 375... 
265. 2/3. Solution. lim tA eee Ae 
x +0 
(1-+- sin x) —(1—sin z) 
“ante (1+ sin ieee eg a (4—sin z)?) 
x+0 7 a y (4+ sin z)?+y ae + (4 —sin z)? et 


266. 8. Solution. We set 2*=t, t+4 ag 2-2. Then 


8 
2* +. 28-x _. 6 ‘ cs ee . —6t+8 
Dr ae i ee SS 
xo2 Vor—Qi-x tn, 1 2 444 WI—2 
Vi !? 
— him (Vt 2) (t= 2) t= 4) sien (742) (2) = 8. 
t+4 t—4 to4 


267. a(a-+ Y 3). Hint. The lengths of the successive segments of the infinite 
polygonal line we ee constructed form a decreasing geometric progression. 
By the length of an infinite polygonal line we mean the sum of the progression. 


25° 
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3cot?z | cos V z 4z—3 
268. (a) —“Sase* () Soe + 789: Gasp tne" 
2235 
270. 6x*tanz+ —oas 
| cos 2z 
271. (a) ——=— b —— c) 6 (sin 2 8)3 2a. 
(a) 22 VY inz Y sin 2z (©) © ( Seis o Gee 


272. —1. 273. 40. 274. 1/8. 275. —2. 

276. The function increases on the intervals (—oo, —1) and (1, -+-0oo) and 
decreases on the intervals (—1, 0) and (0, 1). 

277. The function increases on the interval [—o, —3/4) and decreases on 
the interval (—3/4, 1/4). Remark. Do not forget to take the domain of the func- 
tion into account. 

278. The function increases on the interval (0, 2) and decreases on the in- 
tervals (—oo, 0) and (2, -+0). 

279. The function increases on the interval (e, +-co) and decreases on the 
intervals (0, 1) and (1, ¢). Remark. Do not forget to take the domain of the func- 
tion into account. 

280. The function increases on the interval (—1/7/2, + oo) and decreases on 


the interval (—o, —1/)/ 2). 
282. Proof. f (2)=6 (st—25-4 2924-1) —62" (st— 29 4) 43084 


6 (4--2+1) — 623 (#—>)*+a+6 ($-1)">0 for all z¢ Xt. 


284. Solution. f’ (x) = (a* — 1) 2? + 2 (@ — 1) 2+ 2. The discriminant of 
the quadratic trinomial 
D = 4 (a — 1)® — 8 (a? — 1) = —4 (a — 1) (2 + 3) 


is negative for all a € (—oo, —3) UJ (1, +0). Since the coefficient in z* is posi- 
tive for all these values of a, the quadratic trinomial is positive for all z € R. 
Fot a = 1 we have f’ (x) = 2> 0. For a = — 1 we have f’ (zr) = —4z + 2, 
f’ (cz) < 0 for z > 1/2. For —1 < a < 1 the cocfficient in z* is smaller than zero 
and, therefore, for each of these values of a there are values of z for which 
f' (z).< 0. For a = —3 we have f’ (x) = 2 (2z — 1)*= 0 only for z = 1/2. 
For —3 < a < —1 the quadratic trinomial has two distinct real roots z, and zy. 
If Iy < 23, then f’ (x) < 0 for all z € (z,, z,). It follows from the aforesaid that 
f' (z) > O for all z € A for any a € (—o, —3] YU {1, +00) and only for these 
values of a. 
Siri For all a0. Remark. f' (xz) = e-* (e* + a) (2e* + 1) >O for all 
a ‘ 
286. For all a€[1, +00). Solution. y’ = cos x — 2a cos 2z — cos 3r 
2a = 4asin?z+ 2 sin z sin 2x = 4a sin? zx + 4 cos x sin® 4 sin® x (a t 
cos x). For a> 1 we have y’ >0 for all xz, except for the points z = na, 
n€ Z, at which y’ = 0. Therefore, the function increases for all a> 14. 
ce ys all a € (—oo, —3]. 288. z, = — 2; x, = 0; z, = 2. 289. z, = 

—5; z, = 1. 

290. x = 1/2 is a point of minimum; y (1/2) = (1 — 4 Im 2)/4. 

291. a2 € (—1, 3). Solution. y’ =3 7 A 1) = 3(rz—a+1)~x 
(z — a — 1). For the roots of the trinomial to belong to the interval (—2, 4), 
it is necessary and sufficient that the inequalities a — 1 > —2 and a+1< 4 
are satisfied and, Pianta rs f that a € (—1, 3). 

292. fgr = 9; fleast = 11/4. 293. fgr = f (4) = 5; frenst = f (1/2) = 3. 
294. fer = f (100) = 10 — 2 V 10; fieast = f (41) = —1. 295. for =f (—5) = 


A; feast = f (2) = tle. 296. yer = y (4) = 6; yreast = y (1/16) = —1/8. 
297. For all a oe —3) Y (3, 29/7). Solution. f’ 3 = 3 (x*+ 2 (a— 
7) « +.a* — 9). For the function f (z) to have a maximum at the point z,, it is 
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necessary that the function f’ (z) should change sign from plus to minus wh 
x passes through the point z, in the order of increase. Therefore, the quadeatie 


tripomial 
z?+ 2 (a--7)x+a?—9Q (4) 


must have two real roots z, and t,. If z; < z,, then z, is a point of maximum 
since f'(z) > 0 for x < 2, and for x; < x < z, the derivative f’ (z) < 0. Since 
(by the hypothesis) the point of maximum must be positive, both roots of the 
ea a trinomial (1) must be positive (with z, < z,). That occurs if and 
only i 


a—7 <0, (2) 


(a—7)2—(a?— 9) > 0, 
a*—9>0. 


Solving system (2), we obtain a € (—oo, —3) J (3, 29/7). 

298. a = 2. Remark. It follows from the hypothesis that f’(r) = 6 (x — 
2a) (x — a). The roots z, and z, of the trinomial xz? — 3z + 2? must be real 
and distinct, and if z, < z,, then z, is a point of maximum and zg, is a point of 
minimum. 

299. For all a € (1, +00). Remark. It follows from the hypothesis that 


f (z) = aze*+2 (a+ 2)r+a— 1. 


We must consider three cases: a = 0, 2 > 0, and a <0. For a> O and for 
a < 0 we must consider the values of a for which both roots are real, and if in 
that case z; < x2, then for a > 0 the minimum is at the point z, and for a < 0 
the minimum is at the point 2. 

300. a€ (-3 Y 3, —2 V 3)U (2 V3, 3 V3). Solution. Let us solve the in- 
equality 


z3+242 2+t+2z+2 
Aper+o S% % Ha ~@tn ~<° 


2 
Since P+2+2=(2+5] +7>0 for <€ R, the inequality is satisfied if 


(zc + 2) and (x + 3) have different signs, i.e. z+ 2< 0 andz+3>0, or 
z< —2and zs > —3. Consequently, the inequality holds true for ail z € (—3, 
—2). Let us find’ the critical points of the function y = 1 + a*r — x3. We 
find y’ = a? — 3z? and equate it to zero. We obtain two critical points z; = 
—fa /V 3 and zz = | a(|/y 3. On the intervals (—o, —|a| /V 3) and 
(la (/V¥ 3, +00) the derivative y’ is negative, and on the interval (—{ a |/Y 3, 
|a|/V 3) it is positive; consequently, z, = — | a \/V 3 is a point of minimum 
of the function and it must satisfy the inequality 


—3<—[el//V3<—2, or 2V¥3<|al<3V3. 


Thus the bypouiens is satisfied by all a € (-3V 3, —2V 3) U (2V3, 3V 3). 

301. 2 ='n/4. 

302. —1/2. Solution. Assume that x is the required number. We must find 
the point of minimum of the function f (z) = z + 23. Since f’ (x) = 2x + 1, it 
follows that z = —1/2 is a point of minimum of the function f (z). 303. 1. 

304. A triangle with sides a, a, a VY 2 and area a*/2. Solution. Assume that b 
isthe length of the baso of the triangle and S is its area. Since S = (b/4) X 


Y 4a?—U? = S (b), we have 
S’ = (2a®—b*)/2 VY 4a?§—b?, S’ (b+)=0—b=aV 2, Smax=a*/2. 
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305. 2/3. Solution. Assume that / is the length of a lateral side, a is the length 
of the base, 2 is the altitude, and S is the area of the triangle. Then /= 2R X 
cos (a/2), h = 2R cos? (a/2) = R(it+cosa), a/2 =2R cos(a/2) sin (a/2) = RX 
sin a, and S = ah/2 = R* (1+ cosa) sina. Let us find the maximum of 
the function S (a). We have S (0)= S (n)=Oand S (2) >0forO0<ca<na. 
Furthermore, 5S’ (a) = R? (cosa + cos? g@ — sin? a) = R? (cos a@ + cos 2a) = 
2R? cos (a/2) cus (3a/2). The interva {0, x] contains the crifical points z =- 
mand xz = n/3; excluding the extraneous solutions from the consideration, 
we find that a = x/3. 


306. 2. 307. (1, 1). 308. n/3. 309. y= —z — 24+21n 2. 310.y = ++ V3 x 


(«—4). 311. y=i2r—16. 312. y=cr/e. 343. y=2. 314. y= —4. 
315. y= —4zr, y = 4x — 8. 316. y = —5zr+ 2. 317. Solution. Assume 


that z, is the abscissa of the point of tangency of the straight line and the 
hyperbola. The ordinate of the point of tangency is yo = a?/zy and the equa- 
tion of the tangent is 


Let us find the coordinates of the points of intersection of the tangent and the 
axes of coordinates. We set z = z, = O and get y, = 2a%/zo, M, (0, ea Ea 
Setting y = y2 = 0; we get zr, = 219, Mz (2x9, 0). The area of the right triangle 
M,0M, is 

2a? 


| | 
x 1 OM,1-I OM, as ae 


2 | Zo | = 2a. 

319. 2, = 0 and z, = 3. 

320. Yes, it does. Solution. Let us find the cvordinates of the points of inter- 
section of the straight line and the hyperbola. For that purpose we solve the 
equation 

i 4—2z 


ET > (F— 2)? = 0 Sp ty =2, yg = 1/2. 


Since in that case the straight line and the hyperbola have only one point in 
common, the straight line touches the hyperbola. 
321. [1/4, 3/2]. 322. (a) Even; (b) and (c) odd. 323. 2*2, 22%, 


7 13 
324. [Set z+ 1. Hint. Write the function in the form f (z)= 


az®+ bz-+e. 

325. z= —Vyt+1, ye(—4, +0). 

326. A (1/2, 3/4). Solution. Assume that x» and y, are the coordinates of the 
point A. Since y’ (zo) = 2 — 2zq, the equation of the tangent to the parabola 
at the point A is y = 232 + (2 — 2z9) z. The coordinates of the points of inter- 
section of the tangent and the straight lines x = Oandz = 4 are zy = 0, y, =23; 
Za = 1, yg = z§ — 2x, + 2. The area of the trapezoid is 


Pe ee aes 


In that case S’ = 22x) — 1. Note that S’ < 0 for zy < 1/2; S’ > 0 for Zo > 1/2 
and, consequently, the area S has a minimum at the point z, = 1/2. Thus z, = 
= 1/2 and yo = 3/4. : 
327. y = (5 — 2 cot 3z)/3. 
328. F (x) = (2 sin 4x -++ 7)/8. 
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329. x = 2. Solution. F (x) = — cos nz + 2? — 4x+C, F (1) == —cos n+ 
1—4+C=+3=>C=5. Let us solve the equation 
F (z) =0 <> — cos nz 2? — 42 +4+5=0 <> (z—2)?+4 2 sin? (n2z/2) 
xr—2=0, 
sin (12/2) = 
330. s — cosz + C. 331. 1. 332. 4 V 2/3. 333. 3/8. 334. 2 In (e + 1). 


335. 1/2. Hint. Use the formula cos? z = (1 + cos 2z)/2. 336. 1/2. Hint. Use 
the formula sin z cos z = (sin 2z)/2: 


m/2 m/2 
337. 2. Hint. \ gine | dreso \ cinede. 


=0<> { 0 = r= 2. 


—1/2 0 

338. 0. Hint. Use the formula sin «@ con f = (sin (a2 — B) + sin (a ++ §))/2. 

339. 125/3. 340. 50/3. 341. 243/4. 342. 5/12. 343. (4—2)/2. 344. (4 — n)/4. 
345. 64/3. 346. 7/3. 347. (4-4 x)/2. 

348. 44/27. Hint. Since the figure bounded by the curve y = —3z? — | x| + 
2 and the straight line y = 0 is symmetric about the Oy axis, we must calculate 
the area of the figure lying in the first quadrant and bounded by the curve y = 
—3x?—x + 2 and the straight lines z = 0 and y = 0, and then double the 
result obtained. 

349. 8/3. Hint. Since the figure is symmetric about the Oz and Oy axes, it is 
sufficient to calculate the area of the figure lying in the first quadrant and bound- 
ed by the curve y = 1 — 2? and the straight lines z = 0 and y = 0, and multi- 
ply the result obtained by 4. 


350. No, it is not, since the area of the figure is equal to e— +> 2.7 


4 
a> 2: 


"BBA. 2/3. 
352. y = 2x/3. Solution. The area of the curvilinear triangle is 


| 
S= \ (22 —2%) dx = 2/3. 
0 


The required straight line y = k2 cuts off from the curvilinear triangle a right 
triangle whose area is S/2 = 1/3 and the base is equa] to 1 and, consequently, 
its other leg, the altitude of the triangle, is equal to 2/3 and, therefore, k = 2/3. 

353. k=0. The area is equal to 20 Y 5/3. Hint. Construct the graphs of the 
functions y = z2 — 3 and y = kz + 2. Use geometric means to prove that the 
area of the figure bounded by the parabola y = z? — 3 and the straight line 
y = 2 is the least. In that case the area is 


5 5 : 
rs Vi, 200V 5 
S=2 \ (2—(z*—3)) de=2 | (S—2*)dz=— J. 
0 0 
354. 32/8. Solution. 
1/2 1/2 1/2 ‘ 9 P 
v= cos‘ x dz =2n | cost 2 dz 2n \ (== } dx 


—-n/2 


1/2 
x 1-+ cos 4z 3n? 
_ Bele 
=4 \ (1+2 cos 22+ . z 
0 
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355. a, = 1/2 and a,=2. 356. For all a € [—2, 4]. 357. 6 Y 2. 358. KE @. 
359. Y 14/2. Hint. Since a || b, it follows that a = Ab = (3A, —2A, A). 360. x — 
arccos (11/Y 406). 361. m = —1/2. 362. a= Y 2/3. 

363. a = (5, 7/2, —4). Hint. Setting a = (z, y, z), we get a system of equations 
z t 2y + 32 = 0, —2z + 4y + z = 0, and ze — 2y + z = —6 to define zg, y, 
and z. 

364. | a+ b| = 15 and | a—b| = VY 593. 

365. Hint. Transform the expression (a + b-+ c)? = 0. 

373. Yes. it can. 

374. Hint. Prove that if a is the length of a side of the triangle inscribed in 
a Na of radius R, lying opposite the angle a, then a = 22 sin a, and use that 
result. 

375. A rhombus when the diagonals of the initial quadrangle are perpendicu- 
lar. A square when they are, in addition, equal to each other. 

378. Hint. Make use of vector algebra. 381. (Vv 2 — 1): 4. 382. n/3; 2n/3. 
383. 3, 5, 7; 4, 5, 6; 5, 5, 5. 384. 36°, 36°, 108°. 

385. arccos (4/5). Hint. Make use of vector algebra. 

386. h? cot (a/2). Hint. Assume that a and db are the lengths of the bases of the 
trapezoid. Make a drawing and prove that (@ + b)/2 = h cot (a/2). 

387. 2(V¥2 — 1) a% - 

388. The perimeter of a square. 389. Yes, there is. 390. 18 2 cm. 391. 2 radi- 
ans. 392. By 125 per cent. 


393. abe VY —cos 2a; n/4<a<3mn/4. 394. V S (cot (a/2)—1)/2. 

395. VY (4H3+3V)/4H 396. arccos (tan (a/2)) = arcsin (Y cos a/cos (a/2)). 

397. 90°. Hint. Apply the theorem on three perpendiculars. 398.'7 (VY 2—1) a3/3. 
399. R(H —h)/H, O<h< H. 


3V 3n 
00. 2 sin*(a/2) (14-2c0sa)** 401. For all act (—i, 1) and bE (—4, 1). 


402. 943/81. Solution. Since z, + zr, = 5/3 and x,7, = —1/3, it follows that 


(2t-+ 24) = (et 2)? 2242} = (2, +24)" 22,244)" 2- 
_ ( (+ is on, pg) 
~ ANS 3/ 9 8° 
403. {1, 11}. Solution. Let us consider uwo cases: (1) z> 0; (2)2 <0. 
(1) z > 0. We can write the given equation in the form 3* + 1 — (3% — 1) = 
2 log, | 6 — z| <=> 1 = log, | 6 —z| <> |z— 6 =5>2,= 1, zs >= 41. 
(2) z < 0. The given equation can be written in the form 
3* + 1 + (38% — 1) = 2 log, (6 — z) <> 3* = log, (6 — 2z). 
This equation has no roots for z< 0 since 3* < 1 for z<0, and log, (6—z) > 4. 
404. {1/10, 2, 1000}. 
405. {—2n/3, n/2, —2x (3n + 1)/3, m (6k + 1)/3|[ n, KEN). Solution. 
Let us consider three cases: (1) z < 0; (2)0< zr< n; (3)2 > N. 
(1) <0. We can write the equation in the form 


2% COS rasa —Ir—(N—z) <> cosz= -5 => zm + SB _2nn, n€ Z. 


ie ponds z <0 is satished by the numbers —2n (3n + 1)/3, n€ N, and 


7 (2) 0 <2z«q x. We can write the equation in the form 
2m cos z = sf — (Nn — 2) = 2x — 
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On the interval [0, x] the graphs of the functions y =2n cos z and y = 2z— 
mm meet at only one point with the abscissa z = n/2. Consequently, on the inter- 
val [0, x] the equation has only one root z = n/2. 

(3): z > A. We can write the equation in the form 


2X C08 2== z—(r—A) = NS cost = 5 r= 43 +2nk, ke Z. 


The condition z> 1 is satished by the numters + + 2nk, keN. 


406. {41}. Hint. Write z (1 —, log 5) =e (log 10 — log 93) =f log 2= 
log 2*. 
407. {x (2k + 1)/6, 2un + arccos ((—1 + Y 5)/4) |k, n € Z}. Hint. Carry 
out the following transformations: 
cos z ++ cos 2x + cos 3z + cos 4z + cos 5z 
= 2 cos 3z cos 2z + 2 cos 3z cos z + cos 3z 
= cos 3z (2 cos 2x -+ cos z + 1) = cos 3z (4 cos? z + cos xz — 1). 
408. {2}. 409. {x (6k + 1)/3 | k € Z}. Hint. The given equation is equivalent 
to the system of equations 
cos 3z= —1, 


cos (22 


6 
410.. 4. 
4117°2. Hint. Construct the graph of the function y = xz‘ + z3 — 10 and 
determine the number of its points of intersection with the Oz axis. 
412. 4. Hint. Construct bt graphs of the functions y = | 2— | z]| andy = 


3-'=! and determine the number of their points of ‘intersection. 

413. 4. Hint. Construct the graphs of the functions y = rz? — 2z ~- 3 ‘and 
y = log,| 1—z| and determine the number of their points of intersection. 

414. a < — 3. Hint. For the equation to have three roots, it is necessary 
that the function y = x3 + az-+ 2 should have a minimum and a maximum; 
if z, is a point of maximum and z, is a point of minimum of the function, then 
Zy > Zq, y (Z,) > 0, and y (z,) < 0. 

415. 0< a < 42. 416. O< a < ‘le. 417. {—n, 0, mn). 418. —24/25. 

419. (0, 3) U[4, 5]. Hint. The given inequality is equivalent to the system 
of inequalities z>0, 25—2z?>0, and 25 — 2?< 144/27. 

420. [(—2, —1) (! (—1, 0) U (0, 4) U (1, 2). Hint. For allz # Oand|z| +1 
we have (f + 2°)/(2| 2z|) > 1. 

421. (1/4, 3). 422. (—2, 2). Hint. The inequality is equivalent to the coilec- 
tion of two systems of inequalities: (1) 6+ z— 2?>0, 4x —2< 0; (2) 6+ 

e—2>0, 42 —2> "dG ot — 23) > (Az — 2)%. 

423, (—o, —5) U (1, +o). 

424. 2. 425. 2sin 2. 426. On (— oo, 1/3) it increases, on (1/3,-0o) it de 
creases, and zx = 1/3 is a point of maximum. } ei 

427. The intervals of decrease are 0, 4) and (1,.e), z = e is a point of mini- 
mum, and (e, + co) is the interval of increase. 

428. Hint. Since y’ = 12z (x? — x + 1) + a, We must prove that the equa- 
tion 12z (x2? — z+ 1)-+ a= 0 has only one root z,, and the derivative y changes 
sign when xz passes through z,. If a = 0, then there is one root: z = 0. Fora # 0 
the value x = 0 is not a root. Represent the equation in the form z? — z + i= 
a/(12z) and prove that the graphs of the functions y = a/(12z) and y = z* — 
z+ 1 meet at one point. 

429. + V2. 430. a= 0. 431. n/2. 432. 4.5. 433. 15. 434. 1/3. 435. n¥/2. 


_> 
437. M (0, 0, 2/3) and W (4/3, 1/3, 2/3). Hint. The vector MN is parallel to the 
bisector of the first coordinate angle of the plane zOy. 438. 2/3. 


)=—1. 


APPENDIX 


The appendix contains material for reference. 


1. Algebra and Trigonometry 


Properties of a power. Assume a > 0, b > 0, anda, B € R. Then: 
(1) 2° = 4 (by definition); (4) (a%)® = a?°6, 


(2) a%-a® = g%t6. (5) a%-b* = (a-b)%; 
(@) at: ab = a%B, (8) at: 0% = (4). 


Properties of logarithms, The logarithm of a positive number z to the base a 
(a > 0, a #1) is a number which is equal to the power exponent to which a 
must be raised to obtain z. 


Designations: log, z; logy) x = log z; loge x = 1n z. By definition a 
(1) loge ("1° Ze) = loga | 21 | + loga | zy |, (21°23) > 9; 


(2) loga = = loga | 21 | — loga |za 1, (t1°%s) > 9; 


(3) logg z? = p loggz, z>0; 
loge et = On log. | ot. n€N, 2x#0 


1 x 
OS, =z, 


(4) loggz= oa », z>0, b>0, b $1. 

Solution of the fundamental exponential and logarithmie equations. 
ax = Bb (a> 0, a $ 1) logg x = b 
(1) bx OSD ZE SG, 
(2) b> 0> 2 = log, db. z = ao, 

Solution of the fundamental exponential and logarithmic inequalities. 
a~<b(a>0, a $1) logg z <b 
(1) sc OS 7E PS, (1)a>is0<2< ab, 
(2) b>0, a>1>2< log, 0, 20<a<cis2z>e. 


b>0,0<a<1i>z> log, b. 
Inequalities with the signs >, >, and < can be solved by analogy. 
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Solution of the fundamental trigonometric equations. 


sinz=—a cosz=—a 
(1)l|aj>isare dS, (1)|al >1Szr€@, 
(2){a(<1 (2)|a|<t 
=> z = (—1)™ arcsin a+ nm, m€ Z. => x = + arccos a+ 2nn, n€ Z. 
tanz=—a cot r= a 
z= arctan a+ mk, k € Z. x = arccot a+ nk, k€ Z. 


Basic trigonometric formulas. 

(1) sin? a + cos? @ = 1. 

(2) sin (a + B) = sina cos B + cosa sin B. 

(3) sin (a2 — B) = sin a cos B — cosa sin B. 

(4) cos (a + $6} = cosa cos B — sina sin B. 

(5) cos (a — B) = cosacos B + sina sin B. 

(6) tan (a-+P)= tet EeOe | Bat Be Stan, CZ. 


~ 4{—tanaetanp’ 
(7) sin 2a = 2 sin acos a. 
(8) cos 2a = cos? «@ -- sin?a = 2cos?a —1 = 1] 2sin? a. 
(9) sin 3a = 3sina — 4sin'a. 
(10) cos 3a = 4cos® a — 3 cos a. 


(11) sina+sinB=2 sin dail 2 cos cee ; 


2 2 
(12) sina—sinB=2sin ot cos a+ 
(43) cos a-+-cos B = 2 cos ~5 B cos oP . 
(14) cosa—cos B= —2sin ot sin atP 


(45) sina cosh => {sin (a —B)+ sin (a+ B)). 
(16) sina sin p=> [cos (a —B)—cos (a -+ 8)}. 


(17) cos a@cos = {cos (2 —f) + cos (2+ §)] 
(see also formulas on pp. 106-108). 


Recursion formulas (7 € Z). 
(1) sin (an + a) = (—1)" sina, sin (nn — a) = (—1)"+! sin @. 
(2) cos (mn + a) = (—1)" cos a. 


(3) sin (F-+an + a) =(—1)"orsa. 
(4) cos (Ft ant+ a) =(—1)"*! sina, cos ($+-an—a) =(—1)" sin a. 


Inverse trigonometric functions. The arc sine of the number z € [—1, +1) 


(designated as arcsin xz) is a number y €] — =. = whose sine is equal to z. 
The arc cosine of the number z € [—1, 1] (designated as arccos z) isa num- 
ber y € [0, 2] whose cosine is equal to xz. 


4 
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Table of the Values of Trigonometric Functions 


a° (radians) sing tana cot @ Cos @ | | 
0 0. 0 0 fore) 4 1.571 90 
4 0.017 0.017 0.017 57.29 4.000 4.553 89 
2 0.035 0.035 0.035 28.64 0.999 4.536 88 
3 0.052 0.052 0.052 19.08 0.999 1.518 87 
4 0.070 0.070 0.070 14.30 0.998 4.501 86 
5 0.087 0.087 0.087 11.43 0.996 41.484 85 
6 0.105 0.105 0.105 9.514 0.995 4.466 84 
7 0.122 0.122 0.123 8.144 0.993 1.449 83 
8 0.140 0.139 0.141 7.415 0.990 4.431 82 
9 0.157 0.156 0.158 6.314 2.988 1.414 81 
10 0.175 0.174 0.176 5.674 0.985 1.396 80 
41 0.192 0.194 0.194 5.145 0.982 4.379 79 
12 0.209 0.208 0.213 4.705 0.978 1.364 78 
43 0.227 0.225 0.231 4.331 0.974 1.344 77 
14 0.244 0.242 0.249 4.011 0.970 1.326 76 
45 0.262 0.259 0.268 3.732 0 .S66 1.309 75 
16 0.279 0.276 0.287 3 487 0.964 4.292 74 
17 0.297 0.292 0.306 3.271 0.956 4.274 73 
18 0.314 0.209 0.325 3.078 0.951 4.257 72 
19 0.332 0.326 0.344 2 .904 0.946 1.239 71 
20 0.349 0.342 0.364 2.747 0.940 4.222 70 
24 0.367 0.358 0.384 2.605 0.934 4.204 69 
22 0.384 0.375 0.404 2.475 0.927 1.187 68 
23 0.401 0.394 0.424 2.356 0.921 1.169 67 
24 0.419 0.407 0.445 2.246 0 914 4.152 66 
25 0.436 0.423 0.466 2.145 0.906 1.134 65 
26 0.454 0.438 0.488 2.050 0.899 1.417 64 
27 0.474 0.454 0.510 1.963 0.891 1.100 63 
28 0.489 0.469 0.532 1.881 0.883 1.082 62 
29 0.506 0.485 0.554 1.804 0.875 4.665 64 
30 0.524 0.500 0.577 1.732 0.866 4.047 60 
31 0.541 0.515 0.€01 1.664 0.857 1.030 59 
32 0.559 0.530 0.625 1.€00 0.848 1.012 38 
33 0.576 0.545 0.649 4.540 0.839 0.995 57 
34 0.593 0.559 0.675 1.483 0.829 0.977 56 
35 0.644 0.574 0.700 1.428 0.819 0.960 55 
36 0.628 0.588 0.727 1.326 0.809 0.942 54 
37 0.646 0 .C02 0.754 1.327 0.799 0.925 53 
38 0.663 0.6416 0.781 1.280 0.788 0.908 52 
39 0.684 0.629 0.810 1.235 0.777 0.890 54 
40 0.698 0.643 0.839 1.192 0.766 0.873 90 
44 0.716 0.656 0.869 4.150 0.755 0.855 49 
42 0.733 0.669 0.900 1.141 0.743 0.838 48 
43 0.750 0.€82 0.933 1.072 0.731 0.820 47 
44 0.7€8 0.695 0.966 1.036 0.719 0.803 46 
45 0.785 0.707 1.000 1.000 0.707 0.785 45 

| 
eee 

cos a cot a tan a sina a a? 

(radians) 


te I 
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The arc tangent of the number z € R (designated as arctan z) is a num- 
ber y € ( — >) +) whose tangent is equal to z. 
The basic identities: 


(1) sin (arcsin z) = z, z€({—1, +4]; 
arcsin (sin zr) = z, zre€ | -+, : ; 
(2) cos (arccos zr) = z, z€(—41, +4]; © 
arccos (cos x) = z, r€ (0, x]; 
(3) tan (arctan zr) = z, z€R; 
= ee, Ne 
arctan (tan zx) =z, z € ( 7° 9 ); 
(4) arcsin z+ arccos z = > , «r€ (—1, +1). 


2. Fundamentals of Analysis 


Sequences. If there is a rule which associates a certain real number ay with 
every natural number n, then we say that we are given a number sequence a,, 
Gq, -+ +, Any 1... 

In particular, if an,; = a, + d, where d is a fixed number, for all n € N, 
then the sequence is called an arithmetic progression. Now if any, = an°g, where 
q is also -fixed, then the sequence is called a geometric progression (see p. 140). 

The number a js called a limit of the sequence (a,) if for any number e > 0 
there is a number N (dependent on the number e) such that the inequality | ¢, — 
a| < holds true for all the terms of the sequence with numbers n > N. 

Designation: a = lim.ap. 


N+ oo 
In particular, lim g* = 0 (for | q| < 1), 
n—-ao 


lim (14—)"=e (definition of the number e). 


N—+ Oo 


The limit of a function. Assume that the function f (x) is defined on the 
set D (f) = Rand let the point a be such that an infinite n umber of points of 
the set D (f) lie in any of its neighbourhoods (a point of condensation or a limit 
point of the set D (f)). ; 

The number b is called the limit of the function f (z) at the point a if for 
any number ¢ > 0 there is a number 6 > 0 (dependent on e) such that the 
inequality 


lf(z) —bl <e 


holds true fot al] z € D (f) satisfying the condition 0< |z—al< 5. 
Designation: 6 = lim f (z). 
x~—-a 
sin z = 


In particular, lim 
x—-Q : 
The function f (z) is said to be continuous at the point a€ D (f) if 
lim f (z) =f (a). The function is continuous on the set X =D (f) if it is contin- 
x- 
uous at each point of the set. The sum, the difference, and the product of two func- 
tions, continuous on the same set, is also continuous on that set. If the denomina- 
tor of the fraction does not vanish on a set, then the quotient of two functions 
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continuous on that set is also continuous. In particular, a polynomial is continu- 
ous on the entire number axis, and a fractional rational function is continuous 
at all the points of the axis where the denominator is nonzero. 


Definition of a derivative. 


f (z+h)—f (2) 
k 


f’ (z)= lim 
h~0 
Rules of differentiation. 


(1) (f (x) + g (z))’ = f (2) + &’ (z). 
(2) (Cf (z))’ = Cf’ (z) (C is constant). 
(3) (f (z)-@ (z))’ = f (2) g (e) + fF (2) B’ (2). 


(4) (f (2)/g (2) = Le ele ©) 


g? (z) 

Derivatives of certain functions. 
4. (C)' = 0. 2. (x%)' = az®-! @E R). 
3. (sin zx)’ = cos¢r. 4. (cos x)’ = —sin ¢. 

r_. os ee ae 
5. (tan z) Tepes 2 6. (cot z) = sin? z ° 

’ ; 1 
7. (a*)' =a* Ina, 8. (log, z) ™ 0” 
(eX)' =e, (In 2)’ =—. 

9. (arcsin x)’ = : 10. (arccos z}’ = — u 


Yi-z 


14. (arctan z)’= 42. (arccot z)’ = — 


eee meee 
{+23 ° {+23 ° 

Geometrical sense of a derivative. f{’ (z) is an angular coefficient (slope) of 
a tangent to the graph of the function y = f (z) at the point (z, f (x)). 

The equation of a tangent line to the graph of the function y = f (z) at the 
point (29, f (Zo)) 18 y = f (Zo) + f° (Zo) (© — Zo). ; 

If f’ (z) > 0 (< 0) on the interval (a, 6), then the functien f (z) increases 
(decreases) on that interval. 

The point 29 € D (f) is called a point of maximum (minimum) of the func- 
tion f (x) if the inequality f (z) << f (zo) (f (z)=>f (zo)) holds true for all z € D ( 
from a certain neighbourhood of the point z,. The points of the maximum an 
minifum are known as points of extremum of a function. 

A critical (stationary) point of a function is a point belonging to the domain 
oF cennivion of the function at which the derivative is equal to zero or does not 
exist. 

The necessary condition for an extremum (Fermat's theorem). If the func- 
tion f (x),, differentiable at the point z,, has an extremum at that point, then 


f(z») = 9. 

ihe sufficient condition for an extremum. If the derivative of a function 
changes sign from plus to minus when z increases and passes through the critical 
point z>, then zo is a point of maximum; if the derivative changes sign from 
minus to plus, then z, is a point of minimum of that function; if the derivative 
does not change sign, then zy is not a point of extremum. 

The integral. The function F (zr) is called an antiderivative of f (z) on an in- 
terval if F’ (xz) = f (x) on that interval. We can write all the antiderivatives of 
the function f (z) in the form F (zx) + C, where_€ are various constants. 

If F (x) and G (z) are antiderivatives of the functions f (z) and g (z), then 
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F (x) + G (z), @F (z), + F (kx-+ d) are antiderivatives of the functions f (z)+ 


(z), af (x), f (kx + b) respectively. The antiderivatives of certain ] 
junctions can be easily obtained from the tables of derivatives presented: ack 
The integral of the function f (z) on the interval [a, b] (designated as 


f (x) dz) is the limit of the integral. sums + (cy) Az, -+ f (cg) Arg+...4 


Q Ciao 


f (cn) Az, provided that the length of the greatest one of the intervals [zp-3, 2] 
tends to zero. Here we have a = oS ZK ...<z,=—b, Axr=z ~"hey 1 
cr € [zp_1, zp]. a 
A The Newton-Leibniz formula. If F (z) is an antiderivative of f (x) on [a, 8}, 
en 
b 


\ f (z) dz= F (b)—F (a). 


The area of a curvilinear trapezoid with the base [a, b] bounded above by the 
graph of a nonnegative function f (z) is 


b 
s= \ f(e)ae. 


_ The volume of a body of revolution resulting from the rotation of the curvi- 
linear trapezoid ac zr< b, OS y< f (xz) about the Oz axis is 


Vectors. A vector is a directed line segment. The length of 2 vector is the 
nee dee of the segment. The vectors are said to be equal if their lengths are equal 
and they have the same direction. 


—> 
Designations of a vector: a, AB (if A is the origin and B is the terminal point 


—> 
of the vector); | a|, | AB| are the designations of the length of a vector. If 
| a| = 0, then a is a zero vector. 

For any pair of vectors a and b their sum a + b and their difference a — b are 
defined. Any vector a can be multiplied by any number k € R. 

The nonzero vectors are said to be collinear if they lie on parallel straight 
lines, and coplanar if they are parallel to the same plane. A zero vector is said 
to be collinear with any vector; any three vectors among which there is a zero 
vector are said to be coplanar. 

If p, q, and r are three noncoplanar vectors, then any vector a can be repre- 
sented in the form a = zp + yq + zr. This representation is called 4 resolution 
of the vector a into components with respect to the base vectors p, q, acd F; the 
numbers z, y, and z are the coordinates of the vector a in the basis p, q, and r. 
The notation is a= {z, yz}. _ 

If a; = {2z1, y,, 2,;} and ay = (zs, yg, Z3) in a given basis, then a; + a, = 


{z,; + 2, yy + Ys, Z) + 2g} anc ka, = {kzy, Ryn, | z,) in that basis. 


Let us lay off the vectors a = OA and b = OB from an arbitrary: point O. 
The angle between the nonzero vectors a and b is the angle between the rays OA 
7 


\ 
and OB. The designation is (a, b). 
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The scalar product of the vectors a and b is defined by the equation 


aN 
a-b = (a, b) =| a| | b] cos (a, b). 
If at least one of the vectors is equal to zero, then the scalar product is assumed 
to be equal to zero by definition. The scalar product of nonzero vectors is equal to 
zero if and only if the vectors are perpendicular. 
If i, j, and k is a basis of orthogonal vectors which are equal to unity in 
length (coordinate vectors), and a = {z,, ¥;, 2,}, b = {zg, Yo, 22} in that basis, 
en 
(a, b) = 2y°2g + Yi'Ya + 21°29; 
Jal=V att yit zi, 
212g t+ YiYat 2122 
Vattaitd Vitis’ 


For the reference material in geometry see Part 3 of the book. 


7N 
cos (a, b)= 
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